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The intensity of the diffuse scattering of x-rays by mixed crystals has been determined 
by means of a phenomenological treatment. Thermodynamic quantities which may be found 
from other experiments appear in the expressions for the background intensity. Character- 
istic features of the scattering in the neighborhood of points of phase transitions of the 
second kind and of critical points on the dissociation curve have been investigated, and 
also the scattering by weak, by ideal and by almost completely ordered solid solutions 


has been examined. 


~RAYS scattered by a crystal* form sharp lines 

on an x-ray photograph corresponding to defi- 
nite conditions of reflection, and also give rise to 
a diffuse background. Diffuse scattering of waves 
by a solid, which is not accompanied by a change 
in wavelength, is associated with some sort of 
deviations from ideal periodicity of the crystal: 
either thermal vibrations or static deviations from 
periodicity. In the present article we shall not 


* In what follows we shall examine the scattering of 
x-rays. However, all the results apply equally well to 
neutron scattering (not taking into account the back- 
ground which is connected with the presence of isotopes 
and with magnetic scattering ). In such a case the atomic 
scattering factors should be interpreted as the neutron 
scattering factors averaged over the isotopes. The re- 
sults given below are also applicable in the study of 
scattering of other types of waves, provided the Born 
approximation is applicable and the scattering centers 
are situated at the lattice points. Thus, one may study 
the scattering of electrons, and the scattering of elastic 
waves by the fluctuations in the isotopic composition 
in a solution of isotopes. In an analogous way one may 
study the scattering of sound waves in the more general 
case of mixed crystals when not only the masses of the 
atoms are different, but also the forces acting between 


them. 


take into account effects related to thermal and 
zero-point vibrations of the atom and also to Comp- 
ton scattering. It is also assumed that all the 
atoms of the solid solution are situated exactly at 
the lattice points. The neglect of the geometric 
imperfections of the lattice introduced by these as- 
sumptions is approximately justified if the sizes of 
the various atoms of the solution differ little from 
each other, while the imperfections associated with 
a plastic deformation have been removed. Thus, 
the only cause for a deviation from periodicity of 
the crystal which is taken into account inthis 
paper is the more or less random distribution of the 
atoms of the solution among the various lattice 
points. Because of the unequal scattering proper- 
ties of the various kinds of atonis, this also leads 
to diffuse scattering. 

An investigation of the scattering of x-rays pre- 
sents a more complicated problen: than the scatter- 
ing of light, since the wavelengths of x-rays are 
of the same order of magnitude as the interatomic 
distances in the crystal. The situation is simpli- 
fied considerably if the direction of the scattered 
wave, which corresponds to diffuse scattering, is 
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close to the direction of the coherent wave corre- 
sponding to some particular condition for interfer- 
ence, or which is close to the direction of the in- 
cident beam. In such a case the differences in 
phase of waves scattered by different atoms begin 
to deviate appreciably from a value which is an in- 
tegral multiple of 7 only if the distances between 
the atonis are much larger than the lattice constant. 
Therefore, a phenomenological examination of scat- 
tering becomes possible for the investigation of 
background near the lines on an x-ray photograph 
and near the incident bean:. In such an investiga- 
tion the crystal is regarded as a purely periodic 
structure which consists of effective atoms on top 
of which are superimposed fluctuations in the com- 
position and in the degree of long range order. The 
periodic structure guarantees the production of the 
coherent wave, while the fluctuations give rise to 
the diffuse scattering. In calculating the intensity 
of the background near the lines on the x-ray photo- 
graph only those fluctuations are important which 
are spread over a large numberof lattice constants. 
The probabilities of such fluctuations, and conse- 
quently the intensity of the scattered radiation, may 
be expressed in terms of certain thermodynamic 
quantities without using a specific model of the 
solution. 

A phenomenological investigation of the scatter- 
ing of x-rays by crystals was first carried out by 
Landau’ who investigated the scattering in the 
neighborhood of superstructure lines at a tempera- 
ture close to the temperature of a phase transition of 
the second kind. In this work it was assumed that 
the diffuse scattering is brought about by fluctua- 
tions in the degree of long range order. The re- 
sults of Landau are applicable only to those crys- 
tals for which only fluctuations in the long range 
order are significant (for example, in the case of 
orientational ordering). In mixed crystals, and in 
particular in alloys, in addition to fluctuations in 
the long range order, there exist also fluctuations 
in Composition. Since they are not statistically 
independent one should, in determining the proba- 
bility of fluctuations, consider simultaneously the 
deviations from equilibrium values both of the com- 
position and of the degree of long range order. 
Using a method analogous to thatdeve loped by 
Landau! we shall determine, by calculating such 
probabilities, the intensity of the background near 
the superstructural and the structural lines, and 
also for small scattering angles. 

Calculations are carried out for those cases in 
which expressions for the thermodynamic potential 
® of the mixed crystal are known. Thus, we shall 
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examine the scattering in the neighborhood of the 
points of ordering, which takes place as a phase 
transition of the second kind, when one may use 
Landau’s thermodynamic theory. In a similar 
manner one may obtain an expression for ® near 
the critical point on the dissociation curve. In 
addition, an investigation is made of the scattering 
by ideal, by weak, and by almost completely ordered 
solutions where the expressions for ® are also 
known as functions of the composition and of the 
degree of ordering. 


1, GENERAL EXPRESSIONS FOR THE INTENSITY OF 
THE BACKGROUND NEAR LINES ON AN X-RAY 
PHOTOGRAPH 


We shall examine a binary solid solution A—B. 
In the disordered state it has a crystal lattice of 
thé Bravais type; the probabilities of the various 
lattice points being occupied by atoms of a given 
kind are all the same, and are equal tothe corre- 


sponding atomic concentrations ao and a If the 


solution goes over into an ordered state, then its 
lattice points are subdivided into several different 
kinds, and the probabilities of the different types 
of lattice points being occupied are no longer the 
same. In what follows we shall restrict ourselves 
to the case when in the ordered state the crystal 
lattice is subdivided into points of only twotypes, 
with the number of points of the first and the 
second kinds being equal, and with the amplitudes 
of the radiation scattered by atoms situated at lat- 
tice points of either kind and leading to the forma- 
tion of superstructure lines also being equal. In 
this case the probabilities of the lattice points 
being occupied by atoms A and B may be speci- 
fied by means of a single degree of long range 


order 7 : 
(yt ae ens) oe ee 
Pa = Cat */2%; Pa = Ca—Yo7; 
ps = Ca— am; ps) = Cat Yan. 


In spite of the limitations introduced above, this 
procedure will apparently include all the ordered 
solutions known at present that correspond tothe 
stoichiometric composition AB, and all the dis- 
ordered solutions. 

As is well known, the amplitude of the mono- 
chromatic radiation scattered by a single crystal 
may be represented within the framework of the 
kinematic scattering theory in the form 


a= \¢ (r) ef(Ke—ks. 1) ge (1) 
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Here a is expressed in electronic units, k, and k, 


are propagation vectors of the incident and the 
scattered waves, p(r) is the density of the elec- 
tronic charge inthe crystal divided by the charge 
of the electron. 

The calculation of the Fourier component of 
p(r) which enters Eq. (1) is considerably simpli- 
fied if one makes use of the assumption made above 
that all the atoms are situated exactly at the lat- 
tice points of an ideally periodic lattice, and if 
one also assumes that the distribution of the 
charge density of a given atom does not depend on 
the kind of atoms surrounding it, on the composi- 
tion, or on the degree of order. The latter assunip- 
tion holds with a sufficient degree of accuracy for 
almost all the atoms, with the exception of the 
lightest ones. The probability density p(r) in a 
mixed crystal is a function of coordinates which 
has an extremely complicated variation in space. 
However, since the exponential factor (1) remains 
constant in the plane perpendicular to 4 = ie 


the function p(r) can be replaced for integration 
purposes by a function which is averaged over the 
different kinds of atoms in the plane referred to 
above. If one takes into account the simplifying 
assumptions made above, then this averaged func- 
tion will have the following form: 


o(r) = Caoa (r) + Capa (rt) + 4o" (1). (2) 


Here C4, Cp and 7 denote the atomic concentra- 


tion of the atoms A and B and the degree of long 
range order in the plane under consideration, the 
functions ara ey, and Pp (r) have a symmetry 


identical with the symmetry of the crystal lattice, 
while p“(r) has the symmetry of the ordered crys- 
tal which is lower than the symmetry of the lattice; 
P4> Pp and p“ do not depend on C, and n. Be- 


cause of the fluctuations of composition and order 
present in the crystal, the values of the quantities 
Cys Gr and 7, corresponding to different planes, 
differ from the values GS Ce and n averaged 
over the whole crystal, and are functions of the 
coordinate specifying the plane. 

The periodic functions p,(r), pp(r) andp (r) 
may be expanded in Fourier series: 
pa (¥) = >) hai eon (tT) = Sai as (3) 
i 


i y, . , 
Oo bese ack canoe 
i, 
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Here K; and K; are 27 times the lattice vectors of 


lattices which are respectively reciprocal to the lattices 
of the disordered and the ordered crystal, while inthe 
expansion of p(r), those terms are missing for 
which iS coincides with any one of the K,. Sub- 


stituting Eqs. (2) and (3) into (1) and breaking up 
the quantities C,, C, and 7 into their average val- 


ues plus a fluctuating part we whall obtain 


(4) 
a = 8n S) (ca hai + Ca ei) 8 (qi) + 8n°% 472 (qi) 
i j 


=f > (Kai ad hpi) ( Aca eit "dx a > hj \ Axe'4; t dt; 
: i 


qe =Kit+k,—k,; q)=K7+ k,—k, 


Here 6(q) denotes the product of three 6-functions 
for the individual components of the vector, and 
it has been taken into account that NG =—AC ,. 


The intensity of the scattered radiation is propor- 
tional to the square of the amplitude a. All the 
cross terms in the expression for a” drop out after 
statistical averaging. The square of the 5-func- 
tion defined for a finite volume V (the crystal 
volume ) is equal to this 5-function multiplied by 
V/87°. Below we shall calculate the intensity of 


scattering near the principal or the superstructure 

lines on an x-ray photograph. In this calculation 

one of the quantities q. or g’ is small, and in the 
i j 


expression for a” one may keep the square of only 
that Fourier component of Ac , or of 7, for which 
the corresponding q is small. As may be easily 
seen, the squares of all the other Fourier com- 
ponents are in order of magnitude smaller by a 


factor q°ae (where a, is the lattice constant ) and 


are not taken into account in what follows. Noting 
further that 


hai = (N/V) fa; 
hei = (N/V) fas 47 =(N/2V) (fa— fe) 


(N is the total number of all the lattice points, f, 
and f, are the atomic scattering factors of atoms 
A or B corresponding to the given angle of scatter- 
ing), we shall find that the intensity of the scat- 


tered radiation, expressed inelectronic units, near 
the principal line which corresponds to the K , th 


Fourier component of the electron density is equal 


to 
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I= 8x3 [ Ca fa + Cafe l?8 (qi) 


Lf getet 
3V 


\ Acae* de | (5) 


In the same units, the intensity of radiation in the 
neighborhood of the superstructure line which 
corresponds to the K “-th Fourier component of the 
electron density p (r ) is determined by means of 
the formula: 


p= 20 fa — fo? [3 (a)) 


+537 Are" de 


‘|. © 


The first terms in Eqs. (5) and (6) which contain 
5-functions determine the intensities of the lines 
on the x-ray photograph while the second terms de- 
termine the intensity of diffuse scattering, i.e., of 
the background. 

Thus the intensity of the background is de- 
termined by the distribution throughout the crystal 
of the fluctuations AC, and A7. As is well known 
the probability of the occurrence of a certain distribution of 
fluctuations is proportional tow ~ e®/*?, where R 
is the minimum work required for the production in 
a reversible manner of this distribution of fluctua- 
tions, and 7 is the temperature of the external 
medium. In the case of a cubic crystal the expres- 
sion for R can be written in the following form: 


Sagat [enn (Ay)? + 2¢ne AnACaA + Pee (Aca)? (7) 
+ a (V4)? + 2yyuyea + 8B (Vea)*] de. 


Here ¢ is the thermodynamic potential per unit 
volume of the crystal 


nn = O79 / O47; nc = O79 / ONACAS Pec = 09 | OCA; 
the terms which contain derivatives of Cy and 7 


take into account the inhomogeneity of the fluctua- 
tions in space, and play a particularly important 
role in the neighborhood of critical points and of 
points of phase transition of the second kind, guar- 
anteeing that the fluctuations at these points re- 
main finite (see Refs. 1-3). 

As may be seen from (5) and (6), in order to cal- 
culate the diffuse scattering, it is sufficient to 
know the Fourier components of the fluctuations 
Ac, and An. Therefore, in what follows we shall 
determine not the distribution of the fluctuations in 


composition and inthe degree of longrange order, 
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but directly the average values of the squares of 
the Fourier components of these fluctuations. In 
order to do this, we expand AC , and A7 into 
Fourier series: 


Aca = >) (ceel + cre-'*), (8) 
f 
f 

where f, > 0. Substituting Eqs. (8) into Eq. (7) for 
the minimum work and performing the integration 
we shall find that the distribution of the probabili- 
ties of the Fourier components of the fluctuations 
Ac, and An has the form 


V 
w~ exp |— ap Sy [Om + af?) 4 o 


+ (Gee + BF?) Lee? 


+ (Pre + 1f) (ne of + 040) ]} - 


From formula (9) it may be seen that each term in 
the sum over f depends only on those 1s and C. 


which correspond to the given f. Consequently, the 
fluctuations of the Fourier components correspond- 
ing to different f are statistically independent (but 
the fluctuations of the quantities C, and 7, with 

the same f are statistically dependent ), and there- 
fore it is not difficult to find the average squares 
of these fluctuations. For the calculation of the 
latter we shall assume that f is sufficiently small 


(this assumption also justifies the neglect made in 
(7) of the higher derivatives of C, and7). We may 
then retain terms which contain the factor f* only 
close to small terms which are independent of f 
(which vanish near the point under consideration 

in the phase diagram), and we may neglect terms 
proportional to f*. Substituting the expression ob- 
tained in this way for | pale with f = q; into Eq. (6), 


and taking into account that 


| Anelit de = Vay (10° Vin-a,), 
J 


we shall find the following expression for the in- 
tensity of the background in the neighborhood of a 
superstructure line (for small qj): 


I = 2097 “hater feed 


Eq. (5), we shal. 
pal line 


les 


[fam fgPAT 
Ons 


x Pun + 0g; 
San Pee — Pee + (AP ee F BP en — 27Fn-) 9? J CAD 
or 
j= see ic, fa tcp fel? 8 (qi) (12) 
RE fl? 4 =| 
8x3 (d29/dc*,) + 9'45 


In the above the derivative 0/dC, (or d/d7) in 
(10) and (11) is evaluated for the equilibrium values 
of the degree of long range order 7 = n (or of com- 
position ). On the other hand, the derivative 
d/dc, in Eq. (12) is calculated for the values of 7, 
hich correspond to the changed (due to fluctua- 
tions ) composition of the alloy (and tothe same 
temperature ). The quantity 6’ denotes the coeffi- 
cient of (Vc )” in the corresponding expansion of 
the thermodynamic potential. The equivalence of 
Eqs. (11) and (12) follows from the condition 
O¢/dn =0. 

The general formulas obtained above for the in- 
tensity of scattered radiation may be applied to 
various special cases for which expressions for 
thermodynamic potential as a function of C , and 


7 are known. 


2. THE SCATTERING BY SOLID SOLUTIONS NEAR 
POINTS OF PHASE TRANSITION OF THE SECOND 
KIND 


In this section we shall examine the distinctive 
features of diffuse scattering of x-rays by solid 


solutions inthe order-disorder transition which takes 


> observ 
nse uflase ccareras in th 
he superstructure line which i: is. EC 
these fluctuations. ee 


According to the maaan the 


for ¢ in the neighborhood of Ke transition ter 
ture 7) may be represented in the form of an ex 
Peston in powers of 7: 


© = + 1/2, Ax? + /,Brt, 


A=a(T—T,), a>0, Aa 
where go; A and B are functions of C,, T anda 
The coefficients a and B may be determined from 


the experimental data on the discontinuity i in the 
specific heat during the phase transition and on the 
temperature dependence of 7 by means of the 
formulas’: 


AC j= 077/28; 4 =) ai tent oe 


Evaluating the second derivatives of ¢ with re- 
spect to 7 and C, near the transition point and 
substituting them into (10) we shall find that the 
intensity of scattered radiation near a superstruc- 
ture line below the temperature of ordering (T 


<< i) in the special case of cubic crystals is 
equal to 


\fa— fel? “oe {toe o(q 


ns k Selo |e Se yee 
16n®AC, ape T, \deq ) \ac?, 


oe A ae 
mens a | iz 
For 7 > T, only the diffuse part of the scattered 


radiation remains 


— In8 ;) (14) 


4 N? Onveak 
l=3-7|fa—fe ane (15) 
T—T, o Ay 
x sles ate 


g expression obt 
ase when there are no fluc 
sition. The presence of such fluctuat 
a change in the expression forthe inte 
itterin, for. < fot formula (14) has acquired — 
re bracket in place of unity which appeared — 
e corresponding formula of Ref. 1. Inthe 
scattering from an ordered crystal a sharp line is 
formed whose shape is described by a 6-like func- 
tion, and whose intensity is proportional to the 
temperature difference 7, — 7 and which vanishes 
at the temperature of ordering. At the same time, 
near the temperature 7',, both in the ordered and 
in the disordered region for small values of q,,one 
should observe a very intense background on an 
x-ray photograph because of a sharp increase in the 
magnitude of fluctuations of long range order. The 
maximum of this intensity lies at q’ = 0 and is 
inversely proportional to the temperature differ- 
ence | —T)|. For a given q; , the intensity of 
the background is a maximum* at i= fe eeanduts 
decrease is proportional to |7 — 7',|. For alloys 
whose composition corresponds to a maximum: 


temperature of ordering, the intensity of background 
decreases as we go away from 7’, twice as fast 
in the ordered region asin the disordered region**, 


2 Woe If To: the intensity of the background becomes 
infinite at the point q~ = 0 in accordance with Eqs. (14) 
U 
and (15). This circumstance is related to the fact that 
for q; = 0 the magnitude of the fluctuations in the long 
range order is not limited (as it is for q; # 0) by the 
necessity of performing work related to the formation of 
an inhomogeneous fluctuation. However, in this case 
the finite dimensions of the crystal lead to a finite value 
of the intensity of the background and at the same time to 
the breakdown of Eqs. (14) and (15). This breakdown 
occurs only in arange of angles A/ L (where L is the 
size of the region of coherent scattering ) and within a 
very narrow range of temperatures ~ (X/L) Tr: 

**The quoted value for the ratio of the rates of change 
of the intensities of the background as we move away 
from T) in the ordered and in the disordered regions is 
only correct for sufficiently small values of q.. For 


large values of q‘ this ratio will become larger because 


of the temperature dependence of « and of the factor 
kT in Eq. (10). 


ses the ratio of the rates of decrease in 
ity of the background is less than two. 
eters which occur in Eqs. (14) and 
exception of the quantity 
ay | e determined if we know from other 
he form of the functions 7')(C, ), 

e on the concentration of the 
s of the atoms of the crystal at 


tical theory o 
calculate the val 
radiation for various ittering (near 

superstructure lines ) and ous temperatures 


(close to 7 -) for all the superstructure lines. 
As is shown in Ref. 4, at the point O where the 


curve of the points of phase transitionof the second 
kind AO goes over into the curve of phase transi- 
tions of the first’kind---the dissociation curve 


OB (Fig. 1), the condition 


B=%(0A/dc,)?¢1 


2 


Fic. 1. /~ Disordered crystal; //—Ordered crystal; 
III — Two phase region. 


is fulfilled. This means that the expression which 
appears in the square brackets of fq. (14) reduces 
to zero at the point O. Near such a point for 


ik <f, the expression for the intensity of the 
radiation scattered by the ordered crystal may be 
represented near a superstructure line in the fol- 
lowing form: 


oes NE aly (L5— ae , 

[= 2877 | fa— fap S{—=3(q) 6) 
k T,— T HM ih ‘ill 

+ ieee, [2 Se (11 i tare 


oa 
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where 7’, is the temperature which corresponds to 
the point O, while r, andr, may be considered 
to be constant in the neighborhood of this point. 
Thus for T <7, the background intensity which 
corresponds to a given q; decreases extremely 
slowly as the temperature is decreased in the 
case under consideration. If T > 7), then as or. 


is approached, the background intensity increases 
in accordance with Eq. (15), i.e., in accordance 


with the same law which holds far from the criti- 
cal point O. 

In contrast to the neighborhood of the ordinary 
points of phase transition of the second kind, the 
magnitude of the fluctuations of the composition 
in an ordered crystal also increases very markedly 
in the neighborhood of the point O, while the in- 
tensity of scattering near a principal line in ac- 
cordance with Eq. (11) becomes equal to 


N? (;- <= ‘ 
[= 8097 {| Cafa + Cafe? (q)) (17) 
Ifa —F pl? kT 
2(Ty— T) + («/ 2) q7 
2(T>—T) [ra (T,. — THT. + ra (To— T)/To] + (#/2) ai 


Thus in the neighborhood of the critical point 
mentioned above, one should observe very intense 
diffuse scattering in the neighborhood of both the 
superstructure and the principal lines. For a dis- 
ordered crystal in the neighborhood of the point at 
which ordering takes place ae = (0, and since Poo 


does not vanish at the point O the diffuse scatter- 
ing in the neighborhood of the principal linesis not 


large. 
We> have also examined the special features of 


diffuse scattering by pure crystals near the point 

at which the curve of the points of phase transition 
of the second kind goes over into the curve of 
points of phase transition of the first kind, and also 
in the neighborhood of an isolated point of phase 


transitions of the second kind. 
The formulas which have been obtained until now 


refer to the scattering of monochromatic x-rays by 
a single crystal. In order to be able to analyze a 
Debye photograph we must average the above ex- 
pressions over all the orientations of the crystal. 
An averaging of this kind was carried out by 
Landau!. In the cases under consideration the re- 
sult of Landau’s calculation’ for an ordered crys- 
tal in the neighborhood of superstructure lines has 


299 


the form: 
N2 
[=40°n | | fa (18) 


Ee ON be Py apse 
ate [Foe te 2 (y— 9), 


BK? T 
kK, 
~ BaeAC, (a aT) 


ote 1) Cy Ly yal: rr | 
mn] 6 Gee | 
Here w is the angle of scattering, w, is the angle 
of scattering for the superstructure line under 
consideration, n is the number of families of atomic 
planes taking part in the formation of this line, 
while P denotes the term next to (a /aT,)q°? in the 
denominator of the corresponding Eq. (14) or (16) 
for an ordered crystal, and in the denominator of 
Eq. (15) for @ disordered crystal. It is evident that 
in the last case the first term in (18) is absent. 


3. SCATTERING NEAR A CRITICAL POINT ON THE 
DISSOCIATION CURVE, AND ALSO BY WEAK, IDEAL 
AND ALMOST COMPLETELY ORDERED SOLUTIONS 


At critical points on dissociation curves ( point 
K in Fig. 2) the concentrations of both phases 


7h A 
T 
| | 
ie ot | 
ee Ee ee eee 
St on She % 
Fir@ae2e 


become the same. At these points, as is well 
known, the derivatives d* p/de* and d>p/de% 
vanish, and therefore in the neighborhood of the 
critical point very large fluctuations in composition 
must take place, and very intense scattering of 
waves by such fluctuations should be observed. 

We expand the thermodynamic potential into a 
series in powers of C, - GAys where C,, is the 


composition which corresponds to the critical 
point* 

* For the sake of definiteness, we shall aSsume that 
the solution hasan“‘upper”’ critical temperature, i.e., the 
state diagram has the form shown in Fig. 2. In the case 
of a “‘lower” critical temperature, the results will be 
altered in an obvious way. 


0 of t th coritibal point, one Mate 
pression (19) into the conditions fe 


a <2 | 
“| CA=C Ay Oc, CAC AQ ‘ 


= <7 (C44) == (Cao) 
CA=CAL Cai °Ag 


where Cy 1 and C, are the concentrations of atoms 


A in the first and in the second phases which are 
in equilibrium at a given T and P. Qn solving the 
resulting system of equations, and on neglecting 


in the expression for C, - Cy, terms proportional 


to|T-T, \°/2, we shall find that the equation 
of the dissociation curve for small | T — iF | has 
the form: 


Ej— 1 p= Q (Ca Cary? (20) 
— (24/36) (Ca — Can) (Tx — Tp) 
= Q (Ca — Can); Q = f,/O. 


Here 7’, is the dissociation temperature for a solu- 
tion of given composition C,. 

Thus 6 and f, may be determined from experi- 
mental data if the curvature of the dissociation 
curve in the neighborhood of the critical point and 
the discontinuity in the specific heat at that point 
are both known. Using (19) and (20), and de- 
termining the amounts of both phases by means of 
“the rule of the lever’’, we shall find that the 
thermodynamic potential of the solution of criti- 
cal composition in a Beale ds region is equal to 


= Py - (67 /4f,)(T —T,)?. 


going over into a two-phase region the specific 
heat at the critical point increases discontinu- 


ously by an amount AC, = Bley The deriva- 
tive d2 p/ de® 


Consequently, in 


in the neighborhood of the critical 


so be expressed in terms of AC, and 


2ACpQ (T + 27x — 3T,)/Tr. 


is expression into (12) we shall 
wing formula for the intensity of 
ystals i in the neighborhood 


dermine the intensity of scattere 
the principal lines and for small aielss for solu- 
tions of different compositions at various tempera- 
tures near the critical point. This formula shows 
that in the case indicated above, as in the case of 
a phase transition of the second kind, the back- 
ground intensity is anomalously large when order- 
ing takes place. Hog ae a maximum at the criti- 
cal point fo ae Vee i 

The formula cakes ona oie simple form 
in the case of small angle scattering when 


gi = |kK, — Kz? = (4x/)? sin? (4/2). 


cy 


In this case 


he ie ea = lel’ Oxc, oe (22) 
B’ 16m? . . py 
Soap ie anaes + 


The intensity of the scattered radiation near the 
principal lines on a Debye photograph (calculated 
for a portion of the ring equal to its radius) for a 
solution which is near the critical state is de- 
termined by a formula of type (18) 


I = data 5 [\éata + cafe te ig 8( — Wi) 


i 


Y; 
RT,Ki|fa—SF |? nes 
~~” B2n?AC Q(6'/bT;) in|) =P 


chia ha Saas cd am A (23) 
Pr (B’/6T ,)K? |)’ 


DIFFUSE SCATTERING OF X-RAYS 


where the angle Y, corresponds to a principal line. 
From (23) it follows that the background intensity 
falls off comparatively slowly as | y — wy, | in- 
creases: the distance at which the intensity of the 
background is reduced by a factor 2 in the close 
neighborhood of the critical point is proportional — 
to[(T +27, ~31,)/T, 1/4, with the coeffi- 


cient of proportionality being equal to unity in 
order of magnitude. The background intensity in 
the neighborhood of the Roentgen lines also de- 
pends weakly on the temperature--logarithmically. 
A more pronounced dependence on the temperature 
and on angles of the background on a Debye photo- 
graph near a critical point should be observed at 
small angles. In this case the intensity of radia- 
tion scattered by an individual crystal does not 
depend on its orientation, and therefore the averag- 
ing over orientations will not change expression 
(22), and it will be applicable also for the calcula- 
tion of the intensity of the background in a Debye 
photograph. From (22) it follows that atvery small 
angles (or large A), when the second term in the 
‘denominator of this formula is considerably less 
than the first term, / is inversely proportional to 


the difference [+ 27, — 3 i: The background 


intensity decreases with increasing wW faster than 
in the neighborhood of lines on a Roentgen photo- 
graph, and the distance at which / attains half of 
its maximum value is proportional to 


[(T + 21%, = ST p) / T;]'! . 


Equation (22) is evidently applicable not only 
to the scattering of x-rays but also to the scatter- 
ing of light by transparent dielectric solutions 
near the critical point. Since the wavelength of a 
light wave is considerably larger than the lattice 
constant, Eq. (22) in this case is applicable not 
only for small, but for arbitrary scattering angles. 
The effective cross sections for scattering of visi- 
ble light at frequencies considerably smaller than 
the frequency of self-absorption are inthis case 
inversely proportional to A4 and far fromthe criti- 
cal point / ~ "4. Near the critical point because 
of the last factor in (22) the intensity of the scat- 
tered radiation depends more weakly on d (the de- 
pendence is eo right at the critical point ). 

We note that the results for small angle scatter- 
ing obtained above are applicable not only to 
solids, but also to liquids. It is true that in liquids 
density fluctuations play a significant role. How- 
ever, in the neighborhood of the critical dissocia- 
tion point the scattering by density fluctuations is 


_ of x-rays by liquid solutions in the neighborhood of — 
the critical point, and for the scattering of light by 
liquid solutions through arbitrary angles. 

__ As is well known, the general expressionfor the 


_ tained without utilizing a specific statistical. 
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considerably smaller than by composition fluctua- i 
tions (which we consider to be statistically in-. 

dependent). Therefore, Eq. (22) may also be ap- __ 
plied for the determination of small angle scattering eae 


thermodynamic potential of a solution may be ob- 


model of the solution in the case of small concen- — 
tration of one of the components (Cc, <<1). Ne- — 
glecting terms quadratic in oy we Shall write the 
expression for ¢ in the form (see, for example, Ref. 
3): a 
©= 92+ NocakT Inca+caf(P, T). (24) 
Here gp is the thermodynamic potential per unit 
volume of the pure crystal B, N, is the number of 
atoms per unit volume, and f(P, 7.) does not de- 
pend on C,. The derivative of the thermodynamic 
potential (24) d? ydes =N kT/c, for sufficiently 


small C, is considerably larger than the second 


A 
term in the denominator of Eq. (12), and therefore 
in this case the following formula is valid for the 
determination of the intensity of scattering at all 


angles 


I = 8n3 (N?/V) > | cafa + cafa|?6 (qi) (25) 


+ N|fa—feleca- 


As should be expected in the case of weak solutions 
the background intensity does not depend on the 
temperature at which the crystal becomes ordered, 
and is proportional to Cy. 

The expression for ¢ has a simple formalso in 
the case of ideal solutions 


o=o+kTN,(calnca+cglncg), (96) 
where ¢ does not depend on the composition. 
Since the coefficient 8’ in the expansion of ¢ in 
powers of Ac, is equal to zero in the ideal solu- 
tion approximation, it follows from (12) and (26) 
that the following formula holds for the intensity of 
scattering by ideal solutions at arbitrary angles of 


scattering 
[ = 8x3 (N?/V) Ddileafa + cefp|? 6 (qi) 
AN fa, ihe Pe eo 


(27) 


reset to ie Das tS oR a lo 
ures, when the numbers of atoms at 
Jattice points may be considered as simian 
ameters. In this case for the solid solutions of 


numbers of lattice points of the first and second 
kinds are the same, the thermodynamic potential is 
equal to (Ref. 7): 


=F + YiCat L2H eee “Tp 2 In py (28) 


+ p? In p? + pp In pp + pi In pF) 
+ kT NI (p2)2e, + ps pPe, + (p?)2es]. 


Here 7, Xy> Xo 1? 9? &3 depend only on 7’ 


and P and do not depend on C, and 7. For suffi- 
ciently low temperatures, and for compositions 
sufficiently close to the stoichiometric one,ji.e., in 
the region of applicability of Eq. (28), y may be 


considered to be constant, while poe and ne 


decrease rapidly as the temperature is decreased-- 
faster than. e ce The coeffi- 
cients of (An)?, Vn AC, and Wer )? in the ex- 
pansion of ¢ also increase more seat as 7 > 0 
than Dee and pp decrease. Therefore, at suffi- 


and 4 increase. 


ciently low temperatures the background intensity 
for arbitrary scattering angles has the form: 


2/V) [> [cafa + Caf a |? 6 (qi) (29) 


eae. in a Debye photograph 
, ideal and alniost completely 
» determined by Eqs. (25), 
quation (29) agrees 
ityof diffuse radia- 
al which was ob- 
. ion of the ab- 
sence of correlation loy. Thus the correla- 
tion in the alloy becomeso amall importance not 
only at high but also at low temperatures in the 
neighborhood of the state of complete ordering. 

It should be emphasized that all the above re- 
sults have been obtained for the scattering by a 


system which is in a condition of equilibrium ( cor- 
responding to a certain annealing temperature ). 

I take this opportunity to express my gratitude to 
A. A. Smirnov for his interest in this work and for 
the discussion of the results. 
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An Investigation of the Elastic $ 
Cu 


Institute for Nuc. 
(Submi 


The differential sc: 
has been determined 1 
590 mev. A striking | 


ener or. This fact, together with the results of our earlier - 
work neutron scattering at 300 mev) definitely points to the charge sym- ate 
metry of nuclear forces at high energy. ; 


1. INTRODUCTION a 


At low energies information about the interaction 
of neutrons with neutrons is obtained, for ex- 
ample, in the analysis of the binding energies of 
mirror nuclei and in the studies of nuclear reactions 
which give rise to two neutrons moving with small 
relative velocity. A survey of this experimental 
material obtained at low energies ae to the con- 
clusion that the forces acting between two neutrons 
are the same.,as thae acting between two protons 
to an accuracy up to electromagnetic effects”. 

At high energies, data on this neutron-neutron 
interaction can be obtained primarily from experi- 
ments in which the angular distribution of neutrons 
scattered by deuterons and protons is compared 
under identical conditions. Such experiments were 
carried out by Dzhelepov, Golovin and Satarov’, 
using 300 mev neutrons. These experiments showed 
that the neutron-neutron differential scattering 
cross section in the investigated angular region of 
40° < 39 < 90° ( 0 being the center-of-mass angle) 
was equal to the corresponding proton-proton scat- 
tering cross sections within experimental error. 
This definitely pointed toward the validity of the 
hypothesis of the charge symmetric character of 
nuclear forces. 

There is, however, a special interest in getting 
similar evidence at neutron energies where meson 
production processes are appreciable. 

The present work, therefore, was directed at 
studying the elastic neutron-neutron scattering at 
590 mev. The experiments were carried out at the 
synchrocyclotron of the Institute for Nuclear 
Studies of the Academy of Sciences of the USSR. 

In order to establish the possibility of determin- 
ing the elastic neutron-neutron scattering using 
experiments on neutron-deuteron scattering, we 
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.n—n) scattering cross section in the investigated 
is equal to the proton-proton cross section at the same _ 
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; 


ergy of the neutr ns 
established: 


been 
0°) = 2.3, 


. 


first carried out a theoretical analysis (using a — 
nonrelativistic momentum approximation ) of the — 
processes by which high energy neutrons could 
interact with deuterons. This yielded formulas 
connecting the probability of emission of neutrons 
into an angle 0( 6 being the laboratory scattering 
angle ) relative to the incoming beam, with the 
scattering cross section of neutrons by free neu- 
trons and protons®. 

A series of such studies have already appeared 
in the literature*-’, but the majority of them have 
the drawback that they use a central force between 


the nucleons. Moreover, in several cases, there 
is used a radial nucleon potential even though it 


is well known that a unique selection of such an 
interaction cannot be made at the present time. 
This reduces the generality of the results obtained 
and makes desirable a similar calculation under the 
most general assumptions possible concerning the 
interactions between nucleons. 

We present below calculations carried out using 
the same method as was used by Pomeranchuk® 
and Shmushkevich®, but keeping the complete ex- 
pressions. for the nucleon-nucleon scattering ampli- 
tudes. This permits us to hope that the results 
obtained should be applicable over a wider angular 
region than was the case in previous work. 


2. CALCULATION OF (n—d) SCATTERING 


Letr,,r, and i be the coordinates (in the lab. 


2 
system ) of the incoming nucleon, of the nucleon in 
the deuteron with the same isotopic spin, and of 
the nucleonin the deuteron with the opposite iso- 


topic spin. Let us take as a wave function (not 
antisymmetrized with respect to coordinates of 


identical particles ) for the initial state the ex- 
pression 
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= Oe Kor D, (|t2 — ¥3]) 11,28 4 (1) 
and for the final state 
Y= Qh exp {ik’ry} (2) 


x exp {i (Ky + ks) (Po + Fs) / 2} Dy (tr. — 5) ¥i,29- 


In these equations, is the normalizing volume, ~ 
@, is the wave function for the ground state of the 


0 . . 
deuteron, ®, is the wave function for the relative 


motion of particles 2 and 3 after collision, k, and 
as k, are the wave vectors of these particles in “he 


Final state and oe 23 and Xi pa ane the spin func- 


tions corresponding to the initial and final states. 
We will write the pseudo-potential of the inter- 

action between the incoming nucleon and the 
deuteron in the form: 
= (4rh?/m) {A,.9 ( (3) 


mr — 2) + Aj36(r; —r3)}, 


where A . and hve: 


are the amplitudes for the scat- 
tering of the nucleon by the nucleons (in the center- 


of-mass system of the colliding nucleons), 


Aye = %»_ + Boy, + T12 (1 (4) 
+ d)5 (s,€,) (o2€,) + eo (9,€_) (o,€_); 
A= %3 8136195 + Yis (81 + 95 


+ hag (94 


+ 9)n 


— o3)n + O43 (s,e,) (o,€, 
+ £13 (91€_) (o3€_); 

e, = (k; + k,)/|ki + kyl; 
—ky)/|ki—kyl; n= [kikg /| (kikf) |. 
The matrix element forthe transition of the system 
from the state in which the deuteron is at rest and 
the incoming nucleon hasthe momentum k,, to 

the state where the scattered nucleon has momen- 


tum 77k’, and the two nucleons move with relative 


momentum Wf = (k, — k,)/2 can be written in 
the form: 


Vier, = (4nh?/mQ*i2) {(1'204 1971.28) ay 
+ (Xi es Arsxiea) T:—(xi2eAos¥a1)T 3} 
= (Anh? | mQ*2) {a,.T, + ay3T > — A313}, 

T, =| ©} (p) e820, (6) dp; 


(5) 


T, =\@} (p) e1440120, (p) dp; 
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T, =|; (0) 1°, (p) dp; Ak =k’ —k,. ©) 


The cross section corresponding to this transi- 


_ tion is equal to: 


nee Me ‘ i 
Oe ar, Fes . 
iS arQ 
ex =, >, >)|Vern, |*0,, 
te oF) 
’ neat 
ee a eG 3) 4° (2)? 
ad oO? af k' do’ 
(2n)® ~ #? 1-4), (k’ — kos 6)/k’ 


where J , is the spin of the deuteron, S is the spin 
of the incoming nucleon, v is the velocity of the 
incoming nucleon and do’ = 27 sin 0 d 0. 

In order to carry out further calculations it is 
necessary to know the actual form of the wave 
function O,(r, —r,) of the nucleons 2 and 3 in the 


final state. These functions are not known at the 
present time and the calculations, therefore, in- 
volve some additional assumptions concerning their 
properties. The problem is somewhat simplified 
because we are primarily interested inthe total in- 
tensity of neutrons scattered at a given angle; their 
energy spectrum, which depends on the motion and 
initial stcte of the nucleons in the deuteron before 
For this 
reason, Eq. (7) must be integrated over all possible 
values of the relative momentum # f consistent 


collision, has only secondary interest. 


with conservation laws. The integration is simpli- 
fied if one keeps in’ mind the experimental fact 
that in (p—d) collisions the momenta of the 
scattered particles in the majority of casesis little 
different fromthat which they would have in the 
scattering fromfree nucleons into the same angle! 
For this reason we will not make a big mistake if 


in Eig. (7) we place k’ = k cos @, which corresponds 
to this situation in most cases. In this case, k’%, 


and consequently also Ak, can be canara) as 
constant (for a given angle of scattering) inde- 
pendent of f. 

Expanding the integral in terms with 7, and I, 


to infinity (which makes possible the use of the 
completeness theorem ) and evaluating the result 
of the integration in the region in which | A a ne 
where ff, is the largest value of the momentum of 
relative motion # f (consistent with conservation 
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laws ), we arrive at the formula for the total cross 
section of (n—d) scattering into an angle @: 


do (9) 
do’ 


4k’ 5 , 
= G5, (| 42)? (1 Se (8) 


+ | Qy3 ? (1 — Ty’) + 2Re (@joa43) (J (6) —J? (0) 
—— \ =F [| @o3 |? | T5 |? — 2Re (atsdosT T3) 


— 2Re (Giae'arte T3)}} . 
In this equation 


(pes (2x) df | \ eiAkele@s (p) ®, (0) dp) (9) 
tEfm 
2 


? 


Ta=(2ny* | af|{etaxeins (9), (p) dp 


ior 


e 


J (8) = Vette iby (0) dp; 


The multipliers in front of the integrals, |a,, \2- 
|a,,|7, etc., are various combinations of the co- 
efficients u, B, y, etc., appearing in the scatter- 
ing of nucleons by free nucleons. Comparison of 
these multipliers with the nucleon-nucleon cross 
sections expressed in terms of the same parameters 
leads to the following relations: 


Salas | = 4ASan (o)] ia (10) 


1, |(2Re (GieGis) |< [oan (9) 4+ onp (9)] ce 3 


1/6 | Gis |? = [Snp (9)] ce. 3 
Mf, | ZRe (i228) | <3 [Fan (9) + onp (9)] ce: 5 
1/6 | Gos |? = [np (9)] ce. 3 
1/,| QRe (@is2s) | <3 [np (9) Jeg. ° 


The completeness theorem cannot be used for 
terms containing /’,; however, it is easy to see that 
these contribute significantly only at scattering 
angles close to 7/2. In fact, numerical integration 
of the integrals (27) 3 (dé | i [2 and (27)° {df 


x Ta) T, with the function or, —r,), taken 


either as a plane wave or as a function taking into 
account the interaction between nucleons 2 and 3 
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only in the state /=0 1!) shows that these in- 


tegrals are sufficiently small for scattering into 
angles 6 < 60°. 

A knowledge of the exact form of the function 
®, is also necessary to evaluate the functions 


Ty, T and J ’(@); however, in these cases the 


_ integration is carried out only in the region of 


large relative momenta and therefore the use of 
®, as a plane wave appears more justified. 
Thus we can write down the total (n —d) scat- 


tering cross section for angles 0 <60° in the form: __ 


ds (6) / do’ = 40s 0 { [onn (leg. (11) 


(1 —T1) + [orp (Mee. Cn 


+75 [2Re(aj24,3)| J (6) }, 
To) = () (6), 


The last term in the formula represents the scat- 
tering due to interference of waves scattered by the 
different nucleons of the deuteron. From Eq. (10), 
the upper limit of this scattering is given by 


[43 int (9) / dO" Imax = 4 C08 8 {[Fnn (9)} eng. (12) 


+ [Snp (9)] eg. .} J (6). 
The multipliers of the terms ae andele= ii are 


not significantly different for angles @ < 50° and 
they decrease rapidly for larger angles. The 
numerical values of the functions /(@) are given in 
Fig. 1 for nucleon energies of 300, 450 and 600 
mev. 
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Fic. 1. Calculated values of the integral /(@) for 


various neutron energies: 


1-300, 2—450, 3—600 mev. 
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Even though present-day theory allows only an 
approximate evaluation of interference terms con- 
tributing to scattering, the result of the calcula- 
tions indicates that there is a region of angles 
where the total (n—d) scattering cross section is 
essentially equal to the sumof the scattering of 
the neutrons by free neutrons and protons. It is 
evident that the difference in scattering cross sec- 
tions for (n —d) and (n—p) processes inthese 
angle region will be equal to the scattering of neu- 
trons by neutrons. 

As already indicated, the calculation of the 


functions /(@) was carried out nonrelativistically. 
There existed, therefore, the possibility that the 


inclusion of relativistic effects would contract sig- 
nificantly the angular region in which the calcula- 
tions indicate that interference effects are important . 
However, since the relativistic generalization of the 
momentum approximation has not yet been pro- 
posed, it was decided to examine experimentally 
the angular region in which the scattering of 
nucleons by deuterons has an additive character. 


3. EXPERIMENTS WITH THE PROTON BEAM 


In these experiments a proton beam was scattered 


by D,O, HO, CH, and C, The scattered protons 


were measured by a telescope consisting of three 
scintillation counters. In order to minimize the 
effect of the different energies of protons scattered 
by deuterons and protons, the measurements were 
performed with a telescope having a low energetic 
threshold CE was taken close to 50 mev). Under 


these conditions the relative yield of protons from 
(p—d) and (p—p) scattering is practically indis- 
tinguishable from the ratio of the total cross sec- 
tion of (p—d) scattering into the given angle to 
the differential (p—p) cross section scattering 
into the same angle. 

The experiments were carried out using 300 and 
400 mev protons. Fromthe measurements one ob- 


tained the ratio AD) ue ( A)1/o,, (6), which, 


according to the calculations, is equal to 


toe (0) + GO /o.8 (6). Comparison of these 


relations with the relative cross sections of (n—p) 
and (p—p) scatterings makes possible the de- 
termination of that angular region of scattering 
where CRE 0) <«< Cae (6). The results obtained 


indicate that at least in the angular region 
30° <9-< 90° for E, = 300 mev, 
25° << 3< 90° for E, = 400 mev 


(13) 
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the total (p—d) scattering cross section is equal 
to the sum of the (p—p) and (p—n) scatterings to 
within a fewpercent. For completeness, it would 
have been desirable to carry out similar experi- 
ments with protons of even higherenergy. Such 
experiments were not carried out because of diffi- 
culties in excluding meson effects. However, the 
tests we did carry out indicate that the angular 
region of scattering where the interference proces- 
ses in (n—d) collisions contribute a significant 
part to the scattering of nucleons by nucleons de- 
creases with increasing energy. For this reason 


we conclude that for neutrons having an energy of 
590 mev, the region of additive scattering will be 
at least no narrower than for 400 mev neutrons. 
Therefore, the (n—7) scattering can be determined 
for this particular region of angles (30°< J < 90°) 
as the difference between the scattering of neutrons 
by deuterons and by free protons. 


4. DETERMINATION OF THE NEUTRON-NEUTRON 
SCATTERING CROSS SECTION 


The determination of the (n—n) scattering cross 
section was carried out by a comparison yield of 
high energy neutrons from (n—d) and (n—p) 
scatterings at the same angle relative to the neu- 
tron beam. For this purpose, scatterers of D,O, 
TO; CH, amd C were successively interposed in 


the beam. The replacement of one scatterer by 
another was accomplished by use of a specially 
constructed sample changer operable from a dis- 
tance, so that the accelerator did not have to be 
shut off during the changing process. The scat- 
tered neutrons were counted by means of a neutron 
telescope. This consisted of an aluminum con- 
verter, four scintillators in coincidence to regis- 
ter exchange protons in back of the converter, and 
one scintillator in front of it. The counter infront 
of the converter was in anti-coincidence with the 
others and was used to exclude charged particles 
arising from the scatterer. The energetic threshold 
of the neutron telescope was established by plac- 
ing absorbers inthe path of the exchange protons, 
and corresponded to neutrons having an energy of 
470 mev. The effective energy of the incident neu- 
trons in these experiments was 590 mev*. The 
monitoring of the neutron beam was carried out 

via a telescope Le consisting of three scintillators 
placed in an auxiliary beam. The general lay-out 


of the experiment is given in Fig. 2. 


* The energy spectrum of the neutron beam had been 
established earlier??, 
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Establishment of the absorber thickness of the 
neutron telescope. In order to determine the thick- 
ness of absorber corresponding to the selected 
energetic threshold for the neutrons, it is neces- 
sary to know the energy spectrum of the exchange 
protons from the converter. The broad energy dis- 
tribution of the primary neutrons and the low in- 
intensity of the beam complicate the investigation 
of this exchange proton spectrum and thus the com- 
parison of it with the spectrum of the neutrons. For 
this reason we carried out measurements which 
made it possible to decide on the absorber thick- 
nesses without a detailed knowledge of the form of 
the spectrum of the protons. In these experiments 
the telescope was placed at a certain angle rela- 
tive to the neutron beam and the dependence of the 
counting rate of the neutrons scattered from free 
protons was determined as a function of the ab- 
sorber thickness. The statistical accuracy of these 
experiments was insufficient to establish the dif- 
ferential spectrum of the exchange protons, but was 


sufficient to establish the absorber thickness 
needed to cut out the fastest protons, and therefore 


to determine their energy. On the assumption that 
such protons arise fromthe charge exchange of the 
highest energy neutrons we can conclude that this 


absorber thickness corresponds to an energetic 
threshold of the telescope equal to the maximum 
energy of neutrons scattered into this angle. 
74 
Se 
Pa 


Z © is 


F jG. 2. Measurement of elastic (n—n) scattering (plan 
of the experiment ). ]—neutrons, 2—monitor, 3—scat- 
terers, 4—neutron telescope, 5—converter, 6 —ab- 


sorber. 


Experiments carried out at scattering.angles of 
30, 40 and 50° showed that under the conditions of 
these experiments ( a polychromatic spectrum of 
primary neutrons, the geometrics of the converter, 
telescope, etc.) the magnitude of the effective 
relative energy loss of the neutrons upon charge 


exchange, A.,,, was equal to 


(En (8)max — Ep (9)ney) / En (9max = 0.3 +0.02 


and was practically independent of the energy in the | 
interval from 230 to 460 mev. e 
The value of A, ,, that was found made it possi- a ; 
ble to determine, for various scattering angles, the 
absorber thickness corresponding to a given energ 
threshold for the neutrons. 
Measurements. During the measurements of the _ 
differential (n—d) and (n—p) scattering, the 
neutron telescope was placed at a given angle 
relative to a neutron beam and for each of the 
scatterers the difference in counting rate with and 
without the converter in place was determined. The 
difference of the effects produced by the polyethyl- 
ene and by the C is proportional to the scattering 
cross section of neutrons by free protons, i.e., 


Nou, (6) — No (6) = B (6) onp (9). (14) 


The corresponding difference obtained by using 
D,0 and H,0 is proportional to the difference be- 


tween the scattering cross section of neutrons by 
deuterons and by protons: 


Np,o (8) — No (8) = B (8) [enn (9) + int (9)].15) 


The proportionality constants in the two cases 
are equal and depend on the geometry of the ex- 
periment, the efficiency of the neutron telescope 
and the neutron beam intensity. 

In order to avoid the difficulty of determining the 
absolute values of these coefficients we measured 


merely the ratio of the values of Eqs. (14) and (15): 
A (8) = [nn (9): (16) 


+ int (9)] / Snp (9) = S (9) / Srp (9), 


From this, using the differential cross sections for 


elastic (n—p) scattering determined by Kazarin- 


13 


ova and Simonova’”, at the same neutron energy, 


we deduce the desired quantities S(@ ). 


5. RESULTS AND DISCUSSION 


The measurements were carried out for scatter- 
ing angles between 30 and 90° in the center-of- 
mass. The results obtained are listedin the Table 


and presented in Fig. 3. 
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TABLE 
2 -l 

9° 10276,,, (8, cm’ /sterad 
30 5.8+0.8 

49 4.70.5 

55 3.80.4 

67 2.90.35 

78 2.30.30 

89 2. 5-40.25 


In view of the fact that the results of the experi- 
ments carried out inthe proton beam (Sec. 3), and 
likewise the results of our calculations (Sec. 2) 
point to the additive character of the (n—d) scat- 
tering at neutron energies larger than 400 mev 
for angles between 30 and 90°, we can conclude 
that the cross sections, S(@), that we have de- 
termined at 590 mev,correspond to the elastic 
scattering of neutrons by free neutrons. 

The most striking feature of the elastic neutron- 


neutron scattering which appears on going from 
300 mev to 590 mev isthat, like (p—p) scatter- 


ing, it gets to be strongly anisotropic. If the 
relative scattering Gs (30°) |i ( 90°) is close 


to unity for 800 mev neutrons!, then at 590 mev 
the (n—7n) scattering at 30° is 2.3 times higher 
that at 90°. 


cm2/sterad 


2 SO 40 50 66 Ww bt 99 B° 


Fic. 3. Differential cross section for elastic scatter- 
ing of neutrons by neutrons at 590 mev. Curve— 


1 : 
Ct v0 ) at E =590 mev 4; Points—o ( &) for 
Ee = 590 mev, 


The significant anisotropy of (n—n) scattering 
at this energy presumably reflects the increased 
importance of nuclear interactions in states of 


higher angular momentum. However, it is also 
possible that the anisotropy arises fromthe sig- 
nificant rise in the inelastic processes occurring 


when the e nergy is raised from 300 to 590 mev. 

As is seen from Fig. 3 the differential cross 
section for elastic (n—n) scattering at 590 mev in 
the angular region investigated agrees within ex- 
perimental error with the corresponding (p—p) 
scattering cross section measured by Smith et al. 
at the same energy**4. This fact, together with 
the earlier results of analogous experiments carried 
out with 300 mev neutrons is direct evidence for 
the charge symmetry of nuclear forces at high 
energies. 

The identity of nuclear forces between two neu- 
trons and two protons is likewise supported (within 
the accuracy of the experiments and electromag- 
netic effects) by the equality of total cross sec- 
tions of (n—d) and (p—d@) interactions at high 
energies”71° It is obvious that, to the extent 
that charge symmetry of nuclear forces has been 
established, all known conclusions concerning the 
purely nuclear interactions between two protons 
become equally valid when applied to the inter- 
action of neutrons with neutrons. 

The comparison of the differential (n—p) 
elastic scattering at 580 mev with the cross sec- 
tions for proton-proton scattering, has been shown 
not to contradict the hypothesis of charge inde- 
pendence of nuclear forces!*, The results of the 
experiments described here with neutrons make it 
possible toextend this conclusion to neutron- 
neutron scattering also. 

The authors take this opportunity to express 
their appreciatoin to R. N. Rindin for discussion 
of a series of questions in the theory of (n—d) 
scattering and to G. N. Tentiukov, J. V. Popov and 
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The collision between an electron and an arbitrary atom is considered. The wave function 
of the system ‘‘atom + electron’’ with given spin is described by the coordinate and spin 
functions of this system. The coordinate function of the system is constructed from the 
atomic and one-electron functions in such a way that it possesses in explicit form the cor- 


rect symmetry properties relative to a transposition of the arguments. A system of integro- 
differential equations, similar to the Fock self-consistent field equations have been obtained 
for the one-electron coordinate functions. These equations can be transformed into integral 
equations. The angular variables have been separated and integral equations have been 
obtained for the radial one-electron functions. The integral equations can be simplified 

if approximate atomic functions are used. The problem is reduced to a system of Volterra 
integral equations which are suitable both for general investigations and for computations, 
An analysis of the asymptotic expressions is carried out and formulas are derived for 


effective cross sections. 


INTRODUCTION 


Pees investigations (see, for example, Ref. 
1) hiave revealed the unsuitability of the Born 
approximation (and its modification which takes 
exchange into account--- the method of Born- 
Oppenheimer ) for calculation of collisions of 
slow electrons with atoms. Especially poor re- 
sults are obtained in the calculation of the effec- 
tive cross section for excitation near the thresh- 
old in those cases in which exchange effects 
play a role. 

In a number of cases the effective excitation 
cross section calculated according to the Born- 
Oppenheimer method exceeds the theoretical 
limit imposed by conservation of the number of 
particles. For example, the effective excitation 
cross section of the 2S level of the hydrogen atom 


in the antisymmetric case (parallel spins) for 
13.5 ev is twice the theoretical limit. For the 
excitation of the 2°S level of helium at 22.5 ev the 
cross section computed according to Born-Oppen- 
heimer is 1.1] times the theoretical limit and ex- 
ceeds experimental values by a factor of 20. 

In the methods of Born and Born-Oppenheimer, 
the interaction of the electron with the atom is 
considered weak, and therefore the wave function 
of the electron is taken in the form of a plane wave. 
Refinement of the methods of calculation is ob- 
tained by consideration of the perturbation of the 
electronic wave function by the strong field of the 
atom and by exchange interaction. 

Representing the wave function of the system 
‘¢atom + electron’’ in the form of a properly sym- 
metrized sum of products of atomic and one- 
electron functions, and carrying out the computa- 


ax 


issey and Moiseiwitsch* w 
fo the application of variational 
collision problems. 
it was shown by the author? that the 
ero-differential equations of the type obtained 
Refs. 2 and 3 could be transformed into a sys- 
em of Volterra integral equations and a system 
of algebraic equations for certain constants. The 
integral equations to which the problem reduces 
are suitable both for general investigations and 
for computations. 

In the present work we consider the general 
problem of the collision of an electron with an 
arbitrary atom or ion. An expression for the 
coordinate wave function of the system “‘elec- 
tron + atom’’ is constructed from atomic functions 
and one-electron functions which possesses in 
explicit form the appropriate properties of sym- 
metry relative to a transposition of arguments. In 
this case some results of Fock® are used that 
are concerned with the waye functions of many- 
electron systems. Integro-differential equations 
are obtained for one-electron functions. The po- 
tential energy of interaction of the electron with 
the atom and the exchange operator are expressed 


by quantities which are constructed from atomic 
functions according to the type of the density 
matrix*., Integro-differential equations are 
transformed into integral equations. Separation 
of angular quantities is carried out and integral 
equations for the radial functions are obtained. 
In practice, the atomic wave functions are ex- 
pressed approximately in the calculations in the 


. é 
The general equations for the collision of electrons 


with an atom were also considered by Seaton’, How- 


ever, Seaton began from a wave function system in 
which the spin and coordinate variables were not 


separated; therefore, his equations have a symbolic 
character. 


sf a combination of products of one-electron 
If this approximation is used, then 
for the radial functions reduce to a 


ral equations of the Volterra type 
1 of algebraic equations. 


CTION OF THE SYSTEM 


; nla Gireedt It must be 


ion, we can subject ®@ to the condition that 


be an eigenfunction of the square of the spin 


SD = s(s +1) (1.1 
(4 =1). As Fock® has pointed out, the wave func- 
tion ® satisfying (1.1) can be chosen from the co- 
ordinate function W(r, ... 8, [te 4,- + - Fy )s 
where 


k=1/,N —s, (1.2) 


a 


and the spin function x(a, +O, 


Op y ay 
which possess definite properties of symmetry 
relative to permutation of the arguments. (In 
what follows, we shall write 


Ce ee ee -N)andy (1... .k{ + | ee a) 
in place of vie) yee 


VNC eon opmreee 


these would not lead to misunderstanding. ) 

The function V is antisymmetric relative to a 
permutation of arguments up to or after the verti- 
cal bar; this can be described with the help of the 
permutation operator Pi in the form 


Te lTha.-- > Ty) and 


- oy ), or even V, y where 


C153) 


Moreover, ¥(1...k|k+1...N) possesses the 
property of cyclic symmetry 


N ; 
(1 - > Py)| Y= 0. 
. jah 
The function y is symmetric relative to a permu- 


ae of arguments up to or after the vertical 
ar: 


(Pasha) ti = Ons, cc eon t ies 


(1.4) 


(hi Py) Oa if —<Rorh ar: Re (1.5) 


che Clears 


N! 
CNN a ate ey 
Aye AR 
x xO 
where Aes ciate Ay is a set of N differe 


from the series 1... WN and P is the pz 
perniutatio Loe 
eae oe ay 
By virtue of the properties (1.3)-(1.5) and the 
relations (1.2), the function (1.6) satisfies the re- 
lation (1.1) and possesses the necessary asym- 
metry property relative to the permutation of 


(t a; ) and (r,, o,). The coefficient of the sum 


in Eq. (1.6) is introduced so that, in the normali- 
zation of ¥ and y to unity, ® will also be normal- 
ized to unity. 

If we choose y in the form 


—~=$p. =Br&p+y. » Ay, 


where a = 


127) 


05,12 P25 4 
then ® will be the eig- 
enfunctions of the op- 
erator S_ which corre- 
spond to the eigenvalue 
s (i.e., the spin of the 
system is directed along 
the z axis). The func- 
tion YW which possesses 
the properties (1.3) and 
(1.4) can be obtained by 
subjecting an arbitrary 
function of N arguments 
to symmetrization ac- 
cording to the scheme of 
pate pictured in the Figure( Landau and Lif- 
shitz®), i.e., we first carry out symmetrization over 
the variables entering into a row and then alterna- 
tion over the variables entering into the columns*. 
We shall denote such a scheme by the symbol (4; 
N—K). 


As an illustration, we consider the example of a 


* This circumstance was brought out as a result of 
discussions with Iu. N. Demkov. 


possesses fe RTOpErtiee ae symmetry \ 
Oo ay had by ¥(1| 23). 

We return to the problem of interes 
the construction of a coordinate func 
“‘atom + electron’’ from atomic and one-ele 
coordinate functions. For this purpose we 
sider the particular case ¥(1.. .k|k + 
which is formed from the product of the functions 
wl. wl 4 i. ot) and Jnr): 

We note that in the expression for W there can 
enter only two types of function w: 


6 30 (kl Roe en): (1.8) 


b = v(1 


1 


.R—I1|[R on 


This follows from consideration of the Young 

scheme. Actually, one can obtain the scheme 

(k; n —k +1) by adding one cell either in the 

second column of the scheme (4k; n — £) or in the 

first column of the scheme (k — 1;n —k +1). 
The same result follows from the rule for the 

addition of momenta. Actually, for a given square 


of the spin moment of the (n + 1)-electron system, 
s(s +1), there are two possible states of the n- 
=s—hands,=s+% In the 


Yon = ies ad ¥), 
in the second, j, = 4n —(s+%). Inasmuch as 
k=*(n+1)-s, then j, =4, jg=h—-1. The ex- 


pression for Y,which consists of the products 


WF and WF, which satisfy the conditions (1.3) 


electron system:s 1 


first case, in accord with (1.2), 7, = 


and (1.4) (for NV =n +1), can be got by carrying 
out symmetrization of these products according to 
the Young scheme (k; n —k + 1) and making use 
of the fact that w, and ~, were already symmetrized 


according to the schemes (4; n —k) and (k — 1; 
mindy 
However, this leads to cumbersome calculations; 


therefore, we proceed otherwise: we set up the 


UB at 


ne the coefficients a, and b, j 
> 


satisfy Eqs. (1.3) and (1.4). 


that all the calculations necessary for 


rmination of a; and b, ; can be put in com- 
’ 


if we make use of the ‘‘permutation rela- 


Pak tc BPs. = PrePac. G1) 


We shall not carry out the calculations here, but 
shall at once write the result: 


Ty == (1— Sr eae na) AF 


i=k+1 


(112) 


», sg n+1 


i=k+1 


kR-1 
¥,=(1- > Pra) (1— 
t=1 
+ (n — 2k + 2) Pr, nta) WP. 
It is shown in Appendix [ that (1.12) satisfy the 


conditions (1,3)- (1.4). From (1.12), in particular’ 


for n = 1, we get 


F({12) = $(1) F(2)—9(2)F (1), (1.12) 

¥ (1]2)=9(1) F(2)-+8(2)F (1), (2.128) 
forn = 2 

(1]23) = o(1|2) F (3) —v(1 joy re, Oe 


Ys (1123) = 9 (| 1 2) F (3) 
— (| 13) F (2) + 29 (3 2) F (1). 


* Jt is understood that application of the permutation 
Potig. to the product of two functions obeys the rule 


RG OP Cree): 


ate function of the system ‘fatom + elec- 


41 and wy be atomic coordinate 
dices A show the value of the 

] momentum and its projection on 
d (2) have the same meaning as 
then write 


(1.13) 
ek nt) Paar 
2, k—-1 n 
{ (1 — Yi Pre) (1 D> Pin 
it i=R+1 


+ (n — 2k + 2) Pr, nts) Dack ao. 


We note that in this case, if W, | . are ex- 


pressed approximately by the product of one-elec- 
tron functions (or are themselves one-electron 
functions ) we can carry out the transformation 


Fug—> Pag eae (2 =e (1.14) 


in (1.13), which does not change W essentially. 
Thus, for ¥(| 12), 


ba = >) Baars, (eT) 
A’ 


where B , , are constants which satisfy the condi- 
tion B, 4° =B,+, 
Y(1|2)€, also has the form (1.15), but the con- 
stants B , , 
Seles) 


If, in the expression for W(1| 23) we take Wa 4 


but are otherwise arbitrary. For 


-will satisfy the condition B , , - 


and Wa ‘ in the form 


= [Va (1) Wa (2) + Va (2) W (1.16) 


i 
YA1, 2 


a()), 
then 


ta = 2 (CaaVa + DaaWa), (1.17) 


ba, => 7D (DaraW av — Caa 4’), 


where CAA 


, mat De are arbitrary constants. 
2. EQUATIONS FOR THE FUNCTIONS Ly 


To derive the equations determining the functions 


COLLISIONS OF ELECTRONS 1 


F 4 We shall start out with the equation 
(H —E)¥ =0. 


Multiplying (2.1) by wy .d7, where a = 1, 


= dr, eee ar, and integrating, we get 


\ Yaa (H — EB) ¥ de = 0. 


If ¥ is expressed approximately by a f 
of atomic functions, so that the numbe 
the sum (1.13) is finite, then (2.1) is not s 
In this case we shall consider that WY no longer 
satisfies (2.1), but satisfies Eq. (2.2) as before. 

The energy operator H has the form (in atomic 
units) 


H = Ho(ty.. fn) — /oAnga + U (fh. - -Tn41),(2.3) 


Here 1, is the energy operator of the n-electron 
system; U is the interaction operator of the(n+ ]1)— 
electron with the n-electron system and with the 
nucleus, and is defined by the expression 
n 
z 1 
Thy sy x tng Te ; 
We substitute (1.13), (2.3) and (2.4) in (2.2). We 
note that the functions 4, Satisfy the equation 


ees 


(2.4) 


FING ates (2.5) 
and the normalization condition 
\ Vaart = 04 A/Ucal. (2.6) 


Carrying out a transformation based on the use of 
the symmetry properties of y,,, we obtain the 
following system of equations: 


RS) Fae (t) = 2 >, Uaael aa (2.7) 
A’ 


+ >; A AAtaa’ [F ara’ (r’)]. 


A’a 
Here U, 4 4 = Ju ,UW 4,47 is the matrix of the 


potential energy of interaction: oe =2(E-E,,); 
Ais the exchange operator: 

A AA’aa’ [Fava (Tn+1)] (2.8) 
= \ as (Daal 3, a Jaa'Pn, n+.) [A 


+ Rata —— 2U Vara F ara’ dt, 


Taking into account the explicit express 
for U, making use of the symmetry propertie 
4, and the self-conjugate property of the 


A, we can put the potential energy matrix and | 
exchange operator in the form 


, 


Pa Ala (t’) ar’| 


ss) 


Uasaara = | = baa nit \ 


(2.77) 


A AA'aa' [F ara’ (r’)) 
=(Wasaar (t,t) Fara (0) dr, 


Wages tT) (2.12) 


Zz 2 ; 
ie ae fr—r’| OAAvaa’ (V',T) 


=(A’ + Bhar + 


— 2\ oaaraa’ (0) )) ee ee 
Pano NE Pia An’, ft), (p44 nek 5 Fo Hmere 
expressions composed according to the type of the 
density matrix and having a rather cumbersome 
form. The explicit form is derived in Appendix II. 
Making use of the expression (2.11) for the ex- 
change operator, and setting 


2U aie —— Vaasa: (573) 
we get Eq. (2.10) in the form 
(A + Raa) Fac = DiVaaaF ava (2.14) 
A’ 


+ SW asan (0, 6) Fave (r)de’ 
A’a’ 
3. TRANSFORMATION TO INTEGRAL EQUATIONS. 
SEPARATION OF THE ANGULAR VARIABLES 


We transform the set of integro-differential equa- 
tions (2.14) to a set of integral equations. For this 


. DRUKAREV 


eZ), we must choose a Green’s 

h possesses the specific asymp- 
1e wave functions of the continuous 

f the Coulomb field. This condition is 
d by a which is defined by the equation 
kaa = 29 / r) Gaa (r, r’) an) (r = fe) 


order to consider both cases at once, we write 


ee Va (7) Gast, 1) = — 8 1,80) 


Vo = 0 or —z,/r. 
We are interested in the /’, | which possesses 


as an asymptotic expression (for large rT) 


Fas FOYT (ik aar) OAA.Caa, Ge) 


+ qaaf + exp (tRaar) 
or, in the case of a collision with an ion, 
PFaa~ exp i [Kar a i In (Kaa = Raat)| 


+ gaat texpi (Raat + 7 1n 2Raar); 
ii = Za Wags 


(3.3) 


Taking (2.14) and (3.2)—(3.3) into account, we 
get 


F aa (T) = aa (7) 644,%a, 


—>' \Vaae (r’) — Vo (1') 64a] 
a 


(3.4) 


X Gaa (I, 0’) Fara (t’) de’ 
ae - \Gac (r, r’) dr’ 
A’a’ 


x \ W aaraa’ is ia) Tar (r”) OTe, 


where y,, is aregular solution of the equation 


Aeaa + (Raa — Vo (r)) Paa = 0. (3.5) 


(3.6) 


p (ékaar + 7 In (Kaar — Raar)]. oe) 


+ qn expi (Raat +7 1n2Raar), 


mp is the scattering amplitude in a Coulomb 


field. 
Changing the order of integration in the latter 
integral of Kq. (3.4), and assuming 


Kaaaa’ (tr, ©’) (3.8) 


= — Gag (r, ra) [Vaara (re) —— Vo () daar] Sea’ 


a 


—\Gaa(t, 0) Waaaa(t’, t”) dr”, 
we get a system of integral equations 


FP aa (r) = Paa (r) 044,0aa, (3.9) 


+ S| Kasaa (8, 1) Paver (0) dr’. 


A’a’ 


We go on to the spherical system of coordinates 
and carry out a separation of the angular variables. 
We shall assume that the center of the coordinate 
system lies in the nucleus, while the Z axis is 
directed along the electron stream, incident on the 
atom. We expand Lon on. and Gm in the spheri- 


cal harmonics Yim (9 7), normalized to unity, 


Doll 
Fig = > ay hey (r) Yi- (4, o), ( ) 
1 
@, = [4n (21 + 1)]'hi!; 
GaAa (r) = Dict (r) Y; (6) (3.11) 
i ; 5 


In the expansion of (3.10), the summation is not 

carried out over m. By virtue of:the conservation 
of the Z component of the momentum of the system 
“atom + electron’’, the dependence of Lie on the 


angle gy is determined by the dependence of Waa 


on ~ implicit in the index A. The functions u, ,, 
satisfy the equation 


COLLISIONS OF ELECTRONS J 


dr? 


a2 ag 
At + (he — EE? —V,) waar =0, @.12) 


where Ua (0) =0. For er = 


Waal = (x tr | 2Raa) J p41, (Raar). 


ee esl 3 Sate pares 
For ae - z,/T: ru. 18 a regular radial | 


of the Coulomb field. Further, 


Gaa (r, r) N 

\ [Ue (r) te (1") — Do (7) wy 

= Dery Laar (rs 1’) Yim Os 9) Yin (Of, 9%, , 
i x IW (r, 7) —W2, 


I’, ,, is a one-dimensional Green’s function which 
satisfies the equation 

a 1+) | ie) 
(= + Rha — o_o Vo)Taan(r, rn’); (3.14) r 


= \ [Oo (7) te (1) — Go (7) tts (r)) WEG, dr’, 
= —d(r—r’). i“ 


d » (i (3.19) 
As is well known, this function cam be expressed Co = 944,%a, + » | Now (r') fo (g')idr",, 
by u,,, and the second independent solution of wo O 
Eq. (3.12), which we denote by v, ,): , a 
: eich, a.3sy Maw (7) = 20 (F") Vanes (6) Va ("Boar 
Loe} 
Paar (r, y= {— Ct a) | cal ciba aS + | Wises Ge", 27h aug (9 
[—uaat(r’) Vaar (tr) /w@ for r> 1’ py Ts) Ou (0) de”, 
wi “Usal’ MAal } is the Wronski determinant. le nete tue Baus oe even’ do not change under 


the transformation 
Corresponding to the asymptotic expressions 


(3.2)-(3.3), v4, ought to have the form of a diverg- 
in: ve f >oo. W h that =L 
ae: ae Ries ae Aces eee where A and y are constants. ) 


With the help of (3.17)—(3.19) we obtain* 


Ve —> Yo, + flys Uy > A ¥y.., 


ae aI 
Vaat = 1 1 (F baat) "HYD, (RaaT). 


fo (r) = Cette (r) (3.20) 
We introduce the notation ; 
Vow (r’) (3.16) ‘3 2 Seo! (1, 1’) for (r’) dr! 
= \ Yor. (6’, ’) Vaara (0’) Yom (8'¢’)dQ'Oaa', a Sy \ Pe (Cf folie 


, ae 
Weer fie r") = r’r" \ she (6"0") 
* The integrals entering into (3.17)-(3.19) conve rge. 


SGI aaa (hook) gina (6’o’) dQ'dQ’, The convergence is guaranteed by the behavior of Vo, 
Vey? and Wie’ for large values of their arguments, 


and also by the fact the expressions of the type 
where w = (Aal). Because of the presence of the Vow’ (1) ¥,(1) for) and W747) u,, (1) are finite 
term |r — a i inv 2.1 2), ea Ar, r’) will have a forr> 0. 


Generalization to the case of several 


Cow! = \ One (r’) fyi (r’) dr’, 
0 
we put Eq. (3.20) in the form 


(3.22) 


fo (r) = Cotta (1) + D)CowRow (r) (3.23) 


a) \ Scoes (1; iE paalts) dr’. 


We now pass over from unknown f to the new un- 
known x by means of a linear transformation 


> Corr aatan (Py: 


@/a"” 


Too as > Co'X ae! (r) = (3.24) 


Substituting (3. 23) into (3.24), we get a system of 
Volterra integral equations 


(3.25) 


a 
Xawlat — ORG sn Onses 


r 
a >| Soo” (r, r’) Xoo!" (r’) dr’, 
a” 0 
< 
Xoo! = Uo®war + sy \ Soo" (r, r’) Xeo"o! (r’) dr’. 


a” 0 


As is seen from (3.25), the system of equations 
for x...’ and x,~,,~” is developed in a series of 
independent subsystems. 

If the system of equations (3.25) is solved, then 
we can determine the unknown constants c., and 
Co’: For this purpose, we must substitute the 


values of Besa and x a which have been 


Ow 
found, in Eq. (3.24), and substitute the resultant 


ich only one term enters into the sum over 


expression in (3.19) and (3.22). A system of alge- 


and oN is obtained: 


braic equations in ¢,, a 


> CorL waste (3.26) 
oN! 


I \ Ss D 
— ‘ > Co" w (Caaratar = Oe" Oe") =S 0; 


o Y wo” 


>, Cot (Maus ao Oe" ] 
a” 


SP >) Coro™M ware se 8aA,oaa, >= 0; 
o”"wol 
where 
oo 
Leote" = \ Qew Xara; 


0 


(3.27) 


co 
e 

ES eae ci == \ QoelXeoratardl: 
0 


Wb sesh? ae >} \ Noe aran 
wo! 0 
pail 
Moerem = >| I Bos Monee are: 
@/ 


0 


@ and c , 


can be equated to zero in certain cases. Actually, 
at the end of Sec. 1, it was pointed out that in the 
use of approximate expressions of wy, in terms of 


We note that some of the quantities c 


one-electron functions, we can change F’, ,, leav- 


ing unchanged the wave function of the entire sys- 
tem. This possibility can he used to impose on fey 
the additional condition of orthogonality to some 


of the Nor the og Lhe number of these 


additional conditions depends on the spin of the 
system and also on the number of different one- 
electron functions used in the calculation. 


4. ASYMPTOTIC EXPRESSIONS. EFFECTIVE CROSS 
SECTIONS. 


Let us consider the asymptotic expressions for 
F , ,( (3.2) and (3.3)]. We represent ¢,,, in the 


form 


ayes ii Q1GAal Yin (8, 2 ) : (4.1) 
l 


The quantities q,_, can be expressed by in- 


tegr ini cti 
grals containing the functions L een Ba 


, and x 2 RD 
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For this purpose we consider the integral equations 


(3.20). Taking into account (3.17)-(319.) and (3.23), 


we can write, for large r: 


fo (1) ~ Uo (r) 844, 82a, + Bava (r); (4.2) 


where 
Loe} 


soe ps = | > Gow Xero dr’ (4.3) 
0 


@/ 


lee} 
+ >; Caran \ ye Xe!w" eo!" dr’; 


"el! 6 
Gow’ (1’) = te (1’) (Veo: — Vow) 
co 
a \ Ue (1") Wags (r’, 1") dr", 
0 
For v. = 0, the asymptotic expressions for u,, and 


V% have the form: 


Us ~ Raa Sin (Raat — In / 2), 


| (4.4) 
Ym ~ — expt (Raat — Ix / 2). 
Consequently, 
da — rd [Bye (4.5) 
For V,) =—z,/r, the asymptotic expressions for 
u,, and v,, will be 
Uy ~ Ras (g Me sin (baat — = (4.6) 


+ to + 71n 2 haar) : 
s It 
Ue™ — exp i (Aaar ror +yIn 2haar ) ; 


where 7, = arg I‘ (1+ 1—iy). Then we get for 
16 


0) d 
Jo = 0 8aa,ba0, — Bo. (4.7) 
We now return to the asymptotic behavior of the 
wave function of the system ‘‘electron + atom”’, 
when any of the large r are large, for example, 


al 

We substitute (1.13) in (1.6) and make use of 
Eq. (1.7) for y. (Consequently, we consider the 
spin of the system directed along z.) In view of 
the presence of transformation operators, there 
enter into the expression for ®[ in addition to 


® for large Pos WE take into considera 
those terms in which r 4) enters into F | 


Carrying out some transformations and r 
ing the factor in front of ®, which is not 
in what follows, we get 


O~ D>; DaF ay (P41) Onty 
A 
Skt > Das F an(laga) Om 
A 
a (n —2k+ Ve (ne ak ies 


<> D oF az (Pati) Pate . 
A ; 


Here ®,, is the atomic wave function with spin 
s —, composed , according to (1.6), of Y4 1 and 
xX=B,-- -By 44> : 
wave function with spin s + 4, composed, by (1.6), 


of ba» andy =£8,.. =Pp ype ae oy 
posed also of Wa 3 but y in this case has the form 


Os a is the atomic 


is Com- 


= eee (4.10) 


Xt + > Pale .- BrOrty + + Oy. 
f=h+1 


0’, » corresponds to the spin s + 4, but the value 


of the projection of the spin on the Z axis for this 
function is equal not to s + % but to s — % Sub- 
stituting the asymptotic expressions (3.2) or (3.3) 
for ee in (4.9), calculating the vector current and 


summing over the spins, we can obtain, in the 
usual way, the expressions for the effective cross 
sections. 

We now consider, as an example, the case of the 
collision of an electron with an atom which has 
spin 0 before collision. 

Taking (1.2) into consideration, and omitting the 
index n + 1, we get from (4.9): 


(4.11) 


a OA "e 
n+2 


he differential effective cross section of 
ith no change in the spin of the atom is 


'A1,A,1 = (hay / Raj) | Jar Pad, (4.12) 


but with a change in the value of the spin of the 


€: a SS (Raz / Rai) [n/ 2 


+ 4n/(n + 2)]| qa? dQ. 
If the atom had spin differing from zero before the 
collision, say, S), then there would be two possi- 


ble values of the spin of the system: s=s) + % 


% > DacGact EXP (tkasr) B. 
A 


G. F. DRUKAREV 


ands =s,)—%. Therefore, there are two different 
problems. In the first of these the initial, state of 
the atom is described by the functions Dy or in 


the other, by the functions 02" 


In order to obtain the observed cross section, we 
must carry out an averaging over the spins. 
I express my gratitude for discussions ‘to V. A. 


Fock and Iu. N. Demkov. 


APPENDIX I 

We show that the expressions ¥. and ve satisfy 
the conditions (1.3)-(1.4). Let us first consider V, . 

1. Condition of antisymmetry up to the vertical 
bar is evidently satisfied, inasmuch as the angu- 
ments in Y, and y, are identical up to the bar. 

2. Antisymmetry after the bar. We apply the 
operator (1 + sa {- Making use of Eq. (1.11), we 
get 


(1 ae » Prsail C7 OF for t,joyent le (1) 
(1+ P:,;)¥, = ae 
= ye ren +Pii)0,F for j=n-+1, , 
Gel) 


which vanishes since (1+ P, pes == (); 


3. Condition of cyclic symmetry. Making use of 
(1.11), we can show that 


(1 a XS Pri) ( = S Pa . 
a . ere: 
S= (1 -— » Pr) (1 — > Bae ) 
j=k i=k—1 


kR— 1 


inasmuch as 


(1 in 3 lni) %, = 0, 


taaR-1 
consequently, 
n+1 | 
1 
= Pr ie — 0. 
j=kh-+1 


Let us now consider W,. 
1. Antisymmetry after the vertical bar. 


eet aa ee DS Pinta + 


t=1 j=k4+1 


+ (n—2k+ 2) Panta] (l= Pi) 0.F for 1, [ean els 


all ae 


eo Pep (ae 2k “oy Pe ea 
=1 


—»> Prnti(l + P31) 


tl 


—= 


which vanishes, since 
PP) = (ee Pi») %, = 0. 


2. Antisymmetry up to the bar. For i, j & k; 
the condition is evidently satisfied. For jee lh 


* 


(3) 


| ¥eF fom a 


(I+Pi)¥,=—> Per(I Dye 


tpi 
+ (n — 2k + 2) Prnti) (1+ Pei) oF, 
which vanishes, since (1 + Pea, = 0. 


3. Condition of cyclic symmetry. Making use of 
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the properties of Wo, we get, after some transforma- 
tions, 


i 3 Pai) 5) 
=(14 5 Pins)[(i— 3 rr.) 
k=1 a n Sie 
—» Peete > Pi1)—(n— 24 +2) | daF. 
al j=hR+41 


Furthermore, we can show that by virtue of the 
properties of y,, the equality 


a= eee, (6) 
f=k+1 
k—-1 n 
Pili >) Piz) sie 2k 
Ee jak 
exists. Consequently, 
nt+1 
(1 — 2} Pui) Vy = (0, 
IRI 
i! ae 


Na 
) 


Ve al 


eaan (t') = A ( Jal 
paar (t’) = (k— 1) ( ia 


Vad 
hy 


the integral of the product 4 jw, -,- over a 
ables except certain exclusions. For exa 
integral of the product w% |W, +, over all vai 
ables except r., entering into oe and r, entering 
into W, 7,7, we denote by the symbol 
(Ti)aa (1 j)ara" 

= \Yha'bava ar, ane ar j—1dt i144. oi dr jd j41 oe 
If, after integration, r, is replaced by r, and r by 


r’, then we can describe. this case by 


ie 
( Me a le 


r if” 
The expressions of interest to us have the form: 


Ig; 


a (na) 7 i ee 
att mee Dena alee 


la 


i NR FE CON Cae 
Paanny (F it) —=Gan eee fog OAA2 1a NT ae 
iF iF 
nieseimta( 2) (A)y 
OAA/2n ( ) = ar PA eres 
; - ie i ip a () , 
pawea(t’st)=4an(7 ) (7 es Paa( 7. ara Me 
er de ae fF Ae ~ Pee S| 
Paani (F ron) =dul & (7, rie bi rn aa ) 
fied ie ee 7 ak 
te leRLAT Nina 
F r’ r’ r’ r ; me r’ Rs r ) 
pagal ts) = dra| (—1) | | po aie ne) ale lh Al lp rn A’2 
r’ ie re i he 
+(n—k—-1)( Beal ling) ln / Al 
yale r’ yell r 
, A y = =| 
Paar (F515 1) gal (b ) lat Wr ae ae 


ser my i re Padua 
oanm(er'r)=9n(@—D(T FP) (Onda 
ewe) ee). | | | 
Raa ee) OREO dak nual 
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Inelastic Scattering of Photons by Indium-115 Nuclei 


O. V. BoGDANKEVICH, L. E. LAZAREVA AND F, A, NIKOLAEV 
P. N. Lebedev Physical Institute, Academy of Sciences, USSR 
(Submitted to JETP editor April 4, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 405-412 (September, 1956 ) 


The yields of the reactions Int }5(y, y Int se and In/15 (y, 2n) In!13™ and the yield of 


neutrons accompanying the photodisintegration of indium were measured at various maximum 
energies of x-rays from 5 to 27 mev. Cross sections were calculated by the photon difference 


method, 


HE yield of the reaction In? =? Gs y/) In215™ at 
various maximum x-ray energies E, , from 5 


to 27 mev was measured on the 30 mev synchrotron. 
The number of isomeric states of In!!5", formed 
after the irradiation, was measured by a scintilla- 
tion counter which registers the y-radiation emitted 
during the transition fromthe metastable level to 


the ground level (hv = 335 kev, T = 4.5 hours). 


If the conversion coefficient is not very large, 
this method of registration of metastable states 
seems to be more effective than the measurement 
of the induced activity by means of soft conversion 
electrons, since it makes possible a considerable 
increase in the number of counts at the expense of 
increasing the effective thickness of the sample, 
and simplifies the corrections for absorption and 
scattering of the radiation which is being regis- 
tered. The photo-excitation cross sections of the 
metastable state of In’!5" so obtained give a 
lower bound for the cross section of the reaction 
In}45 (y, y’). 

In reducing the y-decay curves of the activity 
induced in the indium sample, the yield curve of the 


reaction In!!5 (y; 2n)In!13™ was also obtained. 
For simultaneous comparison of radiative and 
neutron width at various energies of x-rays, neu- 


tron fields during photodisintegration of indium 
were measured. 


1, YIELD CURVE OF THE REACTION In?15(y,y’) In215™ 


The sample of indium (95.8% In!+5; 4.2% In1}3), 
2.55 gm/cm” thick, was irradiated at a distance of 
60 cm from the target of the synchrotron. In order 
to decrease the y-activity arising asa result of 
capture of slow neutrons [ In115 (py, 5) fnllom, 

T = 54 min], the sample of indium was placed dur- 
ing irradiation in a cadmium case (wall thickness 
0.5 mm) wrapped in rhodium foil 0.4 mm thick. 

The flux of y-quanta falling on the sample was 
measured with an ionization chamber with thick 
aluminum walls (7.5 cm). The ionization in the 
air spaces of such a chamber for bremsstrahlung was 


calculated in Ref. 1. The measurement of the x-ray 
flux was made by placing the chamber at the posi- 


tion of the sample each time before and after irradi- 
ation. In order to avoidhaving to make a correction 
for the distribution of the y-quanta flux over the 
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surface of the sample, the cross section of the air 
space in the aluminum block had the shape and 
dimensions of the irradiated surface of the sample 
(40 x 40 mm). 

After irradiation, the duration of which at differ- 
ent energies varied from 20 min to 4 hrs, the dis- 
integration curve of the y-decay induced in the 
sample was taken over a period of 12/24 hrs. 

The y-activity was measured with the aid of a 
set-up Consisting of two multipliers (FEU-19) 
working on coincidences from the same Nal crystal. 
The Nal crystal ( diameter 32 mm, thickness 20 mm) 
was located in a cylindrical box filled with vaseline 
jelly. The bottom and top of the box, which were 
in contact with the photocathodes of the multi- 
pliers, were of quartz glass 1 mm thick, the side 


walls of aluminum 1 mm thick. Indium samples in 
the form of two strips 19 mm wide were wrapped 


around the lateral surface of the box with the crys- 
tal. 

The photomultipliers were operated at 900 volts. 
Before arriving at the coincidence scheme, the im- 
pulses from the multipliers were amplified by a 
saturated amplifier with amplification factor of 
4x 10*. The low supply voltage of the multipliers 
completely eliminated the optical coupling observed 
at high voltages and markedly lowered the number 
of noise impulses, which made it possible to use 
the Rossi type coincidence scheme T= 10° sec 
with good selection coefficient. High amplifica- 
tion and amplitude form of the impulses guaranteed 
a high effectiveness and stability of functioning 
of the apparatus. 

The effectiveness of the apparatus in registering 


the y-rays of 335 kev, emitted in the transition of 
In! !® from the isomeric state to the ground state, 


was measured with the aid of a standard source 
Cr> ! (Av = 330 kev), prepared in the Isotope 
Laboratory of the Academy of Sciences. Gert ein 
the form of chromium sulfate, was deposited in a 
thin layer on a strip of aluminum foil 19 mm wide. 
The activity of the source was determined with 
accuracy of 5%. in measuring the effectiveness 
of the apparatus the foil with the radioactive layer 
deposited on it was wrapped around the Nal crys- 
tal instead of the indium sample. In order tomake 
acorrectionfor absorption of y-rays in the indium 
sample (1.20 +0.2), the absorption curve in indium 
of y-rays from Cr5! source was determined with the 
same geometry. 

In the decay of In'!®” 94.5% of the nuclei pass 
into the ground state of In} 15 and 5.5% undergo 
B-decay GES <= 0.84 mev). Electrons were not 


a 


registered by the apparatus since they were prac- 
tically totally absorbed in the walls of the box con- 
taining the Nal crystal . ex 

The coefficient of internal conversion of ytays 
emitted in the isomeric transition of In! 15" was © 
measured in Refs. 2-5. Experimental values ob- 
tained in these papers coincide to within 15%; the 
mean value of the conversion coefficient « = 0. 

Figure la gives the yield curve obtained for 
115m 


reaction In!!5(y, y’) In after introducing the — 
correction for internal conversion and 5.5% B- _ 

transitions. The x axis gives maximum energy of 
x-rays, £ 


max’ the y axis, the number of isomeric 


nuclei In!15™ formed per second during irradiation 
of a mol of In! 15 by a flux of x-rays which pro- 
duces in the air space of the thick-walled aluminum 
chamber a current of 1 A. Each point represents 
an average of 4 to 6 separate measurements. Mean 
square errors are also given. 

The absolute yield of the reaction In? ?*G,y 920" 


at maximum energy E = 15.75 mev, as a control, 
max 


was measured using electrons of internal conver- 
sion. For this, indium samples with diameter of 
40 mm and thickness 100-250 mg/cm? were irradi- 
ated in the cadmium case, wrapped in rhodium foil, 
and the curves of B-decay were measured with a 
column counter ( window diameter 40 mm; thick- 
ness of mica covering the window, 4.5 mg/cm? ): 
The value of yield obtainedis given in Fig. la. 
The absolute yields obtained by the two different 
methods agree to within 14%. The ratio of yields 
at EL , = 16.7 and 26.5 mev, measured by means 


of conversion electrons, also agrees, within experi- 
mental error, with the ratio obtained by the method 
of registering y-radiation. 

Metastable states of In could be partially 
excited as aresult of inelastic scattering of back- 
ground neutrons and photoneutrons formed in the 
sample [In?15(n, n’)In!45™]. Since the neutron 
background around the synchrotron is approximately 
isotropic, in order to estimate the effect caused 
by background neutrons, at energies £ = 16.7 

max 
and 26.5 mev, controlled irradiations of indium 
samples were made outside of the x-ray beam. In 
these indium samples, while activity with period 
T =54 min was present, no noticeable activity 
with period of half-life of 4.5 hours was observed. 
From the ratio of number of background neutrons 
to the number of photoneutrons formed in the sample, 
as measured in the present investigation (see Sec. 
2), it follows that the fraction of isomeric states 


115m 


ith the inelastic scattering 


Neutrons/mol/A/sec X10 M4 


Saturated activity ie 15m jol/ A/secX10- 4 


0 Jb 1 6 


IEE, Th a—yield curve of reaction In} 15(y,y/) In 
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of neutrons, did not exceed 2-3%. 


Saturated activity We 13m jnol/A/secX 10 


U0 25 Ww 
E__ (mev) 
max 


115m. Star indicates 


yield of reaction measured by menas of internal conversion electrons; 


b: I—photoneutron yield curve; 2—yield curve of reaction Int Sy, Qn )In? 13” 


(scale on the right). 


2. PHOTONEUTRON YIELD CURVE 


In measuring the neutron yield, the indium sample 
was placed at the center of a paraffin block (80 
x 80 x 70 cm) in a transparent canal of 5 cm 
diameter, along the axis of the x-ray beam. Neu- 
trons, emitted in the photodisintegration of indium, 


after slowing down in the paraffin, were registered 
by a KH-14 ionization chamber filled with BEG. 
The indium sample was a disc of 4 cm diameter 
and 4.97 gm/cm?* thick. 


a 


In order to maintain the same conditions of neu- 
tron absorption in measuring the neutron yield from 
the sample and in measuring the background, the 
sample was placedin an aluminum box with double 
walls between which boron carbide powder was 
poured (0.5 gm/cm”). In measuring the back- 
ground, instead of the sample, an empty box with 
boron carbide was placed in the paraffin block. At 


various maximum enegies_ of x-rays the background 
was from 10 to 40%. 


The absolute yield of neutrons was determined 
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from the ratio of neutrons registered with the ir- 
radiated sample to the neutrons from the standard 
source (Ra, + Be) placed, instead of the sample, 
in the box with boron walls. The intensity of the 
source was measured with accuracy of +6%. Dur- 
ing the standardization process, curves were taken 
of the space distribution of neutrons for the sample 
and for the standard source. 


In order to introduce a correction for absorption 
of x-rays in the indium sample, curves were taken 


of the dependence of neutron yield on thickness of 
the irradiated sample, for three different energies 


EF ax: Lhe method of neutron registration is de- 


scribed in detail in Refs. 6 and 7. 

The flux of y-quanta was measured with an ioni- 
zation chamber with thick aluminum walls, as in 
the measurements of yield of the reaction 
In?15(y, y’)Int15™ (Sec. 1). The irradiated sur- 
face of the sample and the cross section of the 
air space of the chamber were the same. 

Figure 16 gives the yield curve for photoneutrons 
from indium, measured from the threshold of the 
reaction (y, n) to EL, ,, = 27 mev (curve 1). Since 


the indium sample contains 95.8% of the isotope 
Indium-115, and for nuclei with Z ~ 50 neutron 
yields for photodisintegration of different isotopes 
.of the same element differ little®-!°| the curve in 
question is practically the one for th 

The same figure gives the yield curve for the 
reaction In}! (y, 2n) In? 13" (curve 2). The yield 
of this reaction was obtained fromthe decay curve 
of induced y-activity in the measurement of the 
yield of the reaction le gy in, (Secx1). 

The metastable state In1+°” (Av = 392 kev, T 
= 105 min) is also excited during the reaction 
In !8(y, y’)In'13™. Because of the relatively 
small proportion of the isotope In! 13, the formation 
of In/!3™ must be attributed to the process (y,2n). 
The yields of the reaction Petey, Oe ieee 
were measured with low accuracy, since the sepa- 
ration of the y-activity of In}13™ (with half-life 
T = 105 min) after separating out the activity of 
In!15™ (against the background of a marked ac- 
tivity with period of 7’ = 54 min resulting from the 
reaction In!!5(n, y)In‘*®” ) involves large errors, 
especially near the threshold of the reaction 
(y, n)-E, = 15.5 mev. 

The effectiveness of the apparatus and the cor- 
rection for absorption in the indium sample for the 
y-rays of Int !3™ were obtained by recomputing the 
corresponding quantities determined for the y-rays 


of the standard source Cr°!, : 
internal conversion a = 0.39 +0.04 


from Ref. 4. 


3. CROSS SECTION CURVES 

From the yield curves given in Fig. 1, differ- 
ential cross sections were computed. For the 
bremsstrahlung spectrum, the Schiff spectrum 
used, corrected for absorption of y-rays in the w 
of the accelerator chamber. The calculation was — 
made by the method of photon difference over the 
interval of 1 mev. 

Figrue 2 givesthe cross-section curve obtained 
for the reaction In115(y, y’) (Fg 

Curves for cross section for photoexcitation of 
the metastable state In!!5” were also obtained in 
the paper of Goldemberg and Katz!! (up to 18 mev) 
and by Burkhardt, Winhold and Dupree}? (up to 
14 mev). In these investigations the reaction 
yield was measured by means of the conversion 
electrons. 

Table I gives the basic characteristics of the 
cross-section curve of the reaction In UES (y»/)In 
obtained in the present paper and in Refs. 1] and 
12. The maximum of the cross section, within 
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limits of error, coincides with the maximum cross 
section obtained in Ref. 11. The shape of the 
curve, given in Fig. 2, agrees rather well, in the 
region of the maximum, with the value obtained in 
Ref. 12. 

The sharp drop in the cross section at the 
threshold of the reaction (y, n) — (9.05 +0.2) mev 
is connected with the exponential increase in 
neutron width. Completely unexpected was the 
sharp increase of the cross section starting at the 
energy ~ 16 mev. 

The samples of indium used in this investigation 
were of high purity (> 99.5%), and possible im- 
purities could not produce the sharp increase in 


yield observed at energies E ,, > 20 mev. 


a 
In the photodisintegration of indium, of all re- 
actions energetically possible at these energies, a 

decay period near to the period 7 = 4.5 hours, is 
produced only with the reaction In!!5(y, 2p )Ag! 18 


(binding energy E pias mev). The silver 


isotope 113 decays with period 7 = 5.3 hours; the 


limiting energy of the B-spectrum £ . | = 2.1 mev; 


a 
no y-radiation accompanying, the decay was ob- 
served. In order to check whether the rise in the 
yield curve is not due to the reaction (y, 2p), 


J 


| B-activity of the samples irradiated at energies 
EL ax = 16.7 and 26.5 mev was measured with a 


ma 
column f-counter without a filter and with an 


_ aluminum filter 130 mg/cm?” thick which absorbs 


electrons of energy below 400 kev. At both ener- 
gies (16.7 mev and 26.5 mev), the aluminum filter 
completely absorbed the B-activity attributed to the 
decay of In?!5™, 

The increase of the observed y-activity could 
be due to the formation of a heretofore unknown 
isomer with a not too different decay period. In 
order to exclude this possibility, the spectrum of 
y-radiation from indium samples irradiated with x- 
rays with te = 16.1 and 25.1 mev was measured 


with a scintillation spectrometer. In both cases a 
sharp peak was observed at the energy 335 kev, 
whose amplitude decreased by one-half in 4.5 hrs. 
In the case Ea = 25.1 mev, the amplitude of the 
peak was “1.9 times greater than with E , =16.1 
mev. 

Control experiments were made which showed that 
the increase of the yield of the reaction at energies 
E > 20 mev, observed both with y-ray and with 


conversion electron registration, is obviously due 


max 


to the increase in the cross section for photo- 


excitation of In!!5™, 


The emission of photons by excited nuclei of 
In? 45 does not lead to the isomeric state In} 15" 
If the ratio of transitions to the 
eround and the metastable states is known, it is 
possible to obtain the cross section for the reac- 
tion In!15(y, y’). 


in all cases. 


The analysis of the ratios of the cross sections 
of (y, n) reactions leading to the ground and the 
isomeric states, carried out in the paper of Katz, 
Becker and Montalbetti!!+13 shows that these 
ratios are practically unchanged when the excitation 
energy varies from 10 to 20 mev, and that transi- 
tions between levels with not too different values 
of spin are more probable than transitions between 
levels with large spin differences. The spins of 
the ground and the metastable levels of indium-115 
nuclei are, respectively, 9/2 and 1/2. With dipole 
absorption of y-quanta the spins of the excited 
nuclei may be 11/2 (0.400);9/2 (0.336) and 7/2 
(0.267); the numbers in parentheses give the 
statistical weight of the state with the spin in 


question. Transitions to the ground state must be 
much more probable than the transitions to the 


metastable state. 
In each individual case the transition probability 
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must depend on the properties of low-lying levels13." 
A rough statistical consideration shows that the 
ratio of the number of states passing in cascade 
into the ground state through a metastable state, to 
the total number of transitions to the ground state, 


is (2) + 1)/(27, tana) + (21, + 1)], where i 


and/ are the spins of the metastable and the 
ground state/4. In the case of In}15™ 
1/6. 


A coefficient equal to 6 is also obtained from the 
following estimate. Near the threshold of the re- 


action (y, n), the competing reactions are (y, 7) 
and (y, y’). Below the threshold of the reaction 
(y, n) the cross section for absorption of y- 

=a(y, y’), while above the binding 


this ratio is 


quanta is 0 


Y 


energy of the neutron, a 


ae y’)+oaly, n), 


and even at energies 11 to 12 mev Oy * aly, n). 


Since the cross section for absorption of y- 
quanta must change continouusly with energy, it 
is possible to obtain an estimate of the upper 
bound of the (y, y’) cross section by extrapolating 
the curve for o(y, n) from 11-12 mev into the region 
below 9 mev. 

Figure 3 givesthe curve, obtained in this in- 
vestigation, of the photoneutron cross section 
a, =aly, n)+2aly, 2n)+a(y, pn). The ex- 


trapolated value of the cross section o,, at energy 


i 


of 8.6 mev, equal to 10.5-12 mbn, is six times 
greater than the cross section|for the reaction 
In'15(y, y’)In115™, obtained in this investigation. 
Thus the cross section for the reaction In 5(y,y’) 
equals the measured cross section of the process 
In @yery Didone iultiplied by the coefficient 
6. 

Comparison of the cross section of the reaction 
(y, y’) with the photoneutron cross section o 
makes it possible to compare the radiative al 
neutron width at various energies of excitation of 
In??5 nuclei. 

The yield curve for photoneutrons from indium 
was also obtained by a method similar to the one 


described in Sec. 2.up to energy E = 24 mev by 


max 
Montalbetti, Katz and Goldemberg®. The curve for 
g,, obtained by these authors is given in Fig. 3 


(dotted line). Table II gives the main character- 
istics of the cross section o,, obtained in this 
investigation and in Ref. 8. Integral cross sec- 
tions and maximum cross sections, obtained in 
both investigations, agree to within 15%. The 1.5 
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times greater value of the cross section of the 
reaction In'}5(y, n) obtained in Ref. 11 by the 


induced B-activity method, is apparently due to the 


large errors incurred in separating out the long- — 
lived activity of In'!4" (7 = 49 days). 
The ratio of the cross sections oly, Yas 


TABLE I. Photoexcitation cross section of the Isomeric state of in- 
- 
Position CG Half- 2 
Authors ofmaximum beeies width eee e 
of cross sec- at max, of peak, DS oi ties wes 
tion, mev mbn mev Pea 
Goldemberg, Katz 9 Dee 0 .0167* 
Burkhardt, Winhold, 8-+1 1,480.35 a 
Dupree 
Bogdankevich, Lazareva,| 8,6-F0,5 | 1.92-0,29 0.04112F0.017 


Nikolaev 


* Cross sections were recomputed for conversion coefficient @ = 0.98 instead of 


a = 0.33, used in Ref. 11. 


equal to ~ 1] at energy 9.5 mev, at first sharply de- 
creases with increase of energy. At 11 mev it 
equals ~ 1/10. In the region of the dipole maximum, 


the cross section for the reaction (y, y”) is about 
2% of the cross section for the reaction (y, 7). 


sy 


Ss 


Cross section (millibarns) 


7] Y 10 6 20 a 
E(mev) 
FIG. 2. Cross section of the reaction int *°6/,8)In2 >”, 
The upper curve is on a ten-fold scale. 


Since on the average the photon carries off an 
energy much smaller than the total energy of ex- 
citation of the nuclei, the emission of a photon has 
a large probability of being accompanied by the 
emission of a neutron [reaction (y, yn)]. This 


decreases the cross section o(y, y’) and increases 
the cross section of the reaction (y, n). Accord- 
ing to estimates made in Ref. 11, at energies 14-15 
mev the ratio ofthe cross sections oly,y’)/oly,n ) 


el) 


200} 


G,(millib arns) 


00 


0 10 i) 20 a) 
E(mev) 


Fig. 3. 1—cross section a, =a(y, n) + 2a(y, 2n) 

+ aly, pn) calculated for the yield curve for neutrons 
acconipanying the photodisintegration of indium; dotted 
line gives g,,(E) obtained in Ref. 8; 2—cross section of 


113m 


reaction In}!5 (y, 2n)In , times coefficient 6. 


is 1.5 to 2 times lessthan the ratio of the corre- 
sponding widths ey ee Therefore, at energies 


about 15 mev the radiative width is 3 to 4% of the 


n eutron width. Starting at the energy ~ 16 mev, the 
cross section for the reaction Int 45(,y ’) increases 
sharply, reaching, at 27 mev, a value ~ 100 mbn. To 
some extent the increase in the cross section for 

the reaction In!}5(y, y’) lige 
crease in probability of transition of excited 


may be due to in- 
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nuclei to the metastable level. In this case the 


cross section of the reaction ((y, y’) would be 
less. However, the observed increase in the cross 


section for photoexcitation of the metastable state 
In} 15™ cannot be explained without assuming a 


strong increase in radiative width. 


TABLE [I]. Principal characteristics of the photoneutron cross section @,. 


Position 
of maxi- 
' mum of 
cross sec- 
tion, mev 


Authors 


Montalbetti, Katz, 15.2 
Goldemberg 
Bogdankevich, Lazareva, 15.1-F0.5 


Nikolaev 


Cross Hea Integral cross 
: 3 
soece | ofeurve,|  Setion 
mum,mbn NN 
250 8.0 ~2,0 
(up to 22 mev) 
28029 | ~5.0 1.87F0.2 


(up to 27 mev) 


The marked increase in probability of radiation 
at energies above 20 mev is supported by a com- 


parison of the photoneutron cross section o, and 


the cross section for the reaction In} }5"(y,2n In! 13”, 


As in the caseof the reaction (y, y”), upon emission 


of two neutrons, the 113 isotope of indium is 
formed in the ground and the isomeric states. In 
the ground state In‘)? has spin 9/2, in the iso- 
meric state, 1/2. According to a statistical esti- 
mate, the probability of decay of the excited nu- 
cleus through a metastable state is also 1/6. Fig- 
ure 3 gives the curve of the cross section 
oly, 2n) =6‘o[In'}*(y, or) in ale (curve 2). 
Knowing the cross section of the reaction 


(y, 2n), from the curve o,= aly, n) + 2a(y,2n) 
+oa(y, pn) it is possible to find the ratio 


aly, 2n)/Laly, n)+oa(y, pn)]. 
neutron binding energy £ » = 16 mev, the height 


The proton- 


of the Coulomb barrier is ~ 10 mev. The yield of 


photoprotons from indium at £ = 24 mev forms 
max 


only 1.2% of the photo-neutron yield!>. At ex- 
citation energy E = 17.5 mev the ratio 


a(y, p)/a(y, n) for indium does not exceed 1-2%'°. 


Hence, up to energy ~ 23 mev the cross section of 
the reaction (y, pn) must be relatively small and 
the ratio 


o(y, 2n)/[3n — 2c (7, 2n)] wo (x, 2n)/s(y, n). 


The ratio a(y, 2n)/oa(y, n) calculated from the 
data given in Fig. 3, at first increases to 0.9 at 
energy of 18 mev, in agreement with estimates 
made according to the statistical theory. Instead 


of further increase of the relative probability of the 
reaction (y, 2n) the ratio a(y, 2n)/aly, n) de- 

creases tom Oe2 abJo mev. 
nonelastic scattering of photons on In 


If the cross section for 
113 nuclei 
increases as inthe case of In'}5, then, at energies 
higherthan 20 mev, Un!+9™ 
of the cases due to photoexcitation of the isomeric 
state of indium 113 and the cross section of the 
reaction (y, 27) is still smaller. 

The decrease of the relative probability of the 
reaction (y, 2n) with increase of nuclear excita- 
tion energy can take place only when thereis a 
decay process competing with neutron emission, 
whose probability increases sharply from 18 to 23 
mev. This is in agreement with the observed 
sharp increase of photon emission probability at 
energies of 16-27 mev. 

In conclusion, the authors express their gratitude 
to Prof. V. I. Veksler for discussion of the results. 
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The Thomas-Fermi equations for the potential in an atom are obtained from the Fock self- 
consistent field method, together with all corrections of order Z-2/3, where Z is the atomic 
number of the element. It is shown that the correction put forward earlier by Weizsacker was 
too large by a factor of 9. The exchange correction found by Dirac is in principle correct 


only if it is small in comparison with the main term in the potential. 


1, THE EQUATION FOR THE DENSITY MATRIX 


S is well known, the best method for finding 

the terms of the many-electron atom is that due 
to V. A. Fock. Fock’s method is based on the 
fact that the integral {¥*H Wdgq is stationary 
for all eigenvalues of the Hamiltonian 1 of the 
atom. In particular, this integral has an absolute 
minimum for the ground state of the atom (q de- 
notes the set of all space and spin coordinates of 
the atom). The wave function is subject to the 
condition 


VI 1dq = 1. (1) 


In the Fock method the wave equation is chosen 
in the form of a symmetrized product of the wave 
functions of the individual electrons w,(q): 


Y= (21) (—)? - 


iz i 


VF (Pq) (2) 


(P denotes a permutation of the variables of the 
individual electrons ). 
The wave functions yr, ( q; ) can always be re- 


garded as mutually orthogonal and normalized, 
since they can be orthogonalized by a method of 
linear substitution. If the function W is chosen 

in the form (2), then it is possible, without further 
limitation of generality; to introduce, as an addi- 
tional condition on the wave function, 


\ oF (g) 9e(g) dq = i (3) 


in place of the earlier requirement (1). 

Before varying the energy integral, we put it in 
a special form,making use of the fact that the 
Hamiltonian contains only terms that refer 
to the individual electrons and to their pairwise 
interaction, 


H=SU(Q)+5 > V Gir 9), (4) 
i i, kel 


where the function V is symmetric relative to both 
variables entering into it. In the atom, U is the 
sum of the kinetic and potential energies of the 
electron in the field of the nucleus, V is the energy 
of electrostatic interaction of the electrons. Sub- 
stituting (2) and (4) in the expression [UREN do. 
and making use of iq. (3), we get 


\ Y" HWVdg = > \ yj; UY; dg + | (5) 


L 


> OR OVG 71% (9) %@) 


i, R<i 
— 9: (9) Yn (q')] dqdq’. 


Here q on the left refers tothe entire atom, while 
on the right it refers to the individual electron. The 
variation of Eq. (5) is given by 


lew ny dq= >| 8; (q) dq {Uy (q) (6) 


+ OV 9 VG 41) f(g) 9 (9) 
kc 


— 0; (q') be (q)14q"| 


= >) 89% (q) dq [Uv (q) 


L 


+ B (a) (4) — S\Bix (9) % (@)], 


k 


where the following abbreviating notation is used: 


Bin (q) =|" (7')V (9, 9’) 9: (q’) dq’, (7) 
B(q) == S\Bux(q). 
k 
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Multiplying the additional condition (3) by the 
variation parameter a,, and adding the variation of 
Kq. (3) to the variation of the energy integral, we 
get a system of equations forthe desired wave 
functions y: 


U (q) vi (9) + B (q) ¥: (q) (8) 


— DBini(g) 


It is essential that the term in which i = & is not 
excluded. 

It is easy to express the parameters a. ik in terms 
of integrals of U, B and B. ;,’ Making use of the 
condition (3). That is, 


yO(q) + Dain bn (9) = 


on = i Urvidg + | ¥iBYidg — See Birtidg. (9) 


l 


Making use of the definitions, it can be shown that 
the matrix a,;, is Hermitian: a. = at. 

Equations (8) can be rewritten in very compact 
form if we introduce the density matrix p(q, q’), 


which is defined in the following form!?: 


= 3% (9) 9: (9’)- 


i 


6(9,9') (10) 
Here the wave functions wy, (q) are excluded from 
the equations. 

In order to arrive at the density matrix p(q, q’), 
we write down, along with Eq. (8), the equation for 
the complex conjugate function ¥* (q’): 
YG) 


yut (q’) + Bq (8*) 


* a 
— >) Bi, (9 
k 


tg 
ve (q') oF Dia (9! = 0. 


We now multiply Eq. (8) by w#(q’) and Eq. (10) by 
Y,(q), sum over i and subtract (8*) from (8). Terms 


containing a,, and a*, vanish in this case since 


D1ain'tn (9) ) 0; (q’ ) = Diain't Up ( 
= = Lain (9) 


by virtue of the Hermitian character of the matrix 


gq’) 2: (q) 


HO) — Dans (7') % (q) = 0 


Aik 
The terms in U and B involve the matrix p(q,q’)- 


The expression containing B,, can also be de- 


scribed with the aid of p. Actually, we get in Eq. 
(8) 


(11) 
(q") dq” Yn (q) ¥i (q’) 
= tee (9, 9") 0 (9, 9") dq" (q", q’) 


and in the analogous transformation of (8*), 


! te , 1 ” he / ” * * 
96 (9) 98 (9°) \ bn (G")V (9'.9") 9% (g")dgr OE 
i,k 
iv \e(9, ") dq” 9(9", q’)V (q", q’). 
If we introduce the operator 


Aga = (9, 9") V (4, 9"), (12) 


then Eq, (11) is rewritten as 


> Bin (q mers | q) 3 (q’ = ee \A qq" dq" 0 (G3 Gs (13) 


Ly de 


while (11*) has the form 
Dy Bin (9) (9) 94 (0) = \ 0 (9. 9") dq" Aara, (13) 
i,k 


where use is made of the obvious symmetry of the 
interaction operator /: 


V (q', 9’) =V(q", 7')- 


Terms which derive from B can also be expressed 
in terms of the density matrix: 


BY (9) 9: (7) 
a ( \p CE q") V (q, q”) dq") 9 (q, Gi) 
Introducing the operators 


Baqr =8(q — q") \ e(q”",q")V(q,q")dq”; (4) 


cq =3(9 —"U, 
we get an equation for the density matrix in the 


form 


\\4q" (gar + Baur — Agar) 0(9%, 9) (15) 


—0(9, 9") (Ugrg +Barq — Ayry)|=0. 
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This latter equation represents the Poisson bracket 
between the operators 


FT gq =U gyn + Bag — Aggr (16) 


and the density matrix: 


Ho —oH = 0. (17) 
In other words, H is the effective Hamiltonian 
operator. In this operator, the term B corre- 
sponds to the self-consistent field which is associ- 
ated with the electron density distribution , while 
the term A is the so-called exchange energy opera- 
tor. 

It is evident in these equations, therefore, that 
the antisymmetrized wave function V [see Eq. 

(2)] was taken, from the very beginning, in ac- 
cordance with the Pauli principle for the electron 
system. Equation (17) differs somewhat from the 
usual equations of quantum mechanics by the fact 
that the Hamiltonian operator // itself depends on 
the density p. 

We now eliminate the spin variable, making use 
of the fact that the initial Hamiltonian (4) did not 
depend onthe spins. The density matrix is 
diagonal relative to the spin variable since, in the 
Sum over Z, one can substitute the entire system of 
spin functions. Therefore, the exchange operator is 
also diagonalized in the spin variables. The 
operator 5 -- contains, in comparison with 
A__--, an additional integration over gq’, which 
also includes summation over the spins. This 
gives an additional factor of 2in B_ » in com- 
parison with A --( Dirac? first wrote the A with 
the extra factor of 2, which was latter corrected by 
Jensen? ). 

Thus we need no longer describe all the quanti- 
ties by the total set of variables q but only by the 
space variable r, because all the expressions are 
diagonal relative to the spin variable: 

(18) 


e? ; 
Agr pea ie a) 


x e (r”, r” 
Bree = 28 (r —r") e*\ rs dt. 


a 


(19) 


2. TRANSITION TO THE QUASICLASSICAL 
APPROXIMATION 
Dirac? has pointed out that, by way of a transi- 


tion to the quasiclassical approximation one can 
obtain the well-known Thomas-Fermi potential 
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distribution in the atom from Eq. (17). In this 

case the Dirac exchange operator gave a term in the 
equation for the potential which was less than the 
other terms in the ratio Z- 2/3, where Z is the 
atomic number of the element. This exchange 

term is treated by many authors?”° not as a small 
correction relative to the equation itself, but on a 
level with all the other terms of the equation. We 
shall show that it is not possible to treat it in 

this fashion. 

The limiting transition to the quasiclassical 
approximation in the work of Dirac consisted of 
the fact that the quantum Poisson bracket for the 
density matrix p(r, r”) was simply the substitu- 
tion of the classical Poisson bracket for the 
Fourier coefficient of the density matrix. Mean- 
while it appears thatif we do not restrict ourselves 
to this approximation, but find the term of next 
order of smallness, a correction appears that is 
proportional to Z~2/3, and also an “‘exchange 
term’’, omitted by Dirac in the equation. As will 
be shown below, this additional term, proportional 
to Z°2/3, enters with a numerical coefficient that 
is small in comparison with the exchange term. But 
in each case it is appropriate to solve the equa- 
tion with the ‘‘exchange term’’ accurately. Kach 
term proportional to Z-2/3 must be considered 
only as a correction of the corresponding order to 
the usual Thomas-Fermi equation. 

It should be pointed out that Weizs&cker® at- 
attempted to improve the Thomas-Fermi equation by 
introducing other correction terms in it of order 
Z-*/ in addition to the exchange terms. But the 
method used by Weizsdcker is not convincing. In 
fact, it is shown that the correct expression, cor- 
responding to corrections following from Eqs. (17), 
is lessthan Weizsacker’s by a factor of 9. From 
this it follows that the exchange correction is pre- 
dominant in comparison with the other terms of 
order Z~2/3, so that in the numerical expression, 
the corrections,thus far produced,of the usual 
Thomas-Fermi equation must be con- 


sidered valid. But this conclusion is correct only 
so long as the exchange correction term is small 


in comparison with the fundamental. The latter 
condition is not always fulfilled: for exainple, at 
great distances from the nucleus the correction al- 
ready surpasses the fundamental term. 

We now perform the transition to the quasiclassi- 
cal approximation. For this purpose we first repre- 
sent the matrix elements p(x, x”) and H(x, x’) in 
the form of expansions in Fourier integrals in the 
difference of the arguments x — x’: 
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(x, x’) = \o (p, * + =) eie(s—#dp, (20) 


oye +x’\ , 
H (x, x')=\A(p, 5) cire—erdp, (21) 
where all the arguments are vectors, so that x 


stands for r, etc. We substitute these expansions 
in the Poisson bracket: 


Hp — pH =\dx"[H (x, x") o(x", »’) (22) 
— p(x, x") H(x", x’)] 
= Saranan[ (09 )o(0 252) 
— (pn 5) H(p, “S*) 


Xexp {1p (x — x") + ip (x" — x’)}. 


In the first component of this integral we make the 
following change in variables: x” =x+C€+A, 
x =x—A, P,=P- 4 In the second component 
we exchange the designations p and Py and set 
Zax + Gx =x—A, p,=p+q. After these 
changes, the Poisson bracket takes on the form 


\ dpeipA \\ dqdtei7 (5+) 5 (e, X-+ +) (23) 
x (4 (p—g.x+ ++) 


—H(ptqxt3-—F |=0. 


, 
“a 


In the transition to the quasiclassical approxima- 
tion we must consider the region of motion and the 
momentum in the integral (23) to be large. In other 
words, we have a large momentum p and coordinate 
_€ because € enters only in the combination x 
+ €/2 (we set f& = 1, and we alsoemploy e = 1 and 
m = 1 in what follows, i.e., we shall use atomic 
units ). But if the coordinate ¢ is large, then the 
momentun difference q is correspondingly small, 
since the product g¢ appears in the exponent. The 
difference in coordinates A must also be regarded 
as small because it enters into the exponent mul- 
tiplied by a large momentum p. Consequently, the 
difference of Hamiltonians under the integral sign 
can be expanded in a power series in q and A. 

We limit ourselves to the third term of the ex- 
pansion. It is evident thatthe zeroth and second 
terms vanish, leaving only the first and the third. 
We shall first write the formulas without tensor 
notation, which is easily inserted in the final re- 
sult. The expansion is as follows oF 


H(p—qx+$44) (24) 
C A 0H 0H 
—H(p+qx+3-—F)=— mya 
17, aH A aH 
+3[ Gap 29S omar 


ay Ve Ge! AV ot 
—34() spare + (2) ae 
It is easy to get rid of the factors qg and A by in- 
tegration by parts, replacing ge’S? and AeiPA by 
—i(d/dé) 216 and ~i(d/dp) ei? A, Equating the 
Fourier coefficient to zero, we obtain (upon inte- 


gration by parts) the following expression, written 
in tensor form: 


OH de OH 0p 25 
Op; Ox; Ox; Op; iy 
mal 08H ohde) OH hse) 
24 \Ox;0x,0x, Op,Op, Op, Ox ;0x,Op, Op;Op,OXx, 
Oe 080 
Seon Op;OXx;,0X, 


trend Ont 08p 
Op;Op,Op, Ox;,Ox,0x) ) ee 


The first two terms in this equation represent the 
classical Poisson bracket of the Fourier coeffi- 
cient of the density p, while the remaining terms 
give the quantum correction to the Poisson bracket. 
The study of this correction is a fundamental pur- 
pose of the present research. 


3. INVESTIGATION OF THE SELF-CONSISTENT FIELD 


IN THE QUASICLASSICAL APPROXIMATION 


In the simplest approximation, the Fourier co- 
efficient ofthe density matrix has the form 


I, PSPo(r), 
0, p> po(r) 


Po = Po (P — Po(r)) = (26) 


In other words, all states in which the momentum 
is less than a certain limiting momentum P(r) 
are occupied, while the states for which p>p (7) 
are unoccupied. With the help of p, one can de- 
termine the Fourier coefficients of the various 
terms of the Hamiltonian (we are dealing here 
with the Fourier coefficients relative to the dif- 
ference in arguments x — x’, so that the coordinate 
dependence enters into them through half sums of 


the arguments ). 
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The self-consistent potential B [see Eq. (19) ] 
gives the following expression for the Fourier 
coefficient: 


2 dr” 
B= a \— ar \p0 (P — Po) d (27) 


Tr 
1 dr” ; 
poe 1 go ee 3 fi 
= 5\ r r’ pe(r IF 


Here (27)-° is the Fourier coefficient of the 6- 
function 5(r —r’), and the inner integral is equal 
to 4np*,/3 according to the definition of the 
function py. The spin states lack the factor 2 


entering into b. 
The exchange operator is transformed as fol- 
lows: 


(28) 
di Gea? dr’ , , —ip’ (r—r’ 
Ag =\ a7 tap \4P'00(? — Py) eR’ (FF) 


’ . y( dr’ i —p’ age 
= (2x) \ Ap’ (p Salt) Npeaeane (p—p’,r re) 


As is known, the inner integral is equal to 


47|p—p’|-2 


is elementary and yields 


. Subsequent integration over dp’ 


eee 
ef Lo eee. PotP (29) 
Perea ty pnt P 
In comparison with B, A_ has the smaller order 

of magnitude, which Will be shown later after 
transition to Thomas-Fermi units. Therefore, in 
this approximation, the Hamiltonian is 


2 EE (30 
H)=4-——+B ) 
ep ML, Le dr” rs 

fF Say + 5r\ seme a ) 


In accordance with Eq. (25), the function Po in 
this approximation should cause the vanishing of 
the classical Poisson bracket: 


From the expressions for 
P ce) HY and p, we get 


OH, _ 0H, 
Op; < LS 
zo ah lf ah dr” 5 (ue a) 
FF az (aaa \ cape peo ) rae 
O20 Bis ot OP 22 BbiOpy 
mae ene = 5 
Op; jy Ox, ip the 
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so that the Poisson bracket has the following 
form: 


(31) 


(Pp, r) / apy 
jae PW dr 


+ Eel repay F)) 9 


The function pg differs from zero only for p=p,. 
Consequently, for this value of p, the expression 
in the square brackets vanishes: 


d ard Pe ee 
Po fe + a (ae§ = ;— dr =) =0. (32) 


r F 


This equation is directly integrated; fromthe con- 
dition at inifnity, the integration constant must be 
set equal to zero: 


2 3 
Po 4 Po ' Le 
t+ ae\qoar pete 


(33) 


The expression on the left side of this equation is 
the energy computed for the limiting value of the 
momentum p,. As we see, it is equal to zero. 
Therefore, the function p, can be.written in the 
following form, which is very useful for further 
calculations: 

to = to (Ex) = { ao (34) 

OvES== 0) 


It is easy to transform Eq. (33) to its usual form. 
Actually, setting 


3 “ 
et 1 Po ieee fez, 
Oy = = Sat ( ir Ral dr -|- —, (35) 
we see that 
Ag, oS Arp? / 37? (36) 


But, according to Eq. (33), Po = 2, so that the 
potential satisfies the Thomas-Fermi equation: 


Ag, = (2'" / 32) ool (37) 


We now proceed to the equations of first 
approximation. For this case we write the density 
matrix and the potential in the form of expansions 


P= Poe Pi = Po (Eo) J Pin = Co oe 


Here ¢, is by definition the sum of the potential 
of the nucleus and the self-consistent field of 


SELF-CONSISTENT 


zeroth approximation. The function p,) (EF, ) is de- 
termined by Eq. (34). We shall substitute the 
correction terms ¢, and p, only in the Poisson 
bracket of zero approximation; in all the remaining 
terms of Eq. (25) and in the exchange operator, we 
shall use the zeroth approximation. 

If we substitute the Hamiltonian H ) according 
to Eq. (30) in the part of Eq. (25) which contains 
third derivatives, then it is easy to become con- 


vinced that there remains only the first term in the 
square brackets. Actually, all the mixed deriva- 


tives of H with respect to x, and p, are equal to 
zero; moreover, Hy has only a derivative with re- 
spect to p, no higher than second order. Cal- 
culating the derivatives, we have 


Py he Lent d 1 d 1 dg (39) 

Ox ,0x,0X, ee ee Be a) an Gadr 7 ear 
N n < Gb) le Wake: 
— (SjnX1 + 9iXn + OniXi) Go ae : 
0? 4 
Op ;OP,9P, 

Supe % ‘ 2 d*oy d*04 
= (8jnP1 + Sn 1Pi + Si1pR) te? + piprpr Ee 


It is useful to split off the factor (p, r) and, in the 
remaining part, to change the independent variables 
entering into the problem: instead of p, r and(p r) 
we introduce the variables 


(40) 


Eo = */s p* — o, M? = [r, p)? = p*r? — (pr)? 


andr. In the new variables, the third derivatives 
take the form 
Gah 070, 
Ox ;OX,0X, OP;/OP,OP| 


= (pr) “0 /( d%, 
«ee - Ge aes 


(41) 


do, 
[PEG 


ates doo (2 2 os | eae we) Ol 
Wis dr? (AL dhe Hh ia Or? 


where the meaning of / is obvious. 
It follows that the exchange energy A [see Eq. 


(29)] is substituted only in the Poisson bracket of 
zeroth approximation: 
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A DOR MLO ANOS (42) 
Op; OX; Ox; Op; 
— — (Pt) dp f 0A sa | Ao 
pr dr fen Opy p=p Op 
Ss ARES Shoe feat a AD et a, deo 
fear de. r mdr ere 


We shall assume that the correction tothe 
density is given in terms of Ey, M? andr. As is 
well known, the classical Poisson bracket of 
any integral of motion or of any function of inte- 
grals of motion reduces to zero. Therefore, upon 
substitution of P , into the Poisson bracket of 
zeroth approximation, only that term fails to vanish 
which has a derivative with respect tor. This 
term is equal to 


Oy Or — (Pr) 9p, 
Op; Ox; owt Ores 

The correction to the potential ~, depends, by 
definition, only on r. Therefore, it yields the term 


(rp) dor Apo 
p aror 


(43) 


(44) 


All the expressions entering into Eq. (25), after 
contraction to p r/r, have the form of derivatives 
with respect tor of the different expressions: 


(45) 
01 do, dey _ oe! er ler ab ai 
ae tae des = de VP oe ee 


Since p, does not depend on r, this equation 
can be integrated immediately, setting the arbi- 
trary additive function of FE, and M? equal to zero 
because of the condition at infinity. This inte- 
gration with respect to r is possible because of the 
choice of the independent variables Es M? and r. 


Thus, 


dog _ __ ‘V2 doy 
Pine ea leaner dE. (46) 
1 ao, do, do, do, \2 
he dE? [22 drt + 280 Gpa =e.) 


siya be 8 doe sot ea (ata wae 


dr? 


The other equation, which connects ¢, and p,, 
is the Poisson equation for the potential: 


= \p.dp. 


Ag, = 


(47) 
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Although the corrections to p, are large for E )=0, 
they enter integrally into the potential, and there- 
fore, the resultant addition to the potential is small. 
It is useful to carry out integration by parts in 
Eq. (47). In this case the terms which do not de- 
pend on angle acquire a factor of 47, while the 
terms proportional to M? gain the factor 47(2/3) 
x r°p* because M? is proportional to the square 
of the sine ofthe angle between r and p. With the 
help of Eq. (40), the expression in the square 
brackets in Eq. (46), after integration over the 
angular variables, has the form 


8x a0 2 doy\ _ Gal 
ce leat eran: ee lae 


It is easy to carry out integration over p if we 
make use of the definition of Po in Eq. (34). 


Actually, we write 2 (E, + 9, )dE , in place 
of p2dp and make use of the fact that dp,/dE , 
=-6(E,). The integrals of the second and third 
derivatives of P are obtained with the aid of the 
well-known formula 


dirt 
\F (Eo) sears to (Ea) Bs (48) 
afl OL” 
oe See verano) 
Gr : < 
Substituting p, from (46) in Eq. (47), we get 
(49) 


LL 8 
Ag, — a V 26 1 = me te 


4 1 apy \? 
tanya essa) | 

This is also the equation for the correction to the 
potential. Here the first component on the right 
takes exchange into account, and the second fol- 
lows fromthe addition to the classical Poisson 
bracket. If we substitute the expression A gq in the 
right side of Eq. (49), then we get the value 
(8/ On") op, which is nine times smaller than the 
exchange term. In numerical! integration it is shown 
that the ratio of both corrections to the potential 


is of the same order. We now transformto the 
dimensionless Thomas-Fermi variables, which are 


based on m, e and h: 


5 (3m)! in h2 
are 2'Is Z'ls me? ” (50) 
Ze Zils 
veg arom CEC ae ree pt 
(6x) '* yx p72 
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Then the dimensionless potential in zero approxi- 
mation satisfies the well-known equation 


d2y /dx® = y*lax—"h, (51) 
and the dimensionless correction y is found from 
the linear inhomogeneous equation 


s oe “x® (/d y\2 
@y_ 3/2 y—[40,-V 2(Z4)]. (52) 


We note that the potential in zeroth approximation 
is proportional to Z4/3, and in first approximation, 
it is proportional to Z?/3. Conse uently, the rela- 
tive order of the correction is Z~*/° (the numeri- 
cal coefficient 40/(6 7)*/3 differs but slightly 
from unity ). 


4. INTEGRATION OF THE EQUATION FOR THE 
CORRECTION TO THE POTENTIAL 


The boundary conditions for Eq. (51) are x (0) 
= 1, y(~) =0, because the potential is purely 
Coulombic in the immediate vicinity of the nucleus, 
but at large distances from the nucleus, the po- 
tential falls more rapidly than Coulombic (due to 
electron screening). The condition at infinity for 
y is evidently y(oo) =0, and at zero, y(0) =0, 
inasmuch as the value of the potential in the neigh- 
borhood of x = 0 is described by the function 
Vv Cx). 

On the other hand,Eq. (52) is invalid both in the 
immediate neighborhood of the nucleus and also at 
large distances from the nucleus. One can raise 
the question: is it valid to integrate Eg. (52) with 
the boundary conditions y(0) = y («) = 0 if these 
conditions are applied outside the region of ap- 
plicability of the equation*? 

Let us first consider the solution for small val- 
ues of x, of the order of the radius of the K-shell. 
In the region of the K-shell, the quasiclassical 
approximation assumed in the work is known to be 
inapplicable. But the charge included in this 
shell is of the order of unity, so that its effect on 
the potential of the self-consistent field in the 
atom is of order 1/Z relative to the total potential. 

Further, the accuracy assumed by us is Z7?/3 
so that a correction of the order of 1/Z ought to 
be neglected. Also, it is evident that Z~?/3 is the 
highest approximation compatible with the classi- 
cal approach to the problem. 


as ; ; 
This question was raised and answered for us by 


L. D. Landau. 
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Therefore, one does not integrate the ‘‘exact’’ 
equation, in which terms proportional to Z~?/° are 
considered on a par with the main term (as, for 
example, Jensen does? ). It suffices to integrate 
the equation for the first approximation (52) only 
once, as also the main equation (51), and for 
different atoms, to consider the dependence of the 
potential on Z only according to Eq. (50). 

We can estimate [ directly, by Eq. (52)] the 
order of magnitude of those distances fron: the 
nucleus (on the side of small x), where the cor- 
rection is comparable with the zeroth approxima- 
tion. A more suitable estimate can be obtained if 
we compare not the potentials but the fields which 
are produced from the given density distribution of 
electronic charge. We shall also make this com- 
parison. The function near the origin of the co- 
ordinates has the form y = 1 — 1.589x+4/3x°/2, 
as is well known. The number one appearing in the 
first part corresponds to the potential of the 
nucleus, and is not of interest to us in the com- 
putation of the field. The field due to the elec- 
trons, in zeroth approximation, is 


ea ay a x—1 
Go “ Chee els 


2, ' ; 
3 Zi 'sx— "12, 


The expression y for very small x is easily ob- 
tained by setting y = 1 on the right-hand side of 
Eq. (52), which gives y = 4,/x or, in accord with 
Eq. (50), 


G1 


ia 4 
(6)‘!s 


Zi ae = 0.047 eh. 
ae 


Comparing © g and ay we see that oF is of order 
of oF when x, ~~ 0.06 Vilas ge ~0.07h?/Zme?, 


i.e., ~ 0.07 of the radius of the K-shell. 
In this way, extrapolating the boundary condi- 

tion for y to the point x= 0, we commit an error 

whose relative order is 1/Z, with a small numeri- 


cal coefficient. As 
Now let us consider the applicability of the 


boundary condition y = 0 for large x. As is well 
known, the asymptotic form of the solution of 
x(x) for large x is 144/x°. In practice, however, 
this form of the solution is not obtained. It is 
therefore appropriate to assume that the function 
x (~) Cfor large x) is A2*(x)x73, where A(x) is 

a slowly changing function of x. Correspondingly, 
we determine the asymptotic solution of the homo- 


geneous equation 


” 


Yo — */2 Yo Voie: 


7 
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We shall seek Yq in the form 


=), neglecting the derivatives dA / dx. 


a Jat VA ae 


: ; rea Bia? r 
One solution, Yo, Vanishes at infinity as x 1, and 


the other solution, ¥ og? goes to infinity as 


A 


~ 2. 

One can choose an arbitrary solution of the in- 
homogeneous equation (52) in the form of the 
quadrature of the right-hand side, with the help of 
the solutions Yo, andy,,- But the right side is 
known to us, not for arbitrary values of x, but only 
for such x in which the correction is still small 
in Comparison with the main solution. Let us as- 
sume that, beginning with each x = x, and larger, 
the function on the right side of Eq. (59) is some 
unknown F(x). We shall show that the solution 
y (x) for x < xy does not depend on this function 
EAs) ih y'(x,)).18 sufficiently large that the solu- 
tion vanishing at infinity is already small. This 
means that we can set y() =0 without making 
any error. 

We denote the known right side of Eq. (52) by 
f(x). Then the solution for x <x, can be written 
in the following form: 

y (x) = Cyyor (*) + CoYo2 (X) (53) 
+ \ F(x’) (Yor (2°) Yoo (2) — Yor (%) Yor (2')) a2" 


0 


if the solution y), is connected ea ¥o1 by the 
well-known relation yy. =¥o1 J¥o1dx. There ex- 


ists a relation between the coefficients Cy and 
C, that is determined fromthe boundary condition 
at zero. This dependence has the form C,=p C.; 
where the coefficient 6 is independent of the values 


K=%X, chosen,and is not connected with the func- 


tion F(x). 
For large x the solution runs as 


(54) 
Y (X) = Cor (X) + CaYor (x) 
ct \ F(x’) (Yor (") Yor (X) — Yor (X) Yor (x")) dx’. 
In order that the solution remain finite at infinity, 
it is necessary to impose on C, the condition 
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Cy = \ fa) Une raxe 
The solutions of Eqs. (53) and (54) must join 
smoothly for x = xj, i.e., the functions and their 
derivatives must be equal. This yields 


(55) 


xy ee) 


C= \ Fx’) Yoo (x') x! +\ F(x) Yoo (x') dx 


0 M4 


1 (56) 


But this also means that for large x, it is possible 
to set x, =o, if only to provide that the function 
F (x) does not increase to infinity, which is quite 
natural. But then the solution of Eq. (52) for 

x < %, generally ceases to depend on the value of 
%y and on the unknown function F(x). Conse- 
quently, we can assune that the condition 

y (co) = 0 applies in the region of applicability of 
Eq. (52). 

Equation (52) has been integrated numerically by 
the method of Numerov®. 
known function y (x) — (aD ye is chosen in 
place of the unknown function y(x). Here a is the 
interval in the numerical integration. The second 


derivative of the new unknown differs from the 


In this method a new un- 


second difference by a quantity of sixth order reia- 
tive toa. Thanks to this method of Numerov, it 
was possible to integrate equations numerically, 
solved relative to the second derivative, by choos- 
ing a large interval. 

In order to satisfy the condition at infinity, we 
We first 
determine by the method of numerical integration 
the solution of the homogeneous equation, which is 
equal to zero for x = 0; then, also by numerical 


must proceed in the following fashion. 
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integration, we find the similar solution of the 
inhomogeneous equation (52). The ratio of the 
two solutions tends toward a constant value for 

x =0. Then, if we subtract from the solution of 
the inhomogeneous equation the solution of the 
homogeneous equation, multiplied by this constant 
ratio, we obtain a solution which satisfies both 
the boundary conditions. 

For comparison with the calculations carried out 
by other authors, we have divided the right-hand 
side into two components: the purely “‘exchange’’ 
correction, equal to 36y, and the remainder, the 
““quantum’’ part, which is found in the present work. 
The corresponding components are labeled y, and 


Bh 4G 


on the graph. As a consequence of the large 


The curves y, and y, are plotted separately 


numerical coefficient, y, dominates for all x; 


therefore, the results of Jensen are practically 


valid, but only so long as the exchange correction 
in them is small in comparison with the main term. 


The final condition of Jensen was not observed for 
large x. 
As far as the quantum correction is concerned, 
it is shown to be 9 times smaller than predicted 
by Weizsacker. We can therefore consider it as 


finally established that only the exchange correc- 
tion is appreciable in the Thomas-Fermi potential. 
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Results of experiments on double scattering of 660 mev protons are described. The 
angular dependence of the asymmetry was measured in scattering of polarized 8 and 635 
mev protons from beryllium. The polarization in quasi-elastic p—p scattering at 635 mev 
was measured by the method of coupled telescopes. The results of the measurements are 


given for the asymmetry in scattering of protons at 9 


from carbon, aluminum, lead and 


bismuth and a detection limit of 230 and 620 mev. 


eee 


1, INTRODUCTION 


U NTIL now the effects of polarization of protons 
in scattering by nuclei were detected up to 
439 mev in experiments involving double scattering 
of the primary unpolarized beam.!~® It was found 
that the polarization of protons reaches a maximum 
at energies and angles corresponding tothe diffrac- 
tion scattering of protons by nuclei. The magni- 
tude and directions of the polarization of the spin 
may be qualitatively explained by assuming the 
same spin orbit interaction between the fast pro- 
tons and the nucleus which is assumed in the nu- 


clear shell model. ~ 
The present work is concerned with the polari- 


zation effects in scattering of 660 mev protons 
by nuclei. 


2. PRODUCTION OF THE BEAM OF POLARIZED 
PROTONS 


The first scattering of protons was carried out 
inside of a 6m synchrocyclotron chamber from a 
dcm beryllium target (polarizer), placed in the 
path of the circulating beam of 660 mev protons. 
It is evident that only diffraction scattering of 
protons, single quasi-elastic p—p scattering, an 
p—n scattering without exchange at small angles 
do not lead to losses of energy for the protons. In 
the first case the scattered protons are concen- 
trated in a narrow cone directed forward with an 
apex angle of the order of A/R (A is the wavelength 
of the incident proton, R is the radius of the 
scattering nucleus). Their energy is slightly 


smaller than the initial energy only if such col- 
lisions are not accompanied by transitions of the 


nuclei into excited states. In the second case 
there is no unique correlation between the scat- 
tering angle andthe energy of the particle because 
of the zero-point vibrations of the nucleons in the 
nucleus. As a result thescattered nucleons have 

a rather broad energy distribution whose maximum 
is at about the same energy as for free collisions. 
The general character of the angular distribution of 


quasi-elastically scattered nucleons should be the 


same as for elastic scattering of nucleons. Nuclear 
cascades and nucleon collisions connected with 
generation of 7-mesons are accompanied by emis- 
sion of protons whose energies are considerably 
smaller than the energies of quasi-elastically 
scattered protons. 

The direct measurement of the energy distri- 
bution of the first scattered protons was made in 
our laboratory using an analyzing magnet to ob- 
tain the momentum spectrum of protons issuing 
from the beryllium target.?! One of the first re- 
sults of these measurements was a discovery at 
angles 7.3 ° and 12.2 ° (relative tothe primary 
beam) of a maximum corresponding to diffraction 
scattered protons superimposed in the upper 
energy region on a dome-shaped distribution of 
the quasi-elastically scattered protons. At the 
angles of 18°, 24° and 30° in the high energy 
region of the spectrum, only quasi-elastically scat- 
tered protons were found. 

In the present experiments two polarized beams 
were used. Their trajectories are shown in 
Fig. 1. One of them (beam 4) was composed only of 
protons experiencing quasi-elastic scattering to 
the left at an angle of 18°. Inelastically scattered 
protons and protons emitted in a nuclear cascade 
process were removed from the beam by the analyz~ 
ing action of the fringing magnetic field of the 
synchrocyclotron The beam passed through a 
3.6 m long steel collimator K, , located in 4m 


reinforced concrete shielding wall, and then fell 
on the second target (analyzer). The flux density 
of protons was approximately 104 protons/cm? 

at the location of the analyzer. The solid curve 
of Fig. 2 gives the results of the measurements 
of absorption of protons in copper for beam A. 
From these results it follows that the average 
energy of the protons is 565 mev and the maximum 
energy deviation +60 mev. Taking into account 
the slowing down of the protons in the analyzer the 
average energy is the same as for p—p scattering 


337 


338 MESHCHERIAKOV, NURUSHEV AND STOLETOV 


of free nucleons at an 18° angle. 

The beam B , composed of protons scattered to 
the left at an angle of 9°, was formed inside of the 
vacuum chamber of the synchrocyclotron using a 
steel collimator Ky which was also a magnetic 


1) te bP EE GD HG 
eS ei 


channel. The beam was deflected 9° to the right 
by a steering magnet after its exit out of the 
vacuum chamber. All these operations increased 
the monochromaticity of the beam and excluded the 
possibility of particles falling intothe shielded 


Fic. 1. Plane view of the experimental arrangement. P is 
the polarizer; a the analyzer; D the steering magnet; K» 
Kg Kg the collimators; T, T,, To, Ts telescopes. 


cave directly from the synchrocyclotron chamber 
through the collimator K3 - The proton density 
behind the collimator K, at the location of the 


analyzer was approximately 10° protons/ cm? sec. 
Here the proton energy, determined by therange of 
protons in copper, was found to be 242 gm/cm2 
(Fig. 2) which corresponds to 635 mev with a 


maximum deviation +15 mev. Under the given 
experimental conditions, diffraction-scattered 
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FIG. 2. Absorption curves of protons in copper. The 


solid curve shows the data for beam A, the dotted line 
for beam 3. 


protons of the sameenergy should be emitted at 
an angle of 9°. Assuming that the shape of the 
spectrum of the quasi-elastically scattered protons 
is similar at the angle of 24° to that at small 
angles, it was possible to separate for the spectra 
at 7.3° and 12.2° the diffraction peak fromthe con- 
tinuous distribution. Fromthe ratio of the areas 


under the appropriate curves it was also possible 
to evaluate the admixture of the quasi-elastically 
scattered protons in an energy interval 30 mev 
wide whose center coincides withthe maximum of 
the diffraction peak. Forthe above angles, the 
admixture turned out to be 9% and 28% from which, 
by interpolation, the admixture of quasi-elastically 
scattered protons in beam 8 was calculated to 

be about 16%. Figure 3 gives the spectrum of the 
first scattered protons separated in this manner 
for the angles7.3° and 12.2°. 

The trajectories of beams A and B inside the 
synchrocyclotron chamber and in the fringing mag- 
netic field were traced by means of a thin, 
stretched current carrying wire. A small mirror 
was attached to this wire at the point where 
the wire was fixed tothe polarizer. As the wire 
was moved from the trajectory of the circulating 
beam to the direction ofthe trajectory of the scat- 
tered proton beam,the rotation angle of the mirror 
was measured. Collimators were thus located on 
the axes ofthe beams with an accuracy of about 
+ 2°. The beam diameter near the analyzer was 
usually about 3 cm. The uniformity of the current 


density in the cross section of the beam was veri- 
fied with photoemulsions. 


3. METHODS OF MEASUREMENTS 
The second scattered protons were detected by 


telescopes consisting of two and three scintil- 
lation counters set for coincidence counts. The 
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toluene crystals, 3 mm thick, were surrounded by 
aluminum foil shields so that the scintillation 
light was reflected onto the cathode of the photo- 
multiplier . The photo-multiplier was very care- 
fully shielded from stray magnetic fields by soft 
iron and Permalloy. The resolution time of the 
coincidence channels of the telescopes was about 


3x 10% sec. The efficiency of the proton detection 


ao 
ZQdE 


JOO 550 600 650 700 450 


339 


was close to 100%. The detection limit of the 
proton energy was determined by the thickness of a 
copper absorber in the telescope. 

The apparatus for the second scattering was com- 
posed of a round bevel protractor disc 800 mm in 
diameter, withthe target-analyzer placed at the 
center. With remote control equipment the target 
could be removed from the beam and be replaced by 


500 550 600 650 100 ty (mev) 


Fic. 3. Energy spectrum of 660 mev protons scattered by Be target; 


d2a/dQdE in arbitrary units. 
another target. The telescopes were placed on 
supports which could be rotated in the plane of 
scattering about an axis passing through the anal- 
yzer and fixed at a given angle relative to the 
proton beam. The alignment ofthe telescopes with 
the trajectory of the beam was within +3 “and 
was regularly checked photographically while the 
measurements were being carried out. In the 
same manner the position of the counters in the 
scattering plane was checked. The intensity of 
the beams was recorded by an ionization chamber 
filled with argon and an integrating amplifier of 
the resulting d. c. current. 

The execution of the experiments fundamentally 
reduced to the measurement of the angular asym- 
metry € =(L —R)/(L+R) where L and R are the nor- 
malized counting rates of the protons second scat- 
tered to the left and tothe right at the same angle 
relative to the direction ofthe beam of the first 
scattered protons. The twoscattering planes co- 
incided. At large angles the counting rate of 


“tiple coincidences with the analyzer removed from | 
the beam did not exceed 1% of the effect of the 
analyzer. The background increased as a rule 

with a decrease in the angle because of the 
scattering of protons in the walls of the collimator. 


4. POLARIZATION OF 565 MEV PROTONS* 


To determine the angular dependence of the 
asymmetry of the second scattered protons, scat- 
tered at an angle of 18° from a beryllium target 
bombarded by 660 mev protons, measurements were 
made with beam A at angles 0, from 6° to 30° 


in the laboratory system of coordinates. A bery- 
llium disc 30 mm thick and 6 5 mm in diameter was 
used as an analyzer. In the majority of measure- 
ments the second scattered protons were detected 
in a solid angle 2 x 10°° steradian by a single 


*The experiments described in this section were 
carried out in 1954.12 
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energies were close to the maximum. 
The results averaged from three independent 
series of measurements are given in [ig . 4. 


There, as in the remaining figures and tables, the 
given standard deviations are determined only by 


the statistics of the experiment. It is evident that 
the asymmetry of the angular distribution may be 
described by a smooth curve with a maximum at 

= ge. 


telescope with three counters. The angular 
resolution ofthe telescope was + 1.57. *the detec- 
tion limit of the protons was chosen to be 


0.85 E 4 cos” ae where E, is the average energy 
of the protons in thebeam A. With this energy 
choice charged particles from three processes 
were observed: diffraction scattering, quasi- 
elastic p—p scattering and p—n scattering without 
exchange and also production of mesons whose 


eee 
TABLE I 


Values of the asymmetry € (18°) for various energy detection limits* 


Thickness of copper 
absorber in cm 0) 15 20 

E detection limit 
nergy detection limi - ts a 
0.09--0.01 | 0.14--0.01 0.14-+0,02 - 


in mev 
€ (18~) 


At the angle 0, = 18°the dependence of the It was found that the asymmetry increases notice- 
asymmetry was measured as a function of the detec- ly with the thickness of the absorber after 20 
tion limit. The resulting data are shown in cm of Cu. With 23.5 emthick Cu absorber the counting’ 


Tables. rate became vanishingly small. From the data of 
€ 
Q2 
a : 
0 @ LU’ 


30° 6 (lab) 


Fic. 4. Angular dependence of the asymmetry in scattering 
565 mev protons from beryllium. 


measurements i 
on the spectra of charged 7-mesons *Observation of nuclear fission in photo-emulsions 


emitted in scattering of 660 mev protons from 3e!4 
it is calculated that for energy of 565 mev and the 
total current of charged particles scattered at an 
angle of 18° and passed through the copper ab- 
sorbers 20 cm thick, the contribution of the ch 


arged 
m-mesons did not exceed 2%, 


It did not exceed 


G5 placed in the beam 4 in the plane of the first scat- 
tering showed that there was an asymmetry in the for- 
ward scattering of charged particles equal to 0.11 
£0.03. The density of its tracks corresponded to pro- 
ton energy of 200 mev. The asymmetry was not found 
exposing the plates in a plane perpendicular to the 
plane ofthe first scattering. 
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5% with a 15 cm thick absorber. On the basis of 
these calculations the asymmetry observed with 
copper absorbers 15 — 20 cm thick was interpreted 
as the asymmetry in the scattering of protons. 

The increase inthe asymmetry with an increase 
in the thickness of the absorber may be explained: 
a) by a small admixture of diffraction-scattered 
protons in the beam of the charged particles; b) 
by a smaller asymmetry in the nuclear cascade and 
processes generating 7-mesons than for quasi- 
elastic p— p scattering and p—n scattering with- 
out exchange; c) by a variation in the behavior of 
the polarization in the spectrum of the quasi-elas- 
tically scattered protons. Since in a broad range 
of angles the polarization for the quasi-elastic 
scattering increases with a decrease in angle 
(cf. Sec. 7), it may be expected that in quasi- 
elastic scattering, protons scattered at given angles 
at energies greater than average energy will be 
somewhat more strongly polarized. 

Neglectingthe effect of the energy losses of 
protons and assuming that both in the first and in 
the second scattering of protons at an angle of 
18° the major role is played by quasi-elastic 
p—p scattering and by p—n scattering without 
exchange, it is possible to obtain the polarization 
of the beam from the relationship « = P, (A, P, 


(0,), where P, (0, ) and P, (0, ) are the polari- 


zations for the first and second scattering, res- 
pectively. For 0, =@, and for the experimental 
data with 15 cm thick copper absorber, the 
polarization of the beamis fat (io) ve (18°) 

= 33 +2%. From this value of P, (18 °) it follows 
that the magnitude of the asymmetry ¢ = 0.19 
+0.03 at the maximum of the angular distribution; 
i.e., at 0. = 9°, it corresponds to the polarization 


of 60+ 10%. It is quite clear that an increase in 
the relative importance of the diffraction scatter- 
ing among the observed processes is one of the } 
major causes in the increase in the asymmetry with 
a decrease in the scattering angle. 


5. POLARIZATION OF 635 MEV PROTONS 


Two aligned telescopes adjusted for coincidence 
counts were used to determine the angular depen- 
dence of the asymmetry of the second scattered 
protons in beam B. The telescope closest tothe 
beryllium analyzer was composed of three scin- 
tillation counters, and the one farther fromthe 
beryllium analyzer of two scintillation counters. 
The coincidence count in the first telescope and 
the coincidence count between the two telescopes 
were recorded simultaneously. A copper absorber 
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was placed between the two counters so that the 
detection limit of the first telescope was 230 mev 
while the detection limit of the system of the two 
telescopes varied withthe scattering angle as 

Ep cos? 0, where Ep = 635 mev is the average 
proton energy in the beam 8. Underthese condi- 
tions, the quintuple coincidences were caused 
almost entirely by diffraction scattered protons 
and the effects caused by a variation in the pro- 
ton energy in the profile of the beam were still 
negligible. By introducing delays intothe elec- 
tronic circuits, it was found that in the entire 
range of angles at which second scattered protons 
were observed, the number of accidental coin- 
cidences between the two telescopes did not 
exceed 1% of the total number of coincidences re- 
corded withthe analyzer in the beam. In the 

range of angles from 9° — 50° , measurements were 
carried out with angular resolution of +2°. In 

the range of angles from 3—9°, where the effect 
of multiple scattering was still negligible, the 
measurements were made with angular resolution of 
+1". The scattered protons were observed in solid 


angles of 2 x 1073 and 6 x 104 steradian, res- 
pectively. 


The results of the measurements of the angular 
dependence of the asymmetry are shown in Fig. 

5. The white circlesrepresent the values of 
asymmetry obtained from the quintuple coincidence 
counts; the black circles show the values of asym- 
metry calculated from the data obtained with the 
telescope closest tothe analyzer. One observes 
that the asymmetry for the particles with a long 
path increases sharply with an increase in the 
scattering angle, reaches the maximum value of 
.36 +.04 at 6, = 7° and then smoothly decreases 
up to 30°. The asymmetry of the total flux of 

fast charged particles is observed up to 42°, and 
is almost constant in the region of angles from 

7 s0i20* 

The data on the dependence of the asymmetry on 
the detection limit were obtained from measurements 
carried out with absorbers of various thicknesses 
placed between the two telescopes. The results 
of these measurements are given in Table II. The 
fact that for small scattering angles, the asymmetry 
turned out to be very much larger for particles 
with the maximum path, seems to be a definite 
proof of a greater polarization of diffraction 
scattered protons compared with particles emitted 
as aresult of collisions with individual nucleons 
in the nucleus. a : 

At the angle 0, = 0,= 9 the asymmetry is 
found to be 0.33 + 0.03 from the data on quintuple 
coincidences. Therefore the polarization of 
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Fic. 5. Angular dependence of the asymmetry in scattering 
of 635 mev protons from beryllium: O—detection limit 


— 2 
ROE oy nplee 


protons in the beam B is 58 +3%. To the maxi- 
mum value of ¢ = 0.36 +0.04,observed at the angle 
of 7°, corresponds polarization of 62 + 10%. 
Indeed, the polarization of protons diffraction 


TABLE II 


The dependence of the asymmetry on the detection 
limit at 9°, 12° and 18° 


Detection 


e (12°) | (e 18°) 


limit in e (9°) 

mev 

160 0.06-0.03 
190 0.082£0.03 
230 0.41+0,01 | 0,11-+0.01 | 0.10+0.01 
480 0,120.02 
565 0.17-40.05 

580 0.23-40.03 
600 0.11+0,04 | 0.16+0.07 

610 0.31-£0.03 


620 0.33-40.03 


scattered from beryllium is apparently even 
greater, since it was not possible to achieve a 
complete separation of the quasi-elastically 
scattered protons in these experiments. It should 
be noted that at the angle 0, = 9°, the contri- 
bution of the charged z-mesons to the number of 
quintuple coincidences did not exceed 1%. 

Similar experiments on double scattering of 
protons from beryllium at lower energy are des- 
cribed in Refs. 4-6 and 15. The values of polari- 
zation of diffraction scattered protons corresponding 


0, , @ detection limit 230 mev. 


tothe maximum values of the observed asymmetry 
given in these references are shown in Fig. 6. 
together with the results of the present experiments 
as a function ofthe energy ofthe first scattered 
protons. It is noteworthy to observe that the 
polarization of the diffraction scattered protons 
from beryllium does not change noticeably with 

an increase in the proton energy from 300 to 

635 mev. 


6. SCATTERING OF POLARIZED PROTONS 
FROM NUCLEI C, Al, Pb AND Bi 


The measurements of asymmetry at 0, = 9° for 
the above listed nuclei were carried out underthe 
experimental conditions described in the previous 
section. The beryllium analyzer was replaced by 
a target made of carbon, aluminum, lead or bis- 
muth equivalent in its stopping power to the bery- 
llium target. The results of these measurements 
are given in Table III. 

The values of asymmetry obtained at the detec- 
tion limit of 620 mev were very similar for all of 
the investigated nuclei. Atthe 620 mev detection 
limit, the diffraction-scattering of protons was 
dominant while multiple scattering of protons 
from the analyzer did not play an important role 
as yet. The asymmetry in the scattering of charged 
particles of energy greater than 230 mev decreases 
imperceptibly with an increase in the dimension 
of the scattering nucleus. A discussion of the 
reasons why aluminum does not fit into this rule 
is better left until thetime when additional data 
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on the angular dependence ofthe asymmetry of 
scattering of protons from this nucleus are avail- 


able. 


7. ASYMMETRY IN THE QUASI-ELASTIC P—p 
SCATTERING AT 635 MEV* 


The observation of the elementary processes in 
the quasi-elastic p—p collisions was carried out 
bythe technique of coupled telescopes described 
in Ref. 16. The scattered protons were detected 
in a solid angle of 1.7 x 107° steradian subtended 
by the surface of the first crystal nearest to the 
analyzer. The cross section of this crystal was 
35 x35 mm. The second and third crystals in this 
first telescope had cross sections of 45 x 45 mm 
and 50 x50 mm. The detection limit ofthis teles- 
cope was 150 mev. The coupled telescope, con- 
sisting of crystals 52 x 52 mm and 60 x 60 mm in 


cross section, subtended a solid angle of 4.7 x 10°? 


steradian . The coincidences between the teles- 
copes were counted by circuits with a resolution 


fas) 
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time of 5 x 10-8 sec. The angular resolution of the 
entire detection apparatus was about +29, A 


beryllium disc 30 mm thick and 65 mm in diameter 
was used as an analyzer. The diameter of the beam 
at the location of the analyzer was 40 mm. In 
measurements of the asymmetry, the telescopes 
were located in the plane of the first scattering 
on both sides of the beam at angles 0, and 6, ”, 
related by the expression cot Os cot 0, =] 
+E/2Mc* , where E is the kinetic energy of the 
incident proton, Mc? is the proton rest energy. 
Experimental evidence was obtained to show that 
the contribution of the inelastic p—p and p—n 
collisions to the counting rate of the quasi-elastic 
p—p scattering was negligible. The experiments 
carried out consisted of counting the coincidences 
between the two telescopes in the entire range of 
angles with the telescopes located relative to 
each other at angles not satisfying the above ex- 
pression. 

The values of asymmetry ¢ , obtained as a func- 
tion of the scattering angle @, in the laboratory 


600 E(MeV) 


00 500 


FIG. 6. Maximum value of the polarization of protons 
diffraction scattered from beryllium as a function of energy. 
The points are taken from the following references: O—Ref. 15; 


A—Ref. 6; @—Ref. 4; A—Ref. 5; x —this work. 


system of coordinates, are given in F'ig. 7. 
Taking the polarization ofthe first scattered beam 


to be 58 +3%, one can find the polarization P< ,,> 


*L. B. Parfenov has participated in the experiments 
described in this section. 


ee SS eee 
in quasi-elastic p—p scattering from Be from the 
expression €= 0.58 P<) ,>° At 40 in the cen- 
ter-of-mass system (0, = 21°), the polarization 


Pei p> = 35 14%, 


In the present work, the asymmetry of free A 
p—p scattering was also measured at 0, = 21°. 
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Polyethylene and graphite scatterers, equivalent 
in the number of carbon nuclei, were used as 


66 ae ee eee ee Se 
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analyzers. The effect in hydrogen was determined 
by a differential method. It was found that the 


TABLE III. The values of asymmetry for second scattered protons of 635 mev from 
Be, C, Al, Pb and Bi. 


| Be 


| Al 


C Pb Bi 
¢ (E>620 mev)| 0.330.03 | 0,320.04 | 0.250.05 | 0.34£0,07 | 0,300.08 
¢ (E>230 mev) | 0,110.01 | 0.1340.02 | 0,030.01 | 0.0840,02 | 0.07+0,02 


| 


asyymetry is equal to 0.25 +0.07 with corre- 
sponding polarization P = 43 +4%. Itis evident 
that for 635 mev protons, the polarization in quasi- 
elastic p—p scattering is only slightly smaller 
than the polarization in thefree p—p scattering. 
Similar measurements of the asymmetry in 
quasi-elastic p—p scattering from Be were carried 
out for 285 mev protons by Donaldson and Bradner.! 
From their data, the polarization at 40° in the cen- 
ter-of-mass system for quasi-elastic p—p scat- 


a 


tering is P<, > = 15 + 4%, while the polarization 
for free p—p scattering under the same conditions 
is ~ 42%? 

A comparison of the experimental data given 
above shows that with an increase in the proton 
energy from 285 to 635 mev: 1. the difference in 
the degree of polarization between quasi-elastic and 
free elastic p—p scattering disappears, 2. polar- 


ization in the free p—p scattering does not change 
noticeably. 


a 


Y) 0° 20° 


tes Wy TN 
elastic p 


8. CONCLUSIONS 


From the experimental results described above, 
one can form the following conclusions: 


1. At 660 mev the polarization of protons is 
due to both diffraction-scattering and quasi- 
elastic scattering. In both polarization pro- 
cesses, the spin has the same orientation as in 


30° 


gular dependence of the asymmetry in quasi- 
—p scattering in beryllium at 635 mev. 


Ee 


the free p—p scattering. 

2. The values of the asymmetry, obtained at 
the angle 9° in scattering of polarized protons 
with energy greater than 620 mev from Be, C, Al, 
Pb and Bi nuclei, were the same within the ex- 
perimental error. 

3. A comparison of the data currently available 
for double scattering of protons from beryllium 


POLARIZATION OF 660 MEV PROTONS 345 


shows that: 
a. The maximum value of the polarization of the 


diffraction-scattered protons does not change notice- 
ably with an increase in energy from 300 to 635 mev 


and is not less than 60% at 635 mev. 

b. The polarization of protons in quasi-elastic 
p—p scattering increases by more than a factor of 
two with an increase inthe proton energy from 
285 to 635 mev. It reaches values only slightly 


smaller than the polarization for free p—p scattering. 


4. One may suspect that the polarization of 
protons in free p—p scattering hasthe same value 
at 300 mev as at 635 mev. However, the data 
obtained in this work are very sparse. 

The authors express their gratitude to R. M. 
Ryndin for his participation in the evaluation of 
the experimental results and to Iu. K. Akimov and 
A. S. Kuznetsov fortheir help in the construction 
of the electronic apparatus. 
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The angular distribution of secondary electrons was investigated using a vacuum system 
containing a spherical collector whose surface was divided into several conducting belts. 


The observed angular distributions of the secondary electrons exhibit pronounced maxima 
at large angles (~ 60°). It is shown that the observed distributions are distorted from the 
true distributions by secondary emission from the collector (tertiary electrons). A method 
to correct for this effect is introduced. The corrected angular distributions obey a cosine 
law. The energy distributions for the different angles of emission ofthe secondary electrons 
are investigated by the method of electrical differentiation. 


INTRODUCTION 


| pee investigation of the angular and energy dis- 
tributions of secondary electrons is not only in- 
teresting from the point of view of applications but 
it also is important in explaining the mechanism of 
secondary electron emission. The different 
theories of secondary emission ’“ give different 
angular distributions. According to Viatskin’s 
theory” the electrons come out mainly at large 
angles (~~ 65° ) with respect to the incoming 
electron direction in the case of normal incidence 
of the primaries. On the other hand, in the theory 

of Kadyshevich?! the number of secondaries increases 
with decreasing angle ~. It has been shown in 
several investigations® that the yield of secondary 
electrons j (number of secondary electrons per 
steradian) decreases with increasing angle between 
the normal and the direction of emission. Kushnir 
and Frumin* have found for Mo and Ag that in 
normal incidence of the primary electrons, the se- 
condary emission j first decreases with increasing 
angle ~; from a certain angle on, j begins to in- 
crease and reaches a maximum at an angle ~~ 60° 
to 70°. An investigation of the secondaries from 
nickel® and soot®, also for normal incidence of the 
primary electrons, showed that j changes approxi- 
mately according to cos ~. This is in disagreement 
with the results of Ref. 4. The main shortcoming of 
the above investigations seems to be the absence 
of compensation of the magnetic field of the earth 
which may greatly influence the trajectories of 
slow electrons (the radius of curvature of 3 ev elec- 
trons at 7 ~ 0.5 Oe is roughly 10 cm). 


EXPERIMENTAL ARRANGEMENT 


The measurement of the angular distribution of 
secondary electrons was performed with the fol- 
lowing apparatus. The vacuum system had a 
spherical part with a diameter of 110 mm, the in- 
side of which was painted with aquadag. This 
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served as the collector for the secondary electrons. 
The collector was separated into five mutually insu- 
lated belts. The secondary electrons could reach only 
the upper four belts, the fifth was the lower half sphere. 
The areas and the median values of the angle 
forthe different belts are: 1. 2cm? and 12.5° ; 2. 
3.2 cm? and 24.3°; 3. 5.8cm? and 55.3 °; 4. 

6.6 cm? and 79.5°. The emitter E , consisting of 
polycrystalline cuprous oxide, was placed in the 
center of the sphere. The emitter was attached to 
a cylindrical electrode with a diameter of 20 mm 
and a length of 17 mm. Inside of it was placed a 
thermocouple fortemperature measurements and a 
bifilar filament W which served as a heater. The 
preparation and baking of the system was performed 
in the way as described in Ref. 7. The pressure 

in the system as measured by an ionization gauge 
before sealing off of the system was 107° cm Hg. 
After sealing off, a getter was flashed at 450° C. 


When connecting only one belt to the current 
measuring setup, the potentials on all belts re- 


mained equal. Two coils of lm. diameter were 
used to compensate the earth’s magnetic field. 


RESULTS 


Figure 1 showsthe resultant curves obtained 
from each belt separately and from the entire 
collector. The primary electron energy was 
Ue = 400 v ; the temperature of the emitter was 


400° . Figure 2 shows the energy distribution of 
the electrons. This was obtained underthe same 
conditions by the method of electrical differentia- 
tion.7*8 The form of the curves of the current at 
positive V, (Fig. 1) and also of the energy dis- 
tribution (Fig. 2) is quite different for the dif- 


ferent belts. The slope of the current collected 
at belt 1 shows a sharp break at V;,~= 90. For 


positive, increasing V, , the value Lod I, keeps 
increasing until it saturates at V,= 20V. The 
curve showing the current to belt 2 also has a 
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Fic. 1. Currents collected at V_ = 400 v and t= 400°; 
curves | to 5 for the belts 1 to 5 separately, curve 6 — 


total current. 


al, 
“hn 0B 


Fic. 2. Energy distributions for V, = 400 v and ¢ 
= 400°; curves 1 to 5 for the belts Ito 5 separately, 
curve 6 for the whole collector. 


break; it occurs at V, ~3v. At roughly the same 
voltage the curves of the currents to belts 3 and 
4 even have an extremum. The currents to belts 
2 and 3 increase monotonically while the currents 
to belts 4 and 5 decrease for increasing Ve .These 
collected currents, particularly for belt 5, still 


show rather marked variation around 30 v and reach 
saturation only around V =~ 80 v 

As already mentioned, secondary electrons can 
not reach region 5 of the collector. Therefore the 
curve 5, Fig. 1, shows the current of tertiary elec- 
trons emitted from the other belts of the collector 
due to secondary electron impact at different col- 
lector potentials. The slight decrease of the values 
of this current for increasing positive ; is due to 
a bending of the trajectories of the tertiary electrons by the 
electric field which deflects some of the electrons away 
from region 5 to the other belts. But even at very 
large positive V, (100—150 v ), the number of 
tertiaries reaching 5 is still roughly one half the 
value reaching it at V, = 0. 

The tertiary electrons emitted by any of the belts 
arrive not only at 5 but also at the belts 1 to 4. 
Therefore, the measured currents consist of the 
arriving secondaries, plus the tertiaries arriving 
from the other 3 belts, minus the tertiaries emitted 
by the belt under consideration and collected by 
the other belts andthe emitter electrode. One 
must then reckon with the fact that the collected 
secondary currents tothe different belts will be 
distorted for all values of V, (even for large 
positive ones) by tertiary currents. The amount of 
distortion will be differest for the different belts. 

There was another source of errors in our setup. 
The secondary electrons striking the unpainted 
strips of glass (width 1mm) between the belts 
could charge up this surface,thus creating local 


electric fields. However it was possible to check 
on the existence of such fields by sudden changes in 
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5° 


Fic. 3. Angular distributions at the following conditions: 
6.V5 = A100. vy, Ve 1,5, 10 and 30 v; b. Vp = 100, 400, and 


600 ¥, V;, = 30 v. 


V, + It turned out that the glass surfaces were es- 
sentially uncharged for positive, zero, and even 
for slightly negative V, . This clearly can be ex- 
plained in the following way. There are both fast 
electrons striking the collector for which the 
coefficient of secondary emission on glass, 6, , 
is larger than 1, and slow electrons with a coef- 
ficient 6, smaller than 1. The fast ones would 
charge the glass positively, the slow ones nega- 
tively. Thus, under favorable ratios of fast to 
slow electrons as well as of 5, to 5, , the glass 
surface will not become charged. 

Figures 3 and 4 show the angular distributions 
as obtained in this experiment. (j is the current 
per steradian,~—the angle tothe normal). Except 
for curve a, Fig. 3, the different curves are nor- 
malized to coincide at p= 12.5°. Curvea, 

Fig. 3, shows a pronounced maximum at ~~ 55° 

in addition to the high value of j at small angles 
This results in agreement with results of Ref. 4. 
However, with increasing positive values of V_ , 
the angular distributions become smoother by an 
increase of j at small angles (y= 12.5 ° and 35.5° ) 
and a decrease at y= 79.5°(see Fig. 1). At ° 
larger values of V;, , the distortions due to second- 
aries are somewhat smaller, dueto the fact that more 
of them return tothe belt from which they were 
emitted. Therefore, the angular distributions ob- 
tained for large positive V, are closer tothe actual 
values. The large values of j at large (55.3 ° 

and 79.5° ) obtained here for small V, (as well as 
in Ref. 4) are due to the larger distortions intro- 
duced bythe tertiaries. For smaller primary elec- 
tron energies (V , = 100 v.), there should be emitted 
fewer tertiaries and therefore the distortions due to 
them should be smaller. Indeed as can be seen 


in Fig. 3b, the curves for V_ = 400 v and 600 v 
have a pronounced bump at 35° due totertiaries 
which is absent fromthe curve for As =100v. 


CORRECTION OF THE DISTORTIONS 
INTRODUCED BY TERTIARY ELEC- 
TRONS 


In order to obtain the true angular distributions, 

one has to correct the experimental results for 

the influence of the tertiaries. It is advantageous 
to correct the results obtained at V, = 0 since 
then the trajectories of the secondaries as well as 
the tertiaries will be straight lines and the elec- 
trons will keep the direction of their emission. 

The procedure to obtain the corrections is as 
follows. The current ofthe tertiaries from the belts 
1 to 4 reaching the region 5 is known. From the 
knowledge of the geometry of the apparatus— the 
areas of the belts andthe solid angles with which 
the different belts see each other and the emitter 
electrode— it is possible to obtainthe values of 
the tertiaries arriving from each ofthe belts at the 
region 5 and at the other belts and atthe electrode 
containing the emitter. The corrected value of the 
secondary current reaching each belt can now be ob- 
tained by adding to the measured current the 
tertiary currents leaving the belt under considera- 
tion and subtractingthe tertiary currents arriv ing 
from the other belts. 

In order to obtain the different tertiary currents 
one needsto know the angular distribution ofthe 
emitted tertiaries. As pointed out earlier, the high 
values of j at large pare due to tertiary electrons. 
One therefore can assume that the secondary e- 
mission increases monotonically with decreasing 
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Fic. 4. Corrected angular distributions: a, assumed distribution ~ cos ¢; 
6. assumed distribution™ cos * ‘y_ = 400v, V;, = 30 v for both a and db); 


¢. assumed distribution ~ cosy, Vp = 100, 400, and 600 v. 


angle ~(see Fig. 3,b). A natural choice for the 
angular distribution seems tobe a dependence ac- 
cording to a power of oos gy. After applying the 
corrections, the distortions introduced bythe 
tertiaries should disappear andthe obtained angular 
distribution of the secondary emission should then 
coincide withthe assumed distribution. 


DISCUSSION OF THE OBTAINED RESULTS 


1. In Fig. 4a there is shown the corrected angu- 

lar distribution with corrections according to a 

cos ¢dependence, while in Fig. 4b, a dependence 
according to cos ~ ~was chosen. It turned out 
that these powers of cos gresulted in corrected 
curves closest to the assumed dependence (viz. 

cos yor cos” yrespectively. As already mentioned 
the distortions introduced by the tertiaries decrease 
with increasing V, . Therefore, the character of 


the curves of Fig. 1 indicates the sign ofthe 
corrections forthe different belts. Thusthe cor- 
rection for belt 4 should decrease the measured 
value of j , since /, //, decreases with increasing 
V, (Fig. 1, curve 4). This is the case both for 
the cos yand the cos” ¢distribution (Fig. 4a and 
b). Similarly, the correction for belt 3 should 
increase the measured value of 7 in accordancewith 
curve 3, Fig. 1. However this is the case only for 
the distribution cos ¢(Fig. 4a) and not for cos? ¢ 
(Fig. 4b). Therefore one hasto conclude that 
the angular distribution of secondary electrons 
emitted from cuprous oxide has the form cos ¢. 
Fig. 4c shows the angular distributions ob- 
tained with primary electron energies of 100, 400, 
and 600 v. The angular distributions for 100 and 
400 v are almost identical while the one for 600 v is 
slightly narrower, indicating a decrease of emission 
at large angles. 
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2. We now shall discuss the results obtained 
on the energy distribution of secondary electrons 
forthe different directions of emission. Inthe 
region of positive Ve the curves for the energy dis- 


tributions (see Fig. 2) are distorted forthe fol- 
lowing reasons: as , decreases, (¢) the number 
of tertiary electrons surmounting the retarding 
field and reaching the electrode withthe emitter 
increases; (ii ) the number of tertiary electrons 
arriving fromthe other belts increases. The first 
effect decreases, andthe second increases, the 
values of the measured currents. The relative 
number of tertiaries leaving the first belt is con- 
siderably larger than the number of tertiaries arriv- 
ing. Therefore, the distortions forthis belt are 
larger, as is borne out by our results (Fig. 2). 

The value ofthe total current from the collector 
(Fig. 1, curve 6 ) is not constant for different 
positive V, but decreases markedly with decreasing 
V,, , beginning at approximately 10 v. Accord- 
ingly, the curve showing the energy distribution 
ofthe electrons reaching the collector (Fig. 2, 
curve 6 ) inthis same region shows a large value. 
This decrease of the collected current can be ex- 
plained by the increased number of tertiaries reach- 
ing the emitter electrode due tothe decrease of the 
retarding field associated with the decrease of the 
positive value of V, . 

In the region of negative V, there also exist 
distortions. As V, becomes more negative, (i) 
the number of tertiaries reaching the electrode F 
decreases because the number of (low energy) se- 
condaries reaching the collector decreases, and 
(ii) more tertiary: electrons which were emitted in 
such directions as to miss the emitter electrode 
are deflected towards it by the electric field and 
reach it nevertheless. 

The ratios /, / 1, attain negative values start- 
ing with a certain small negative V, (see Fig. 1). 
This comes about when the number of tertiaries 
leaving the belt is largerthan the number of se- 
condaries arriving at the belt. In our numbering 
of the belts the ratio of the number of tertiary 
electrons leaving a beltto that arriving at the belt 


increases with decrease of the belt number. There- 
fore the value of /, at which the ratio i, [at 


becomes negative decreases as one goes from 
belt 4 to belt 1. (Fig. 1). Negative 7, /J, in 
the region of negative V, have been obtained also 
by other authors (see for example Refs. 9,10), 
who obtained results corresponding to our curve 6, 
Bigs: 

Curve 5, Fig. 2, shows the “‘speed’’ of the de- 
crease of the number of tertiaries reaching belt 5 
with increasing negative /, . To a certain degree, 
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it shows the distortions introduced by tertiary 
emission inthe energy distributions of the se- 
condaries obtained forthe four other belts. For 

a given belt, the number of arriving tertiaries in- 
creases and the number of arriving secondaries 
decreases with increasing ~. [or belt 4, the num- 
ber of arriving tertiaries is greater than the num- 
ber of arriving secondaries. Onetherefore should 
expect rather large distortions here. Indeed, 
curve 4, Fig. 2 shows a kink at V;,~3v,due to the 
considered distortions. 

The position of the maximum in the curves of the 
energy distribution is being displaced insignifi- 
cantly towards higher electron energy with 
increase of the emission angle ofthe secondaries. 
This displacement amounts to roughly lv for a 
change of gfrom 12.5° to 79.5.° This is consider- 
ably smaller than as observed in Ref. 4, where this 
displacement was 20 v and larger. It is possible 
that our small value forthe displacement is due to 
distortions from tertiary electrons which may have 
a different influence on the energy distributions 
ofthe different belts. 

I am grateful to L. M. Rakhovich, A. Iu. Reit- 
sakas, V. A. Bolotin and R. S. Breslav, who parti- 
cipated in performing the measurements. 
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Measurements were made of the total cross sections 0, for interaction of 7-—mesons with 


Be, C and O nuclei and of cross sections 9;, for inelastic collisions of 7-_mesons with 


Be, C, Cu and Pb in the energy range from 140 to 400 mev. Cross sections were determined 
by measuring the attenuation of a meson beam which passed through the scatterer, using 


scintillation counters. The energy dependence of the cross sections 0, and o;,, for nuclei 


in generalshape resemble the energy dependence of the total scattering cross sections of 
pions on hydrogen and deuterium. Results of the cross section measurements were analyzed 
on the basis of the optical model. It can be concluded, as a result of this analysis, that 


the optical model with parameters computed on the basis of the single Coulomb interaction 
of the mesons with the nuclei, satisfactorily describes the energy dependence ofthe cross 


sections inthe energy range of 140 to 400 mev. 


—— 


N order to study interaction processes between 

7 —mesons and nuclei, measurements were made 
of total cross sections o, of 7—meson interactions 
with 3e, C and O nuclei and of cross sections o;, 
for inelastic collisions of 7 —mesons with 3e, C, 
Cu and Pb nucleiin the energy range from 140 to 
400 mev. Results of total cross section o, measure- 
ments were reported earlier. In this communication 
we shall first describe results of o;, Measure- 
ments and then discuss the results of these measure- 
ments as well as the total cross sections. 

Cross sectionso ,;, were determined by measuring 
the attenuation of a meson beam passed through the 
scatterer, by the method of scintillation counters. 

A description of experimental conditions and equip- 
ment for meson recording is contained in Refs. 1 
and 2. 

Measurements of Be and C cross sections for all 
values of energy were carried out at a distance of 
6 cm between the center of the scatterer and the 
last scintillator, which corresponded to an average 
registration angle 0 for the last detector of about 
40°. Experiments with Cu and Pb were carried 
out at 0 = 25°. Results of measurements are 
shown in Table I. In the first column are given 
the 7-meson energies in the center of the scatterer. 
In columns 2 to 5 are given the ‘‘measured’’ cross 
sections. The values of these cross sections in- 
clude a number of introduced corrections. These 
corrections account for: 1) admixture of p-mesons, 
2) chance coincidences, 3) excess counts in the 
recording equipment. The above-mentioned cor- 
rections were discussed previously.1* The errors 
shown in columns 2 to 5 include statistical errors 
‘as well as the uncertainty in the corrections. 

The o., for inelastic collisions were obtained 


‘‘measured cross sections’” shown in 
columns 2 to 5. Corrections were introduced to 
account for the inelastically scattered mesons 
within the limits of angle 6 and for the secondary 
charged particles capable of being registered in 

the last detector. It should be noted that the 
introduction of these corrections presents great 
difficulties. The difficulties arise because the 
investigations ofthe processes of scattering and 
absorption of mesons in nuclei have been carried 
out basically only for elements entering into photo- 
emulsions. Results of Refs. 3 to 5 were used in 
making corrections. Corrections related to inelastic 
scattering of mesons were different for different 
energies and varied from (3 +1.5) to (8+4)% for 
3e and C and from (2+ 1) to (5 + 2)% in the case of 
Cu and Pb. The corrections were higher for higher 
energy 7—mesons. 


from the 


Corrections for secondary charged particles capa- 
ble of being registered in the last detector were 
taken to be the same in all cases and equal to 
(3 + 1.5)% as evaluated from the data in Ref. 4, the 
only available source. Besides the above correc- 
tions, corrections were also introduced connected 
with mesons elastically scattered at angles greater 
than 6. This correction was introduced only for 
mesons of 140 mev, where it was substantial; in all 
other cases this correction was too small and was 
neglected. The correction was evaluated on the 
basis of diffraction scattering theory for a ‘‘non- 
transparent’’ nucleus. 

The cross sections o;,, obtained for inelastic col- 
lisions of 7"—mesons with Pb, Cu, C and Be nuclei 
are given in columns 6 to 9 of the Table. In making 
the above-mentioned corrections account was also 
taken of the uncertainties in their values. 
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*The thickness of the used scatterer is shown in parenthesis. 


The energy dependence of the cross sections 0;, 


was shown in Fig. 1. The same Figure contains 
values of cross sections ojp for energies less than 
140 mev measured by means of scintillation coun- 
ters.°1° The given values of o;, include correc- 
tions for the Coulomb interaction. 

As can be seen fromFig. 1, the energy dependence: 
of cross sections 9, and a,, for all nuclei resem- 
bles in general the energy dependence of the total 
cross section for scattering of 7—mesons by hydro- 
gen and deuterium. Inthe energy region of 100 to 
250 mev, the cross section depends only slightly 
on energy, while at energies greater than 250 mev, 
the cross section decreases comparatively rapidly. 
The cross section also changes at a fast rate at 
energies less than 100 mev. The cross sections 
o, and o,, go through a maximum in the energy 
interval (~ 190 mev) where the total scattering 
cross sections of 7-mesons in hydrogen and deu- 
terium reach their maximum values. When studying 
phenomena associated with the entrance of mesons 
into nuclei, it is of interest to know the average 
path length A of the mesons in the nuclear matter. 
In order to obtain information onthe energy depen- 
dence of the path, A = f (E), on the basis of the 
optical model, an analysis was made of the results 
obtained in cross section measurements. With the 
nuclear radius taken as R = 1.42 x 107!3 x A}/3em, 
values of A were then found such that the magni- 
tudes o;, for Be and C satisfy the expression 


5 in = FRY — + [1 —(1 4 2R/)) 
exp {—2R/i})(./ Ry 


for all energies. The obtained values of A are 
shown in Fig. 2. In the same Fig. are also shown 
values of 4 for energies less than 140 mev as ob- 


tained by a number of workers cited in Ref. 11. 

If we assume that the 7-mesons interact with 
separate nucleons in the nucleus, then the free 
path can be computed from the data on cross 
sections of 7-meson interaction with free nucleons 
and the expression 


i = [p a5,(x , p)+9,83,(n°, n)] 4, 


Vat 
where p, and p, denote the density of protons 
and neutrons,respectively, in the nucleus, o,(77, p) 
and o, (7, n ) = total interaction cross sections 
of 7”—mesons with free protons and neutrons, & 
and 8 = coefficients smaller than unity introduced 
to account for the Pauli principle. In computing 
the values of A ” for hydrogen in the energy region 
from 30 to 350 mev the value «=f = 1 was used 
On the basis of charge symmetry values of 


+ ° 
°, (7", p) were used in place of 0, (a°,n). The 
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Fic. 1. Energy dependence of cross sections for inelastic collisions of 7—mesons with nuclei. 
a—beryllium and carbon: @—(7 , C), this work; A—(7 , Be), this work; O—(7 , C), Ref. 
7; A—(7", Be), Ref. 10; O—(n*, C), Ref. 10; © —(7, Be), Ref. 8; x—(77,C), Ref. 9; 


V—(7, C), Ref. 8. 


” b—Copper: A—(7 , Cu), this work; x—(7 , Cu), Ref. 9; O—(7 , Cu), Ref. 8; N= 


(7*, Cu), Ref. 10. 


c—lead: @—(7 , Pb), this work; D—(m7 , Pb), Ref. 9; x—(7 , Pb), Ref. 8. 
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Fic. 2. Dependence on energy of the meson path A 
in the nuclear matter. [| O—experimental points obtained 


by the optical model in the present work; x— works 
cited in reference 11; solid curve computed without 
allowance for the Pauli principle from cross section 
data for scattering of 7-mesons by nucleons. 


values of o,(7, p) and o, (n*, p) were taken from 
a series of published works. Results of A” compu- 
tations are shown in Fig. 2 in the form of a solid 
line. , 

As can be seen from Fig. 2, there is an agree- 
ment between the values of A and A’ in the energy 
region greater than 200 mev where it is more justi- 
fiable to neglect the effect of the Pauli princi- 
ple. This fact indicates directly that the initial 
assumption was correct, i.e., that the interaction 
of 7-mesons in the nucleus takes place basically 
with its separate nucleons. This conclusion can 
be supplemented by making a comparison between 
the experimentally obtained relationships o, =f(E) 
and o;, =f (E) and the similar relationships com- 
puted by Sternheimer on the basis of the optical 
model in the energy region of 100 mev to 2.5 bev.!? 
This comparison is especially interesting because 
in computing the energy dependence of the elastic 
scattering 0, =f (E), values of the real parts of 
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FIG. 3. Comparison of experimentally obtained energy dependence of cross sections for different 
nuclei computed on the basis of the causality condition, !2 


a— Total cross section for carbon [O—(7, C)], measured in Ref. 1. 


b—Cross section of nonelastic collisions for copper: @—(7 , Cu), this work; x— 
Gi» Cindy Retet@s OS(s, Can, REG Be la(a 5. Cm), Tie, 1B 


c—Cress section of nonelastic collisions for lead: @—(z , Pb), this work; x— 


(7a, Pb). Refa 9; O= (7, Pb), Reta 8. 


Computed curves are shown dotted. 


the forward scattering amplitudes were used, ob- 
tained in the basis of the causality condition from 


one data on total cross sections of meson scattering 


by protons. The dotted line in Fig. 3a represents 
the energy dependence of the total cross section 
for carbon obtained by the summation of the com- 
puted o, =f (E) and o, = f(E). Good agreement 
can be seen to exist between the computed and 
measured dependence of the total cross section on 


energy 0, =f (E). In Figs. 36 and 3c, where a com- 


parison is made between the measured and com- 
puted cross sections for inelastic collisions in 
copper and lead, agreement between measured and 
computed cross sections can also be observed 
within limits of experimental errors. 

Thus, the analysis of the results permits us to 
conclude thatthe optical model, with parameters 
computed on the basis of the single nucleon in- 
teraction mechanism between mesons and nuclei, 
satisfactorily describes the energy dependence of 
the total and inelastic cross sections for beryl- 


lium, carbon, copper and lead in the energy range 
of 140 to 400 mev. 


From the cross sections o, and o;, in the range 
of energies close to 190 mev (where the real part 
of the interaction potential between 7 —mesons and 
the nucleus passes through zero ~) it is possible 
to derive information onthe sizes of nuclei. 
Indeed, values of the total cross sections o, for 
beryllium, carbon, oxygen and of inelastic col- 
lision cross sections for beryllium, carbon, copper 
and lead in this energy region are equal to values 
of 27R* and 7R% respectively, if the nuclear radius 
is taken equal to R = 1.42 x 10713 x 41/3cm. 

In conclusion we consider it our pleasant duty 
to thank J. V. Popov and G. N. Tentiukov forthe 
assistance given by them in carrying out certain 
computations. 
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The mean energy Ea of the G-spectra of pe? s°>, Cuc*; We? and Au-?® were deters 
mined by the calorimetric method. The following values of Eg were obtained for the above 
isotopes,respectively: 693 +22;52 +2; 213 +12; 144 +7 and Slate Oakes 


THE electrons and positrons emitted during 
* B-decay have a continuous energy spectrum. 
The mean energy of the (-particles 


Emax Emax 
E, = | En(E)dn | n(E)dn ) 
0 0 
is always less than the maximum value ae and 


x 
for most -active isotopes equals 0.3—0.4 E 
The exact values of Eg are usually found from the 
spectral distribution of 8-electrons, measured with 


the help of a magnetic or any other B-spectrograph. 


It should be borne in mind, however, that the ex- 
perimental investigation of the shape of the whole 
G-spectrum is difficult, and the spectral distri- 
bution obtained can be quite incorrect. The finite 
thickness of the source and ofthe counter window, 
the scattering of electrons from the source mount 
and from the walls and baffles ofthe spectro- 
graph, the diffusion of radioactive atoms into the 
source mount, the electrical charging of the latter, 
and other causes can markedly alter the shape of 
the B-spectrum, especially in the low-energy 
region, The errors ofthe values of E 9 obtained 
by this method are in most cases not less than 
3—5% « 

The methods of determination of F 9 with the 
help of an extrapolation chamber! and absorption 


measurements” are as yetunsufficiently developed. 
The idea of the calorimetric determination of 

the mean energy of the B-spectrum lies inthe si- 

multaneous measurement ofthe calorimetric effect 

Q of the B-radiation and of the number of disin- 


tegrations A of the sample. The mean energy £ 8 
tficws from the self-evident relation 


The calorimetric method, notwithstanding its 
numerous advantages and relative simplicity, has 
almost not been used. Since the well-known ex- 
periments of Ellis and Wooster® who measured the 
mean energy of the -electrons of Rak*, the mean 
energy Ea has been determined by the calorimetric 
method in the last 25 years for two cases of 
B-emitters only, namely,for H? © and P?? 

We determined the mean energy of the B-spectra 
of five S-active isotopes: p22, §°>"Cao* Wee 
and Au!98 using double static calorimeters having 
a sensitivity of 5X10°° W/mm.® The method used 
is described be}ow in short and the results are 


fs 


*These classical experiments which played an im- 


portant role in the formation of the modern theory 
of the -decay and the neutrino hypothesis were re- 


peated by Meitner and Ortmann‘ , and also by Zlotowski> 
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CALORIMETRIC DETERMINATION OF MEAN ENERGY 


given forthe above-mentioned isotopes. 

2. A known 'mass of a chemical compound or 
element, containing radioactive atoms of the iso- 
tope in question, was placed in a thin-walled glass 
or brass container, and its calorimetric effect 
measured ina calorimeter. The absorption of the 
P-radiation in the source itself and in the walls of 
ane ove annie wan wert 
badiaGon not ee h ~ ea eeb ling 
pe Aaa Lait +“ aso anes inthe case 

; . e case of the rela- 
tively short-lived isotopes Cu®* and Au!98 4 
correction was made for the heat inertia of the 
calorimeter used.® A small mass (10—30 mg) of 
the radioactive material was weighted carefully 
and dissolved in a known volume of distilled 
water or appropriate acid. Sources for absolute and 
relative 8-measurements were then prepared from 
this solution which contained a known mass of the 
radioisotope per unit volume. Measurements carried 
out using a conventional set-up and a T—4 end 
window counter helped to determine the so-called 
mean coefficient, which was needed later for the 
absolute B-activities of certain sources. Asa 
check of the radioactive purity of the sample, the 
half-life and the B-absorption curve in aluminum 
were measured using the same set-up. 

The absolute B-measurements of the specific 
activity p of the sources (the number of disin- 
teerations per mass unit of the mother radioactive 
material) were carried out ina special set-up with 
a predetermined solid angle. The value of the 
specific activity p and of the calorimetric effect 
Q of a given weight p being known, Eg could be 
computed withthe help of the following formula: 


Es = qQ/po, (3) 


where q is a factor equal to 6.24x10°” where Pp 

is in grams, p in disintegrations per gram second, 
Q in watts and where Eg is obtained in mev. The 
accuracy of the measurement of Eg by such a 
calorimetric method was limited mainly by the 
errors of the absolute B-measurements and in our 
case amounted to 3—6% for different isotopes. 

3. The results of the calorimetric determinations 
of G-spectra mean energy ofthe radioisotopes pes 
S35) CuS4, W!85 and Au’? obtained by us are 
given in column 9 of the Table. The measured 
values of p, p and Q are found in respective col- 
umns. 

Since the calorimetric measurements and the 
absolute B-activity determinations were carried out 
within relatively long time intervals (usually not 
shorter than 1—2 half-life periods), mean values 
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of p and Q were used in the computations. For 
this purpose, linear semi-logarithmic plots, based 
on experimental points,were used (see Figs. 1 
and 2 for the cases of P?? and S35 ),the slopes 
of which were equal to the half-life of the res- 
pective isotope. The values of the absolute acti- 
vities and of the calorimetric effects, needed 

for the computation of Eg , were taken from these 
plots, a procedure which tended to reduce fluctua- 
tions of single measurements and somewhat en- 
hanced the accuracy of results. The mean 

values of p and Q for a given time are listed in 
respective columns of the Table. For the case 


0 0* wD y (days) 


Fic. 1. Measurements of P?? samples: 1,2— meas- 
urements of the absolute G-activity of the sources P3277 
and P°” Ill used for the determination of the specific 
activity of the original P?? preparation; 3—measurement 
of the half-life of the sample ; 4-calorimetric measure- 
ments; 5—measurements of the bremsstrahlung radiation 
intensity with an ion chamber: N—Ng is the number of 
pulses per minute ( curves 1, 2 and 3 ), Q is the calori- 
metric effect (curve 4), / is the ionization (curve 5). 


Iga 
Ig(W-Np) 


300 


*(days) 


og io 


WO 0 (0 6 


Fic. 2. Measurements of s35. 1,2—measurements of 


the absolute cy of the sources cies I and S25 11 
used for the determination of the specific activity of 


the original S35 sample; 2—measurements of the half- 
life of the $°° sample; 4—calorimetric measurements. 


of Ages. the measurements were carried out not 
only in the thin-walled 6-calorimeter, but also 

ina y-calorimeter®, in which the thickness of the 
walls of the inner cylinders ensured the total ab- 
sorption of y-rays up to energies of 700 kev. These 
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measurements made it possible not only to deter- 
mine the mean energy of the 8-spectrum of Ries 
but also the total ‘‘heat energy”’ of the decay, equal 
to Ep + ny Ey. This value is also given in the 
table. The calorimetric measurements in the B- 
calorimeter as well as the absolute 6-measureme nts 
ofA 3 sources withthe help of a 6-counter 

were corrected for the 410 kev y-conversion line, 
and in the case of Cu®* samples K-capture x-rays 
were accounted for. For comparison, values of 
mean energies computed by us from the best spectro- 
metric values are given in column 10, and values 
obtained from the Fermi formula underthe assump- 
tion of resolved §-spectrum in column 11. 


i” Cae 
Kad “ Uf B (38%) 
B (19%) 
3” ii wi” 
a b c d e 


Fic. 3. Decay schemes: a—P?? 
and e— Au 


The comparison of these values with our results 


of the calorimetric determination of E , is generally 


satisfactory. It should be noted that the isotopes 
worked with were mainly those, the spectrum of 
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which is well known and which corresponded to 
the case of the resolved 8-spectrum. 
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The investigation of the processes of two-electron capture by singly-charged positive 


carbon and oxygen ions in collisions with He, 


Ne, A, Kr and Xe atoms and H.j, Ny and 


O, molecules was carried out with the help of a double mass-spectrometer set-up. The 


effective cross sections for these processes were measured for the Ge and oO} 


the energy range 10.7-54.5 kev. 


INTRODUCTION 


pa effect of the double change of the charge, 
i.e., the capture of two electrons in single 
collisions between positive ions and gas molecules 
has not been studied sufficiently. The first order- 
of-magnitude measurement of the cross section for 
this process was reported in Ref. 1. Two-electron 
capture by protons in different gases was studied in 
Ref. 2, and that by singly charged positive oxygen 
ions in hydrogen, nitrogen and oxygen in Ref. 3. 
The effective cross sections of the two-electron 
capture by triply-charged argon ions in collisions 
with N, Ne and A atoms were measured in Ref. 4. 
The main result of the above investigations was the 
discovery that the effective cross section of the 
two-electron capture is not neglibly small as com- 
pared with the one-electron capture cross section, 
and in some cases can attain gas-kinetic values. 
Further study of the two-electron capture processes, 
its laws and connection with other inelastic proces- 
ses in collisions between fast ions and gas mole- 


cules is therefore of considerable interest. 
The effective cross sections of two-electron cap- 
ture in the passage of Gr and OF ion beams through 


Ne, He, A, Kr, Xe, H, and Q, were measured in the 
course of the present work. 


APPARATUS AND EXPERIMENTAL METHODS 


The investigation of two-electron capture proces- 
ses in the collisions between Cy and Oy ions and 


gas molecules was carried out with the help of a 
double-mass-spectrometer set-up, described in de- 
tail in Ref. 3. CO, was passed through a bimetal 


valve into the high-frequency ion source in order to 
obtain beams of the C} and (On ions. A mass- 


ions in 


spectrometer analysis of the ion beam revealed , be- 
sides the CG and OF ions, considerable quantities 


of CO* and CO; ions and small quantities of Hj, 
He, H; and Ny ions, as well as Cc and OF ions re- 


sulting from the dissociation of CO* ions in the 
drift space in front of the mass-monochromator. The 
dispersion of the mass-monochromator was sufficient 
to resolve the ee peak from the adjoining Ni peak, 


and the peak of Ce ions from dissociated CO‘, and 
to resolve the oN peak fromthe adjoining Ny peak 
as well. 

The determination of the effective cross sections 
of the two-electron capture by Ct and OF ions was 


effected by the mass-spectrometric method, de- 
scribed in detail in Refs. 1 and 3. In order to cal- 
culate the cross section, it is necessary to de- 
termine the slope of the linear part of the curve 
I~/I* = f(p) (where /~/I* is the ratio of the cur- 
rents of the negative and positive components of 
the beam which have traversed the collision chamber, 
filled with a gas at pressure p). It should be taken 
into account that apart of the negative ions in the 
beam that leaves the chamber is formed by the 
residual impurity gases inthe chamber. We have 
accounted for this by determining the two-electron 
capture cross sections fromthe slope of the linear 
part of the curve 


(Gj )— (iP), = 1 0—Pe> 


where (al) a, is the ratio/—/I* in the beam 
after traversing the residual gas in the collision 
chamber and p@ is the pressure of the residual gas. 
The value of Cle sae rk depends onthe composition 
of the residual gas. It was shown in Ref. 2 that the 


value of Ci Ba Fe can be reduced by an order of 
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magnitude by inserting a liquid air trap into the 
collision chamber. Such a suppression of the back- 
ground is connected with the lowering of the organic 
vapor pressure of the various organic substances 


(the diffusion pump oil and its decomposition 
products, the vacuum grease, etc.) always present 
in the residual gas, and which then condense on the 
cool surface of the trap. Since this freezing out of 
organic vapors causes a considerable rise in the 


value of [/~/I*) —(1~/I)@ lp — Po) and, con- 


sequently, in the accuracy of the measurements of 
the two-electron capture cross section, we have used 
this method in the present work. For this purpose 
the collision chamber of Ref. 3 was replaced by a 
new one, fitted with a trap. Besides, it was now 


possible to measure the beam current directly at the 
outlets of the input and the output channels of the 
collision chamber with the help of two Faraday 
cylinders which could be placed into, and removed 


from, the beam by means of magnetic control. 
The gas pressure in the region of the linear part 


of the plot (1—/I*) = f(p), i-e., up tothe pressure 
of 1 — 2x 10°* mm Hg was measured with a Knud- 
sen gauge, higher pressures weremeasured with a 
McLeod gauge. Changes of the /~ and /* currents 
incident on the Faraday cylinders were measured 
simultaneously with a mirror galvanometer and a 
string electrometer, which served to remove errors 
due to fluctuations of the primary beam intensity. 
As a check of the reproducibility of the results, 


we measured the cross sections of the processes 
He + HJ in argon and in helium, and OF =O 7 in 
hydrogen and in oxygen, and compared the results 


with those obtained in Refs. 2 and 3. It was found 
that forthe process He = He in argon and helium 


the results are reproducible within the limits of the 

experimental error. The values obtained for the 

cross sections of the process Ot > OT in hydrogen 
i 


and oxygen were 5-10 times smaller than in Ref. 3. 
Since the method used was different, we repeated the 
measurement of the cross sections of the process 
CG: > OF in hydrogen and oxygen not using the 


liquid air trap and obtainedresults consistent with 
those of Ref. 3 within the experimental error. 
These experiments showed that the presence of 
condensable vapors in the residual gas of the colli- 
sion chamber has amarked influence on the value of 
the measured cross section, which cannot be re- 
moved by determining the cross section from the 


plot (1-717) — (tigen s =f(p — pg). The cause 


is the following: a simple calculation shows that, 
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for small gas pressures in the collision chamber, 
the value (J~/]*) — C/N can be represented 


as follows: 


= 


Tie 
jae (FF), (1) 
N 
areal i i JE, 
= ae a. [s1-1 >) (S19 + 3-1) Pir 


i=] 


N 
F It 
ni Clete th ee > 3,_,P, ar |} (= Py) a ) 


i=] 


where p, oy, and o,_, are the pressure and the 


1-1 
cross sections for one- and two-electron capture, 
i 
10 
and o'|_, the corresponding values for one of the 


respectively, forthe investigated gas, and Py o 


gases present in the residual gas in the collision 
chamber. 

The presence of the terms in the square brackets 
in (1) shows that the value of the cross section 
o,_, determined fromthe linear part of the relation 


I 7/ia Chae] ayes = f(p— Pp) is larger than the 
real value because of the presence of the residual 
gas. The lower the pressure of residual gases in 


the collision chamber, the closer will be the 
measured value of ¢,_, to the real value. Using the 


liquid air trap in the collision chamber for the pur- 
pose of condensing the organic vapors present, we 
greatly reduced the pressure of the residual gas, 
and therefore, the systematic error. 

It was shown experimentally for all ion-molecule 
pairs studied that further lowering of the ratio 
Clave as compared with the value reached 
using the liquid-air trap*, does not lead to a 


diminishing of the measured cross section Ue: 


This means that, by using the liquid air trap, the 
Systematic error connected with the presence in the 
collision chamber of gases (that are not condensing 
at liquid air temperature ) lies within the limits of 
statistical errors which, in the present experiment, 
attained +15%. 


DISCUSSION OF EXPERIMENTAL RESULTS 


The energy dependence of the two-electron cap- 
ture cross section was measured for the Ge and O; 


* This is effected by placing liquid air traps in the 
space before and behind the collision chamber. 


TWO-ELECTRON CAPTURE IN COLLISIONS 


ions in collisions with Ne, He, A, Kr, Xe, He ae 
and O, molecules, in the energy interval 10.7-54.5 


kev. Spectrally pure He, Ne, Kr and Xe, hydrogen 


filtered through palladium, 99.1% pure oxygen, 99.7% 
SS aa I I 
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argon and nitrogen obtained from evaporation of 
liquid nitrogen and purified from oxygen by passage 
through copper filings at 600°C were used. The 
results obtained are shown in Figs. 1 and 2. 
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The figures show that, in the energy region under 
discussion, a monotonic increase in the effective 
cross section with the ion energy is observed for 


the Cy ions in He, Ne, A, Xe, H, and N, and for 
the 07 ions in He, Ne and N,. The rate of the rise 
of the cross section o,_, for these ion-molecule 


pairs slows down with increasing ion energy, which 
indicates that a maximum is being approached. The 


cross section 0 is constant for OF ions in A, Kr, 


1-1 


Kr, *—xXe 


H, and O, from about 30 kev to the upper limit of 


the measured inverval. Such a region of constant 
cross section 0,_, was observed in two more 


cases: for Gi in Kr from 27 to 32 kev and for Cy 


in OF from 32 to 43 kev. In these two cases, how- 
ever, the cross section increases again with the 
energy after the plateau. In one case oniy, namely, 
for OF in Xe, a flat maximum is observed in the 


measured energy interval, at about 30 kev. 
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The value of the cross section ¢,_, for a given 


ion changes within very wide limits: for the Cs ions 
from 3.2 x 10°2°cm? (in H, at 32.4 kev) to 6.4 

x 10°!7cm? (in Xe, at 54.5 kev) and forthe OF 

Jona trom 5.1 x 10.2 em” (in He, at 32.4 kew) to 
2.4x10°!%em? (in Xe, at 32.4 kev). A strong de- 
pendence of the cross section a,_, on the gas 
molecule from which the ions capture the electrons 
is observed. The cross section o,_, for the Cy 


and Ge ions of the same energy increases in the 
various gases in the following order: He, Ne, H,, 


INGO wate Xe. Exceptional are the Cy > CS 


processes in A and Q, in the 10.7-28 kev region, 
in which the cross section g, _, is smaller for 
argon than for oxygen. For the same gas the same 
ion velocity, the cross section o,_, is as a rule 


larger for the 0; ion than for the (oes 


Lack of literature on the two-electron capture 
by Cy and OF ions makes it impossible to compare 
our results with other investigations. 

It is impossible to calculate the effective cross 
sections of inelastic processes in collisions be- 


tween particles with shells containing many elec- 
trons on the basis of the present theory of atomic 
collisions. Therefore, the discussion of our re- 
sults can be made only on the basis of general 
theoretical considerations connected with Massey’s 
“fadiabatic hypothesis’’®. According to this 
hypothesis, slow collisions between particles take 
place under the condition a | AE| /hv >> 1 (where 
AE is the resonance defect, i.e., the change of the 
internal energy in the given inelastic process, a is 
the distance at which the interaction forces between 
the colliding particles act, A is the Planck con- 


stant and v is the ion velocity). In the slow- 
collision region a sharprise of the effective in- 
elastic cross section with the ion velocity should 
be observed. The maximum value of the cross sec- 
tion is attained for the following condition: 
COPIER edie Ue (2) 
The value of the parameter a| AE | /hv can be 
estimated when a and | AZ| are known. The value 
of the resonance defect for the two-electron capture 
processes can be easily calculated under the as- 
sumption that the colliding particles are in the 
ground state both before and after the collision*. 


* In Refs. 2 and 3 examples of the calculation of the 


resonance defect are given for several ion-molecule 
pairs. 
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The resonance defect changes from 20.6 ev (in Xe) 
to 66 ev (in He ) for the Ct = CF processes, and 


from 17.5 ev (in Xe) to 62.9 ev (in He ) for the 
0% > OF process. It should be noted that for one- 


electron capture processes the resonance defects 
are much smaller. For instance, for the Ciy> cy 


process, the values vary from 0.84 ev (in Xe) to 
12.4 ev (in He), and for the OF > OF process, from 


0.4 ev (in Kr) to 10.9 ev (in He). The value of a 
can be calculated fromthe condition (2) in the case 
when a maximum is attained for the cross section 

in the investigated energy region. Inthe present 
work, a maximum was observed only for the Gr 

+ OJ process in Xe at 33 kev. Calculation gives 
the corresponding value of a to be equal to ~1.45 A. 
In Ref. 2 it was found that a equals 1 and 2 A for 


the HS If] process in Ke and H,, respectively. 


9? 
Hasted has shown ©’” that in one-electron capture 
collision processes the value of a does not vary 


greatly for different ion-molecule pairs and is equal 
on the average to 8A. 


Under the assumption that the impact parameter 
varies only slightly for two-electron capture proces- 
ses*, it is possible to compute the value of 
a|AE|/hv, taking a to be equal to 1.45 A. For 


the Ge > Cl process this value varies in the begin- 


ning of the investigated velocity interval from 1.7 
(in Xe) to 3.6 (in He), and for the Os > Or process 


from 1.8 (in Xe) to 3.3 (in He). It is therefore im- 
possible to treat the studied velocity interval as 

the slow-collision region, since even for the lowest 
ion velocity, the criterion a|AE|/hv >> 1 is not 
fulfilled. It is possible to note, however, from Figs. 
1 and 2, that the effective cross section increases 
with the energy more sharply for those ion-molecule 
pairs (Ct and OT in He and Ne) for which the ratio 


a| AE |/hv is largest in the velocity interval 
studied. It is interesting to compare the depend- 


ence of the cross sections a 


and ga,. on the 


1-1 10 


* The fact that no maximum is observedin the curves 
0,_, =f (£), apart from the curve for o- 0}, in Xe, is 
a partial confirmation of the above assumption. Since 
the value of |AE| is the smallest for the O° 07 
process in Xe, it should be expected that for other 
ptocesses the maximum cross section should be shifted 
in the direction of higher velocities, of only a re- 


mains constant for the processes in question. 


TWO-ELECTRON CAPTURE IN COLLISIONS 


value of a] AE | /hv. Such a comparison is possi- 


ble for the pairs Ce ~— Xe, 0; — Kr and oe — A, 


since both the a cross sections measured by us 
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cross sections measured by Hasted®>? 


and the Fr 


correspond to such a velocity interval that the 

values of a| AE |/hv overlap, if we take a to be 
equal to 1.45 A for iont 
8A for ion*—atom processes. The dependence of 


OR and Ty 00 a|AE|/hv for the oe — Xe, OF 
— A and oy — Kr pairsis shown in Fig. 3. The 


corresponding curve of the 7), cross section for 


—ion processes, and to 


the Hy ~ A pair is included for comparison. 
Attention is drawn to the fact that fall of the 
cross section 0), with the rise of a| AE | /hv is 


much slower for Ce — Xe, OF — A and QF —Kr 


pairs than for i — A. An analogous phenomenon 
is found in comparing the curves for the a, and 


de- 


The cross section F109 


o,_, Coss sections. 


creases ‘much more slowly with increasing 
a|AE|/hv than does the cross section a, ,- 


From the point of view of the adiabatic hypo- 


thesis, the slow decrease of the value of the a, , 


cross section with increasing a |<E | /hv for the 
Gy — Xe, OF — A and 0; — Kr pairs represents an 


anomaly. Hasted proposes to explain the large a, , 


cross sections at low velocities by the fact that the 
ion beam contains some excited metastable ions. 
In the case of the Ue +A>-> of + A* process, for 


instance, the resonance defect for the electron ex- 
change between ground-state particles is equal to 
— 2.2 ev if the Ce ion is in the 7P state, the col- 
lision process can be either Ot(??P)+4+07(7D) 
+ At with AE =-— 0.84 ev, or Ot ( 2D) aA 0. 


+ At with AE = 1.12 ev. The observed dependence 


of o,, on the ion velocity is the result of super- 


10 
position of a series of curves for collision proces- 
ses with different values of resonance defect and, 
consequently, with displaced maxima. ‘The presence 
of excited ions in the beamis evidently excluded 
in the case of the pair Hy — A, and, correspondingly, 
a sharp fall ofthe cross section with decreasing 
ion velocity can be observed. 

The sharper decline of the 7, _, cross section as 


compared with the o,, cross section can be ex- 


plained, on the basis of Hasted’s assumption, by 
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insignificantly small quantities of excited ions in 
the beam used in our experiments. This assump- 


tion is confirmed by the fact that the 7), cross 


i+ -,nt.ot 
section for the Hy + H, > Hy + Hy + Hj process?, 


where all particles involved can be in the ground 
state only, also falls sharply with diminishing 
‘velocity. 

It should be noted that in two-electron capture 
collisions the presence of excited ions in the pri- 
mary beam or the formation of excited fast or slow 
particles after the collision will have a lesser in- 
fluence on the dependence of the cross section on 
velocity than in the case of one-electron capture 
collisions. Consequently, the relative change of the 


resonance defect of the two-electron capture due 
to the presence of excited particles in the primary 
beam or their creation after collision will be small. 
The experimental curve O1.1= f(v) will be the re- 


sult of superposition of two curves with closely- 

spaced maxima, which will, as a final result, dis- 
tort the curve relatively slightly for small veloci- 
ties. 

The curves shown in Fig. 3 permit also the com- 
parison of the numerical values of the o,_, and the 
71, cross sections for identical values of the adia- 
batic parameter a| AE |/hv. It follows from this 
comparison that, although the cross section a, _, 
is much smaller than the cross section 0}, yet it 


cannot be regarded as negligible for the studied 
ion-molecule pairs. 


~—— 


4 alAe| 
hu 


Fic. 3. 1—O} +09, Kr; 2—Of +0?, A; 3—Cha 
=? Xe) 4— 07 = OF5 Kt; 6 =O = Ons, 
6=Ch—Gr, Xe 7 =H nA 


It was mentioned above that there exists a strong 
dependence of the effective cross section 7). 
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on the nature of both the ion and the molecule 
which collide. It is of considerable interest to 
find which physical values characterize the con- 


nection between the value of the cross section 


o,_, With the nature of the ion and of the molecule. 


It is natural to assume that a certain role should 

be played by the binding energy of electrons both 
in the negative ion forned in the collision process 
and in the’ molecule from which they are captured. 
The resonance defect in the investigated two- 
electron capture processes A pea BB is 
assumed to be an atomic particle ) can be written 

in the form: 


AE = (Va+Sa)— (Ve + V3), (3) 


where vi and 54 are the first ionization potential 


and the electron affinity of the particle 4, and ee 
and Vie are the first and the second ionization 
potentials of the particle 8. As it can be seen 
from (3) the binding energy of the exchanged elec- 
trons in the capturing and in the losing particle 
enter into the value of AE. Therefore, it is logi- 


cal to find the connection between AE and Oren 
The dependence of the cross section o,_, on 
|AE 


one and the same velocity of the OF and Cy ions, 


for the processes O} > OF and Cy + C7 for 


equal to 7.55 x 10’ cm/sec, is shown in Fig. 4. 
The points for the different processes lie on dif- 
ferent smooth curves (only the points for the Gh 
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— QO, and Oj - H, pairs fail to coincide ), corre- 


sponding to the monotonic decrease of the cross 
section 0, _| with increasing absolute value of the 


resonance defect. Since the value of Vs, a S4 for 


each of these curves is constant (equal to 12.74 


and 15.77 ev for the Ce _ CS and the OF as OF 


processes, respectively ), they represent the de- 


pendence of the cross section 0 on the electron 


1-1 
binding energy in the particle losing them. The 

following can be deduced from these curves: 1) The 
cross section g,_, decreases with increasing bind- 


ing energy of electrons in the losing particle; 2) The 


cross section g,_, increases with increasing elec- 


1-1 
tron binding energy in the negative ion, formed in 
the collision; 3) The resonance defect is not a 

universal parameter, determining the two-electron 


capture cross section for a ion-molecule pair. Fur- 
ther study of this process for a large number of ion- 


molecule pairs will show whether these conclusions 
are generally valid. 

The authors wish to express their gratitude to 
Prof. A. K. Val’ter for his interest and attention 
shown for the present work. 
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The thick film method was used to measure the fissioncross section of U228 by protons 


of energies 140, 350, 460 and 660 mev. The probability that uranium will fission when ir- 
radiated by protons of a given energy is also obtained. 


| pie cross section for uranium fission induced by 


fast protons has been investigated by several 
authors!“®. Various experimental techniques were 
used: the ionization chamber!, radio-chemistry”’? 
and the thick film method*~®. 

The isolated points in the Figure summarize the 
data available in the literature on the fission cross 
section by protons of various energies. There are 
no data onfission by protons at low energies: 22 to 
220 mev. In the energy interval 340-380 mev the 


results obtained by various authors differ widely 
among one another. Thus, according to Ref. 1, the 
cross section for uranium fission by protons of 


energy E = 340 mev is 0.6 barns, while according 
to Ref. 3, the cross section at 380 mev is 2 barns. 


For energies around 460 mev the fission cross sec- 
tions obtained in Refs. 4-6 agree within experi- 
mental error. 

No conclusions about the dependence of the 
cross section on proton energy can be drawn from 
the above data. 

In the present work thick photographic emulsions 
were used to obtain the fission cross section over 
a wide energy interval (140, 350, 460 and 660 mev). 
Protons of these energies were obtained by using 
copper and paraffin filters to slow down 660 mev 
protons from the synchrocyclotron of the Institute 


Oo, barns 


GOO = 


energy, mev 


a WO WO HO WO 50 


Energy dependence of proton-induced uranium fission. 
Solid curve— protons; Dotted curve —neutrons, according 
to Refs. 8 and 9; x—Ref. 1; o—Ref. 2; A—(high) Ref. 
3; © —Ref. 4; e—our results. 
for Nuclear Problems of the Academy of Sciences, 
USSR. Uranium was introduced into the photo- 
sensitive layer by washing’ in an aqueous solution 


of the salt NaUO,(C,H,0, ),- 


The cross section was measured using two types 
of emulsion: first, relativistic emulsions (NIKFI- 

R and Ilford G-5), and second, the insensitive, fine- 
grained emulsion * P-9, having a proton threshold 
of 25-30 mev. With this emulsion, the incident pro- 
ton current can be increased by a factor 20-25 over 
the usable current with the relativistic emulsion 
which allows a larger number of fissions to be ob- 
served. 

The current incident on the relativistic emulsions 
was measured by counting the number of primary 
proton tracks in the same plate on which the fis- 
sion events were observed. The current incident 
on the insensitive P-9 emulsions was measured by 
counting the protons ina relativistic emulsion ex- 
posed (after irradiation of the P-9 emulsion) in the 
same place as the P-9 was, but for an appropriately 
shorter time. Exposure times were controlled by 
an ionization chamber which was placed in the 
beam directly in front of the emulsions. Having 
measured the current incident on the sensitive 
emulsion and knowing how much the current was 
increased for the insensitive emulsion) the current 
on the latter could easily be calculated. 

In order to calculate the fission cross section 
it is necessary to know not only the number of 
fissions per unit volume of emulsion, but also the 
number of uranium nuclei introduced into the same 
volume. The latter quantity was measured by a 
previously described method’, which was based on 
the number of u -particles emitted per minute by the 
uranium in the emulsion. For each bombarding 
energy, the number of fissions per unit volume of 
emulsion was measured by scanning the plate under 
a microscope. 

Results of the measurements are shown inthe 


Table. 


The solid line in the Figure gives the average 


* The emulsion was prepared in the laboratory of 
Prof, N. A. Perfilov. 
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Emulsion 
type 


Energy, 
mev 


660 


HUK®U-R 
HUK®H-R 
HHUK®U-R 


N.S. IVANOVA 


Cross Probability of 
section, fission 
barns 
+0.4 
0,2 0.77 
A+0.3 0.86 
waay 0.74 
tr 12073 
0.97+0,25} 0.65 
1.01+0,3 


* The fission cross section for 460 mev protons 1s 


taken from our previous work (Ref. 5), 


cross section so obtained asa function of energy. 
We see that the uranium fission cross section in- 
creases with increasing proton energy, goes through 
a wide maximum at 50-150 mev and then decreases, 


going (within the limits of our experiment) to a 
constant value in the energy range 460-660 mev. 
In contradiction with the data of Jungerman?, there 
seems to be no minimum at 200-350 mev*. 

Our curve can be compared with the analogous 
one for the energy dependence of the cross sec- 
tion for fission by fast neutrons. This curve is 
also shown in the Figure, the data being taken 
from Refs. 8 and 9, and lies somewhat below the 
proton curve. The difference may be due to ex- 
perimental errors**, but if it really exists, then 
for fairly low energies, such that the incident 
nucleon amalgamates with the nucleus, it may be 
explained by the two different values of Ze /A-ob- 
tained forthe fissioning nucleus depending on 
whether a neutron or proton is absorbed by the 
nucleus. 

The probability that fission occurs when a pro- 
ton of given energy interacts with a uranium nucleus 
can be obtained fromthe fission cross section if 
we assume that the reaction cross section is half 


* Note added in proof: As the present paper was being 
submitted for publication, there appeared in a new 
paper (e.g., see Ref. 17) describing measurements on 
the cross section for U fission by protons of ener- 
gies 100-340 mev. The fission cross section obtained 
agrees well with our data. The authors consider their 
previous results tohave been erroneous. 

** The errors for the neutron curve are not known. 


The total cross sec- 
10-16 


the total cross section* 
tion has been measured by several authors 
for high-energy neutrons (several values up to 600 
mev and one!® at an energy 1.4 bev). Assuming 
that the total cross section for fast protons differs 
little fromthe corresponding value for neutrons, we 
obtain the probabilities for fission by protons at 
our energies as indicated in the last column of the 
Table. 

According to our data, the probability that pro- 
tons of energy 140-660 mev induce fission is 
about constant and oscillates around 70-80% of the 
proton reaction cross section. 

In conclusion, the author wishestothank B. S. 
Neganov for helping to carry out the work and Prof. 
N. A. Perfilov for his constant interest. 


* This assumption is justified for a black nucleus. 
For a semitransparent nucleus the reaction cross sec- 
tion 1s not quite equal to the elastic cross section, but 
is close to it. 
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Uranium fission induced by pabrenetay protons can be accompanied by the emission of 


charged particles. The latter can arise 


rom a nuclear cascade process or by evaporation 


from the excited nucleus. We used photographic emulsions to analyze the light charged 
particles accompanying uranium fission induced by protons of various energies (140 to 660 
mey ). For incident protons of energies 460 and 660 mev, experimental data on the knock-on 
particles emitted from the nucleus during a cascade process were compared with the results 
of a Monte Carlo calculation. Satsifactory agreement was obtained. The average excita- 


tion energies of nuclei about to fission upon being bombarded by protons of energy 140, 350, 


460 and 660 mev, were also obtained. 


T HE interaction of high-energy protons with 

uranium nuclei can be conveniently divided 
into two stages. In the first stage, the primary 
proton collides with the nucleons in the nucleus and 
starts a nuclear cascade process lasting 10°”? to 
1072? sec. Most of the knock-on nucleons emitted 
from the nucleus as a result of this process are fast 
and leave the nucleus in an excited state. In the 
second stage the residual nucleus de-excites it- 
self by evaporating nucleons. Since Z? /A is large 
for uranium, fission can occur in either stage. Fis- 
sion can compete with nucleon evaporation. During 
the second stage fission and emission of relatively 
low-energy nucleons are observed. 

Thick, high-sensitivity photographic emulsions 
can be used to study the emission of charged par- 
ticles when high-energy protons interact with 
uranium nuclei. To get the whole picture, the 
emulsion should be able to detect particles of all 
energies and masses from those of the fission frag- 
ments to those of the primary protons. It is to be 
noted, however, that if the uranium is introduced 
into the emulsion as an aqueous solution of urani- 
um salt, then proton-uranium interactions which are 
unaccompanied by fission cannot be detected 
(they are hard to separate from reactions with 


AgBr). However, as is evident from the measured 
cross sections, such events are relatively rare 
(~ 20%). Hence a study of those proton interactions 
which involve fission gives information not only 
about fission at high energies, but also about the 
interaction of protons of a definite energy with the 
heavy nucleus—uranium. 

In particular, upon considering all the charged 
particles accompanying uranium fission, it is 
interesting to separate out the knock-on particles 
and to compare experimental data on them with 
Monte Carlo calculations on the nuclear cascade 
process initiated by the incident protons of some 
definite energy. 


Our experiments were for protons of energies 
140 to 660 mev. 


EX PERIMENTAL ARRANGEMENTS 


Thick emulsions impregnated with uranium were 
irradiated by protons of energies 660, 460, 350 and 
140 mev, from the synchrocyclotron of the Insti- 
tute for Nuclear Problems of the Academy of Sci- 
ences of the USSR. Protons with energies 350 
and 140 mev were obtained by slowing down 660 
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mev protons in paraffin and copper filters. Urani- 
um was introduced into the photosensitive layer by 
washing the plates in a 4% aqueous solution of 


NaUO, (Gon. 0; ee Several emulsions of differ- 


ent sensitivities were used: a) the relativistic 

emulsions NIKFI and Ilford G—5 and b) the fine 
grained emulsion P—9*, with an upper limit on 

proton sensitivity of 25-30 mev. 

Emulsions of the first type allow one to observe 
all the charged particles accompanying fission. 
However, since all the primary protons leave 
tracks one is restricted to low currents, so that 
one can observe aly a few fission events. Thus, 
when using the relativistic emulsions, the whole 
photosensitive area yields only about 50 fission 
events at each energy. This was enough, however, 
to get a general picture of the proton—urani um 
interaction at a given energy—in particular, the 
average number of charged particles per fission, 
the angular distribution of the fast and slow 
charged particles relative to the incident protons, 
etc. 

The particle current incident on emulsions of 
the second type, P—9, could be nade 20—25 times 
greater than that incident on the relativistic emul- 
sions. A larger number of fission events could then 


Relativistic Emulsions 


Energy of number | Average | Ration of mumber 
incident of umber of {number of par-] of 
protons, fissions] charged ticles emitted | fis- 

mev particles | forward to sions 
per those emitted 
fission backward 
140 60 0,4 4 376 
300 309 
460 47 NS Bic) 260 
660 56 3,06 Si 150 
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be observed, and such matters as the characteris- 
tics of the soft component of the charged particles 
emitted upon fission, the ranges of fission frag- 
ments and the angle between the fragments could be 
best studied in the insensitive emulsion. 

At all energies except 350 mev, our experiments 
were carried out on both types of emulsion. For 
350 mev protons only the P—9 emulsion was used. 


ANALYSIS OF THE LIGHT-CHARGED PARTICLES 
ACCOMPANYING URANIUM FISSION INDUCED BY 
HIGH-ENERGY PROTONS 


We found that uranium fission, as observed on 
relativistic emulsions, was almost always accom- 
panied by the emission of light-charged particles. 
From among all the charged particles, we tried to 
separate out those due to nuclear cascade pro- 
cesses, and to estimate the number due to evapo- 
ration. Such a separation can be effected by 
analyzing the angular and energy distributions of 
the charged particles emitted upon fission. In 
particular, we want the average number of low-energy 
particles ( < 25 mev) per fission. This datum 
can be obtained from the experiments with the fine- 
erained emulsion P—9. : 


TABLE I 
P-9 Emulsions 
Ratio of 


Average num- Average number 


ber of charged | number of par- Jof charged parti- 


particles ticles emitted bles (< 20-25 mev) 
(< 25 mev) forward to per fission with 
per those emittcd isotropic 
fission backward distribution 
0,25 ye 0,14 
0,06 41093 0,43 
0,86 AS 0,66 
1,05 ee 0,81 


Table I summarizes the data we obtained for 
protons of various energies incident on both rela- 
tivistic and P—9 emulsions. At each energy the 
Table shows the average number of particles per 
fission and the direction of emission relative to the 
incident proton. The second, third and fourth 
columns refer to relativistic emulsions,and hence 
include particles of all energies. The remaining 
columns refer to events observed in P—9 emulsions 


*The P—9 emulsions were prepared in the labora- 


tory of N. A. Perfilov. 
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and hence include only charged particles of rela- 
tively low energies (< 25—30 mev). 

The average number of all charged particles per 
fission increases as the incident proton energy 
increases. This is evident both from the third col- 
umn of Table I and the curves in Fig. 1. In the 
latter, number of fission events is plotted against 
numbet of accompanying charged particles, as ob- 
served in relativistic emulsions. The curves show 
that as the proton energy increases, the relative 
number of those fission events which do not pro- 
duce charged particles decreases, and the proba- 


URANIUM FISSION 


Ss = 2°33 
™~ 


number of events.(%) 
Ss 


Ss 


number of prongs 


Fic. 1. Distribution functions for number of charged 


particles accompanying fission. Curve ]—energy of 
incident protons 140 mev, Curve 2—460 mev, Curve 3— 
660 mev (relativistic emulsion). 


bility of the event being accompanied by an ever- 
increasing number of charged particles increases. 
Most of the charged particles observed in 
relativistic emulsions are emitted in the forward 
direction (with reference to the initial proton). This 
is evident either from the fourth column of Table I, 
which gives the ratio of the number of charged par- 
ticles emitted into the forward hemisphere (rela- 
tive to the incident proton) to the number emitted 


into the backward hemisphere, and also fromthe 
angular distributions shown in Fig. 2 [in these,most 
of the particles (~ 75%) are emitted with angles 
smaller than 90°]. 
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Fic. 2. Angular distribution of light charged particles 
accompanying fission. Curve ]—energy of incident 
protons 140 mev, Curve 2—460 mev, Curve 3—660mev 
(relativistic emulsions). 


It is noteworthy that even particles with energy 
< 25 mev tend to be emitted forward (seventh 
column of Table I). This is especially noticeable 
for incident energy 140 mev, where a large fraction 
of the low-energy charged particles are apparently 
knock-on particles. This is to be expected, be- 
cause when the uranium nucleus is, on the average, 
little excited, few nucleons evaporate off and most 
of the charged particles accompanying fission are 
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directly knocked out of the nucleus by the incident 
protons. 

As the energy of the incident protons increases, 
the directional effect in the emission of charged 
particles (E < 25 mev) decreases (seventh column). 
This is due to an increase in the number of charged 
particles emitted isotropically; more particles 
evaporate as the mean excitation energy decreases. 

Viewed inthis way, the data in Table I clearly 
demonstrate the presence of a nuclear cascade pro- 
cess in the interaction of a uranium nucleus with 
protons of energy more than 140 mev. The data 
also show how the knock-on particles fit in with 
all the low-energy particles (FE < 25 mev). 

In order to separate out completely the knock-on 
particles from among all the charged particles, we 
must estimate the number of evaporation particles 
per fission at various proton energies. 

The average number of low-energy (E < 20—25 
mev) particles per fission which are emitted iso- 
tropically (these are given by the last column in 
Table I) can be considered to be an upper limit on 
the mean number of evaporation particles per 
fission.* A comparison of the average number of 
charged particles emitted per fission, regardless 
of energy, with the corresponding number emitted 
isotropically (FE < 25 mev, Fig. 3, curves 7 and 2) 
then gives the fraction of particles due to a nuclear 

Tr 


SS i 
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SE 
I'ic. 3. Dependence of the average number of charged 
particles per fission on the energy of the incident 
protons. 1—charged particles of all energies, 2~charged 
particles with FE < 20—25 mev and having an isotropic 
distribution. 


cascade process. The shaded area in Fig. 3 gives 
the average number of knock-on particles at 
various proton energies. Clearly, at the energies 
considered, a large part (~ 70%) of the particles 
emitted upon fission are knock-on particles. 

It is interesting to compare our experimental 
data on the number of knock-on particles with Monte 
Carlo type calculations on a nuclear cascade pro- 
«cess. We carried out such calculation for the 


*This is only an upper limit because it includes 
knock-on particles scattered through large angles. 
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interaction of 460 and 660 mev protons with 
uranium nuclei. The heavy nucleus is considered 
72 in which the incident 
proton undergoes successive collisions with the 


to be a “‘Fermi gas 


nucleus in the nucleus. The Pauli principle was 
taken into account——i.e., collisions in whick the 
tinal state of one of the colliding nucleons had an 
energy less than the maximum Fermi energy forthe 
type of nucleon in question were forbidden. Cal- 
culations were performed by the method described 
in Ref. 3, with certain simplifications. 

In order to carry out the computations, it was 
necessary to know the probabilities of the various 
elementary processes which can occur when high 
energy nucleons (660 mev and less) collide with 
nucleons in the nucleus. We used the latest ex- 
perimental data onthe total cross section‘ and the 
differential cross section for elastic scattering of 
nucleons. However, in calculations onthe inter- 
action of 660 mev protons with uranium nuclei we 
did not take meson formation into account, al- 
though in this case it can be important. This is 


because the experimental data available are in- 
sufficient. 
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Fic. 4. Distribution functions for the number of 
charged knock-on particles (EF > 20 mev). Solid curves— 
experimental, dotted—calculated. Curve a—incident 
proton energy 460 mev, curve b—incident proton energy 
660 mev. 

At each energy of the primary proton, 50 proton— 
nucleus interactions were computed. This should 
be enough to show the fundamental character of 


the process. The results could in some measure be 
compared with the experimental data. 


Of particular interest in a nuclear cascade pro- 
cess is the distribution function for the number of 
emitted particles. Experimentally, we can obtain 
this from our experiments with sensitive emulsions, 
which register particles of all energies. Number 
of events was plotted as a function of the number of 
emitted particles with energy>20 mev and compared 
with the corresponding distribution obtained by 
calculation. In Fig. 4, the solid curve is the ex- 
perimental distribution, while the dotted curve was 
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calculated [ a) corresponds to 460 mev and b) to 
660 mev]. The two curves agree well at both 
energies. 

The angular distributions of fast charged particles 
(E > 20 mev), as obtained experimentally (relati- 
vistic emulsions), and by calculation, could also 


be compared. This is done in Fig. 5 [ a) and b)]. 


number of particles (%) 


number of particles (%) 
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Fic. 5. Histograms for the angular distribution of 
charged knock-on particles (E> 20 mev ).Dotted curves 
are calculated. Angles are measured from the direction 


of the incident proton. Curve a—incident proton energy 
460 mev, curve b—660 mev. 

The histograms show the experimental angular dis- 
tributions for the fast (EF > 20 mev) charged par- 
ticles relative to the incident current at 460 and 
660 mev. The general shapes of the experimental 
and calculated curves are the same. Unfortunately, 
few particles (52) were available in constructing 
the histogram at EF = 460 mey, so the statistical 
errors are large. The histogram for 660 mev protons 
was constructed from 100 particles, and agrees 
well withthe calculated curve. The fact that 
slightly more particles were observed at large 
angles than indicated by the calculations might be 
due to meson formation, which we did not take into 
account. 

At E = 460 mev, there is satisfactory agreement 
(within experimental error) between the experi- 
mental and calculated values forthe average num- 
ber of knock-on particles (with E > 20 mev) per 
fission (Table II). For 660 mev protons the ex- 
perimental value is somewhat larger than the theor- 
etical. This effect can presumably be accounted 
for by the meson production our calculations neg- 
lected. 


TABLE II. 
Averzge number of charged knock- 
oRerey, of on particles (E> 20 mev) 
xy CG © nb 35 = | 
ton (mev) Experimental! Calculated 
460 1.0+0.2 AS 
660 2,2+0.3 16 
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We consider that the agreement betweenthe ex- 
perimental data andtheresults calculated under 
the stated assumptions is satisfactory. 

We present now some further results obtained in 
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the course of the calculations. Figure 6 shows the 
energy distribution of the knock-on particles, as 
calculated by us for F = 660 mev. There are many 
particles with energy 20-30 mev. These will be 


E (mev) 


Fig. 6. Energy distribution of charged knock-on par- 
ticles for incident proton energy 660 mev. Obtained from 
calculations on a nuclear cascade process in uranium. 


superimposed on the spectrum of the evaporation 


particles. 


AVERAGE EXCITATION ENERGY IN A FISSIONING 


URANIUM NUCLEUS AND EVAPORATION PARTI- 
CLES 


Collisions bewween the primary protons and the 
nucleons in the nucleus knock out particles from 
the nucleus and leave the residual nucleus in an 
excited state. The work described in Ref. 6 shows 
that the mean excitation energy of the fissioning 
nucleus can be estimated from the angle between 
the fission fragments. As the nucleus fissions 
under the influence of a fast particle, the fragments 
do not go off in opposite directions, but make a 
certain small angle with this line, the angle de- 
pending on the speed of the fissioning nucleus. 


According to Ref. 6, the average energy of excita- 


tion of a nucleus about to fission underthe action 
of protons of various energies is given by the for- 
mula 


= 4 pee 25a 
E og = Hy tye —cyVmoec +(p,—m.v,) Ey: 
Here F, ,p, and mz, are the energy (mev) , mo- 


mentum and mass of the primary proton, c is the 
velocity of light, m, per are the mass and 
velocity of thefissioning nucleus (the velocity 
being obtained from the angle between the frag- 
ments) and FE, is the average binding energy per 
fission going into the knock-on particles. The 
latter quantity can be estimated from the average 
number of protons knocked out, assuming that the 
relative numbers of knock-on protons and neutronsis 
the same as inthe original nucleus, uranium. 

Table III shows the average excitation energies 
so obtained for various proton energies. 


TAS LEAH: 
Energy of incident 140 390 460 660 
proton (mev) 
80+20 | 140+40 | 1654-45 185-++60 


Average excitation 


energy (mev) 


The values in Table III for proton energies 460 
nnd 660 mev are somewhat larger than those in Ref. 
7, but the difference lies within experimental error. 

Another quantity of interest in fission is the 
range distribution ofthe fragments. As is we |] 
known, this changes radically as the energy of the 


Sa ee SS 


primary, fission-inducing particles increases from 
thermal energies to 50-60 mev. The change is from 
the twin-peaked curve characteristic of asymmetric 
fission to a single-peak curve (symmetric fission). 
Fig. 7 shows our measurements on the range dis- 
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Fic. 7. Range distribution of isolated fission frag- 
ments. QO—incident proton energy 140 mev, X—350 mev, 
A—660 mev. 


tribution of isolated fragments at the excitation 
‘energies presented above. The range distribution is 
clearly insensitive to changes inthe excitation 
energy from 80 to 180 mev. 

The excited nucleus can lose energy by evap- 
orating nucleons (mostly neutrons); since the 
uranium nucleus has a large Z* /A (which becomes 
even larger as neutrons escape), fission competes 
with evaporation. Inasmuch as up to now there has 
been no data indicating that fission takes a con- 
siderably |onger tinie than neutron evaporation, 
fission caningeneral occur in any excited state. 
Only if neutron evaporation went much faster than 
fission could the nucleus completely de-excite 
itself by evaporation before undergoing fission. 

The average numberof charge particles evapo- 
rating from nuclei excited totheenergies shown 
in Table III is given inthe eighth column of Table I. 
It would be natural to compare these data with 
calculations based on existing theories of evapo- 
ration. However, it should be pointed out that 
even if experimental and calculated values for 
the average number of charged particles evapora- 
ting were to agree, we could not yet conclude, as 
was done in Ref. 7, that the nucleus de-excites 
itself completely byevaporation before undergoing 
fission. Calculations for uranium based on 
evaporation theory® indicate that the average 
number of charged evaporation particles depends 
but little on whether the nucleus fissions at about 
half it original excitation energy or whether it 


fissions after having completely de-excited itself 
by evaporation. In the former case, the excited 


fission fragments have an excess of neutrons and 
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hence emit mostly neutrons, sothatthe difference 
in the numbers of charged particles emitted in the 
two cases will be the number of protons and 
a -particles which would have evaporated from the 
nucleus had it gone from half its excitation energy 
to zero. This number is quite small since, as is 
well known, most of the charged particles evapo- 
rate at the beginning, at the higher excitation 
energies. For example, according to calculations, 
a nucleus excited to 150 mev and losing all its 
excitation energy by evaporation will emit 0.7 
charged particles, while if it fissions at half this 
energy (75 mev) withthe excited fission fragments 
then evaporating off particles, 0.6 charged parti- 
cles are emitted. The average number of charged 
particles will be much smaller than in two cases 
above ifthe nucleus fissions immediately, before 
losing any excitation energy at all. This is be- 
cause the excited fission fragments emit mostly 
neutrons. Hence,it would be of interest to com- 
pare experimental and calculated data on the number 
of charged evaporation particles for the case of 
uranium. However, calculations carried out by 
two different methods——Le Couteur® and Hagedorn? 
——give, at the relatively low nuclear temperatures 
of interest here, quite different values for the 
average number of charged evaporation particles. 
It is difficult to know which of the two methods is 
preferable. On the one hand, for nuclei with mass 
number 100 and temperatures 2—3 mev the method of 
Ref. 8 gives too low a value* for the average num- 
ber of charged particles, so that the same may be 
expected for uranium. On the other hand, although 
calculations with the method of Ref. 9 give results 
in agreement with experiment for Agr (in the 
indicated temperature range), the ratio of the pro- 
babilities for neutron and proton emission in this 
method does not depend on excitation energy. This 
is clearly not realistic, and should lead to too 
many charged evaporation particles in our temipera- 
ture range. It is therefore our opinion that in 
view of the inadequacy of evaporation theory, a 
comparison of the experimental withthe calculated 
data onthe average number of charged evaporation 
particles would not give a reliable answer to the 
question of interest. 

In conclusion the authors would like to express 
their gratitude to Prof. N. A. Perfilov for his 
constant interest intheir work. 


*According to references!!! the average number of 


charged particles evaporating from AgBr excited by 50 
mev is about 2.0, The calculated value from Ref. 8 is 
0.4 for the same excitation energy. 
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Scattering of 7t-Mesons by Hydrogen. II. 
Discussion and Interpretation of the Results 


A. I. MUKHIN AND B. M. PONTECORVO 


Institute for Nuclear Problems, 


Academy of Sciences, USSR 


(Submitted to JETP editor June 7, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 550-559 (October, 1956) 


A phase analysis is made of the data obtained on scattering by hydrogen of m'-mesons of 
different energies up to 307 mev. The analysis was carried out, using a high-speed electronic 
computer, on the assumption that the scattering process can be sufficiently accurately 
described by S- and P-waves [ (S-P )-analysis], as well as on the assumption that the scatter- 
ing process must be described by five parameters [(S-P-D )-analysis]. The energy dependence 
of the various phase shifts obtained for the (S-P )- and (S-P-D )-analyses are shown in the 
Figures. It follows from the measurements that the radius of meson-nucleon interaction is 


about 7 x 10714 om, 


S is known, Fermi and others’ analyzed the ag- 
gregation of data on scattering of 7*-mesons up 
to 200 mev on the assumption that only S- and P- 


waves are involved in the Spa and therefore 
the scattering processes are described by six phase 


shifts. In the case of positive pions and in the ab- 
sence of D-waves the scattering is described by 
only three phase shifts a,, a,, and a,, which 


determine the corresponding interaction in the S- , 
Py,- and P, ,,-states with isotopic spin 3/2. 
2 


In the present work, which is a continuation of 
the work described in Ref. 2, the data on scatter- 
ing of positive pions are analyzed onthe assumption 
that the contribution of D-states tothe scattering 


process is neglibly small, i.e., the interaction 
takes place only infhe S- and P-states [CSar3 a 
analysis] as well as on the assumption that the 
contribution of the D-states cannot be neglected 
[CS-P=D )-analysis |‘The latter assumption is quite 
reasonable for such high energies as 300 mev. Be- 


sides, the data of Ref. 2 presented in Table 10 
confirm this assumption to a certain extent. 

In the case when S-, P- and D-waves contribute 
to the scattering of 7*-mesons, beside the above- 
mentioned three phase shifts Oy ttre and Cae 


the phase shifts corresponding to the D-states with 
total angular momenta 3/2 and 5/2 are different 
from zero and will be subsequently designated by 


a) 


33 and 5,5. 
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1, (S-P )- ANALYSIS 
A. Phase Shifts 


In the case when the interaction between the 
pions and hydrogen takes place only in the S- and 
P-states, the analysis of scattering is sufficiently 


simple, and the phase shifts can be determined, in 
the first approximation, by the graphical method®, 

f’xpressions for the coefficients of angular dis- 
tribution in terms of the scattering phases have, 
as known, the following form 


A = Sin? a + sin? (%33 — a3,), > 


B = Qsin ay [2sin ogg COS (o¢g3 — oy) (2) 


“+ Sin G31 COS (%3, — %)], 


————— ——————— 
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C = 3[sin? %gg+ 2Qsin a; SIN %gg COS (&33 —O3,)]. (3) 


Results of graphical analysis are given in Table 
I. In the same Table are given the “‘optimized’”’ 
phase shifts* obtainedwith a high-speed electronic 
computer. In the latter case total cross sections 
were also used in this analysis as independent 
measurements. 

In Table 1, denotes the quantity 


sy Fi; (%s, %31, %33) — 9; |? 
oo aa ae 


Ao; 


Only the ‘‘resonant’’ solution was examined, 
i.e., the Fermi type solution, in which u,, passes 
through 90° in the energy region 170 to 200 mev. 
The basis for this procedure was discussed in the 
paper by Anderson et al.°. Data for 307 mev 
agree well with the results of Ref. 6. 


AWenuia Ie 


Phases of 7'-meson scattering by protons (in degrees) 


Graphical Method High-Speed Electronic Computer 
ia ae Number of 
pa Os Gg: Cae O, Cat Ges M independent 
oot | measurements 
| _ 
| 
176 —i1 —16 67 —10.6 | —19.5 69.0 Be 4 10 
200 — 9 4 96 — 9.1 10.0 102.0 a0) if 
240, —14 8 143 —18.1 — 2.6 114.7 4.2 8 
270 —21 — 6 128 —20.2 — 6.7 9) 33 5.8 i 
307 —24 8 434 | —23.2 | — 8,4 NOB” 42.0 §) 


B. Behavior of S-Phase OK On the Assumption that 
Scattering is Determined only by Three Phase 


Shifts 


It should be emphasized that in the ‘‘resonance”’ 
region the values of all three phases cannot be de- 
termined with good accuracy. As seen from Eqs. 


(1)-(3), in the region where the phase % 3 ap- 
proaches 90°, it is very sensitive to small changes 
in the coefficients A, B and C. The difficulty in 
determining the S-phase u. is due to the fact that 
the interference coefficient B, which primarily de- 
termines this phase, is close to zero and is not 
accurately known in the “‘resonance’’ region. 
region. At energies which considerably exceed 
the ‘‘resonance’’ value there is a possibility of 
determining %,, as well as u, with comparatively 


high accuracy; thereforc, the large values of Os 
phase for 240, 270 and 307 mev deserve special 
study. The magnitudes of this phase shift ex- 
ceed considerably those which could be expected 
if the linear dependence of the o , phase on the 


meson momentum as proposed by Orear’ 


, and 
which well describes experimental data for small 
energies, were applicable up to the energies under 
consideration. As known, Orear proposed the fol- 
lowing phase equations: 


a% = — 0.114; (4) 


(4?/) cte agg = 8.05 — 3.8e; (5) 


31 0, 


(6) 
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where 7 denotes the meson momentum in the 
center-of-mass system, in units pc and w---the 
total energy, exclusive of the proton rest energy. 
It is true that not all the values of the ‘‘optimized’’ 
phase shifts satisfy Eqs. (4)-(6), but this can pos- 
sibly be connected with the inaccuracies in the 
determination of ‘‘optimized’’ phases, especially 
phase a, at energies near “‘resonance”’. In par- 
ticular, Orear showed that all known differential 
cross sections up to 220 mev are not contrary to 
these equations. 

In view of the considerable theoretical interest 


in the behavior of the S-phase, it is desirable to 
investigate the reasons for the observed deviation, 
at energies 240, 270 and 307 mevy, of u, from the 
linear relationship observed in investigations of a 
whole series of processes in the region of small 


meson energies. It is reasonable to ask the ques- 
tion, whether or not this deviation can be explained 


only by the inaccuracies in the obtained values of 
phase shifts u,. To answer this question, the 


n.agnitudes of the differential cross sections (ex- 
perimental values ) given in Tables 2-6 (Ref. 2) 
were compared with the cross sections computed 
on the basis of Eqs. (4)-(6). Results of the com- 
parison are presented in Table II. 


TABLS Il. 
a Sw St eee 
Meson Number of 
Energy; experimental M4)—(6) 
ae points 


176 J 4.6 
200 7 8.9 
240 a 34 
270 6 260 
307 8 240 


In the last column are given the values: 


in (3, %335 9;) ee (9;) p 
M (a)—(6) = 2» Se : 
which give the degree of deviation of the curve 
Gs Og sn), computed according to,Kgqs. (4)- 


(6), fromthe experimentally measured values of dif- 
ferential cross sections o(@,). It can be seen 
from the Table that at energies 176 and 200 mev 
the experimental data do not contradict Eqs. (4) 
and (6), which is also confirmed by analyzing other 
data in this energy range, obtained by Orear. At 
higher energies, however, it is completely impossi- 
ble to reconcile the experimental results with the 
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values of phase shifts predicted by Eqs. (4) and (6). 
If it is assumed that up to energies of the order 
of 300 mev scattering is sufficiently well described 

by S- and P-waves only; it must then be definitely 
concluded from the above that the linear depend- 
ence of the phase a4, on the meson momentum 

does not hold for energies higher than 200-240 mev. 
On the other hand, in view of the attractiveness of 
such a simple dependence, it is necessary to in- 
vestigate carefully whether the linear dependence 


of the S-phase on the meson momentum is preserved 
with the introduction of higher angular moments 


(= 2): especially since our experimental data for 
307 mev mesons point to the difficulty of approxi- 
mating the observed angular distribution by a func- 


tion of the type a+ bcos0 +c cos” @ (see Table 
i or Ret. 2), 


2. (S-P-D )- ANALYSIS 


In the case when S-, P- and D-waves contribute 


to the scattering, the angular distribution can be 
represented in the form 


x? SZ = A4Beos0 
+ Ccos?6+D cos? 6+€ cost 6. 


The phase shifts and the above-indicated coeffi- 
cients of angular distribution are connected by the 
relationships: 


A=|SP+|P,—P_P+R/D.+D? (7 
—21(S]%/,D,+D_); 
B =21 (S/2P,+P_) (3) 
—21(%/2D, +D_/2P, + 2) 


+ 6] (P,—P_/D,—D_); 


C= |2Py+ PPP, FL 2 
2 
4.9|D,—D_P}—6|/:D, + D_| 


nGy (s (Dees D_) 


D=6l ee + P_//.D, + D_) (10) 


/ 
= 61 (P, — Pe Dyas; 
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g—o|p.+0.f-s1p"—p.p. © 


Here we use the symbols: 


S = e!*)- Siti oe; 


1B = ei%a.sin X31; Be a e'%s-.sin Ogg. 


D_ = eés.sind33; D, = e'®s-sin O35; 


I (a/b) = 5 (ab" + a’‘b). 


The total cross section is expressed in terms of 
phase shifts as follows: 


(r*, P) (12) 
4r 


o . . 
i= = sina, + sin’«3, 


+ 2 (sinxs3 + sin?03) + 3 sings. 


From an examination of the coefficients (Table 
9, Ref. 2) obtained for 307 mev, computations were 
made to evaluate the phases of scattering for the 
D-waves. For simplicity, an approximate solution 
of the system of Eqs. (10) and (11) was sought by 
assuming that .,, =0 and u,, = 134”, i.e.,.the 


magnitude of the phase shift u,, was used as ob- 
tained graphically in the (S-P )-analysis. Such an 
assumption is quite natural since the perturbation 
introduced by the D-waves has a relatively weak 

influence on the phase u,,. The result was that 


the obtained values for Oe and Ove can satisfy the 


equations for all coefficients, the phase shift ou. 
obtained thereby being considerably less than 24°, 
i.e., much less than the value obtained if only the 
S- and P-waves are considered*. In view of this, 
the experimental data of Ref. 2 and of Refs. 2-5, 7 
cited in Ref. 2, were again analyzed with the aid of 


* It should be noted that Orear already attempted some 
time ago to account for the effect of D-waves® by in- 
terpreting the experimental data on 7-meson scattering 
in hydrogen in the energy range up to 220 mev. How- 
ever, he took into consideration only the effect of the 
D-wave with a total angular momentum 5/2. As seen 
fromthe equations, phase 6. 5 produces a small ‘‘per- 
turbation”’ in the phase enh 3 if the value of O55 is 
taken to be of the order of several degrees at 160-200 
mev. The value 6,, =—0.013n° proposed by Orear 
(which agrees with experimental datain the energy 
range of 100-200 mev) is definitely excluded by the re- 
sults of the present work. Besides, as shown in a later 
work of Orear’, all experimental data in the energy 
range up to 220 mey satisfy Eqs. (4)-(6) sufficiently 
well, a fact also confirmed by our measurements (see 


Table II). 


A. I. MUKHIN AND B. M. PONTECORVO 


the high-speed electronic computer BESM of the 
Academy of Sciences, USSR*. Computations were 


made of the optimal phase shifts a5, %, 435, 033 


and Onn 
in which o 
limits +10° fromthe values given in Table I. 

In the computations, the differential and total 
cross sections were expressed by the five phase 
shifts according to Eqs. (7)-(12). A minimum was 


thereby only such solutions were sought 


is negative and o,, lies between the 


sought for the quantity 


Ac. i 


L 


M bee >{* (%3, %31, %33, 933, 335) —9;)2 
i 


: ute 
where Acre Ong Sage One ox) denotes a fun 


tion expressing the cross section in terms of phase 
shifts, and, is the cross section as measured ex- 
perimentally with an error Ag,. The values of 
phase shifts obtained by(S-P)-analysis with the 

aid of Ashkin diagrams served as the initial data. 
As a first approximation the phases were changed 
in turn, beginning with o,, within given limits for 
each degree. This cycle was repeated several 
times, as long as the value of M has not ceased to 
diminish, after which the measurements were made 
every half degree, etc. 

The “‘optimized’’ scattering phases for 270 and 
307 mev obtained in this manner are presented in 
Table II. 

As seen fromthis Table, the experimental val- 
ues for 307 mev, which are not well satisfied by 
three parameters (see Table 7, Ref. 2 and Table I 
of this work), are well satisfied by the five phase 
shifts. At this energy, 63, and 6,, are approxi- 


mately equal in absolute value and have different 
signs. This property, as follows from Eq. (10) may 
explain the fact that the coefficient J) determined 
by the interference of R and D-waves is not ob- 
servable in practice. As far as coefficient 8 is 
concerned, it is determined by the interference of 
(S-P)-aswell as by interference of (P-D)-waves 
whence it follows that for all energies up to 300 
mev it is extremely difficult to determine the 
separate contributions of S- and D-waves. 


* The authors are thankful tothe director of the Com- 
putation Center, of the Academy of Sciences, USSR, 
Academician A. A, Dorodnitsyn for the opportunity to 
make computations on the BESM and also tothe col- 
laborators of the Computation Center, Academy of 
Sciences, USSR and of the Institute of Exact mechanics & 
Computation Techniques, Academy of Sciences, USSR, 
who rendered assistance inthis work. 
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TABLE II. 


‘Optimum’? phase shifts (in degrees) 
sleet ee ee eee a 


Meson Number of 
energy, os asi cae 3:3 Se M experimental 
mec points 
270 —13.6 —4,3 128.8 “3 — 6.9 4.03 7 

307 —13.0 —4.0 133.7 eo —=*11(0) 0 aie Hes: 9 


A. D-Phases a and Soe 


It is difficult, on the basis of only the ‘‘optimum’’ 


solution presented in Table III, to assert anything 


with certainty concerning the size of D-waves 
contribution at energies ofthe order 300 mev. 


Nevertheless, it is of definite interest to examine 
the results of such a procedure. This will be car- 
ried out in the following section, chiefly in the 
discussion of the S-phase behavior. 

It is known that for small values of phase 
shifts their dependence on the meson momentum 
7, in the center-of-mass system, can be written 
in the form const x 77*1. As a working hypo- 
thesis, therefore, the values of phase shifts for 
the D-waves were taken as equal (in degrees ) to 


ae = 0.207° and Ons = 0-217? where the coeffi- 


‘ 


cients are determined from the ‘‘optimum’’ values 
of phases 5,, and 6,, for 307 mev. Of course, 


such a choice is entirely arbitrary, especially in 
the case of phase 6,,, the‘‘optimum’’ values of 
which are not regular. The dependence of phase 
shift 6,, as written above is shown in Fig. 1. In 


° e 
250 «M0 


60 ,° 200 


550 b. (mev) 


- 15° 35 


Fic. 1. ‘‘Optimized’’ D-wave phase shifts, obtained by 
(S-P-D)-analysis. 53, 0—data analysis, the present 


work; e—data analysis, other papers. 64:0 —data 
analysis, present work; @ —data analysis, other papers. 


Solid curve —6,. =7—-21 x7. 


the same Figure, for Comparison, are shown the 
optimum phase shifts 6,, and 6,. obtained with 
the aid of the electronic computer. The tendency 
of the D-phase, particularly phase One. 


crease with the meson energy is seen from the 


to in- 


graph. Considering the accuracy of the initial 
data and the nature of the mathematical problem, it 
can be only stated that there is no contradiction 
between 5 ~ 7° dependence and the obtained data. 


B. S-Phase Os 


Figure 2 shows the values of phase shifts a, 


50 100 10 200 20 300 350 &(mev) 


15 2p 7 


Fic. 2. Phase shift Us for low- and high-energy 
mesons. x—data cited in Ref. 7;m —(S-P-D)- data 
analysis, present work; O — (S-P-D) data analysis, Ref. 
6; e—(S-P)-analysis of data, present work; o—(S-P )- 


analysis of data in Ref. 6. Solid curve— dependence Us 
= 6.3° 7 


as a function of the meson momentum 7 in the 
energy range less than 100 and greater than 240 
mev, i.e., in those energy regions where this 


phase can be determined relatively accurately. The 
straight line represents the relationship u , 


= ~6.3°n, which best satisfies the experimental 
data at low energies. The values of u, at low 
energies are indicated by crosses. At energies of 
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240 mev and higher, the “‘optimized’’ values of 

Oe obtained on the assumption that only S- and 
P-waves figure in the scattering, are shownassmall 
circles. 

It is seen fromthe Figure that, as already pointed 
out above, the linear dependence of a, is incom- 
patible with the values obtained inthe region of 
high energies using the (S-P)-analysis. This indi- 
cates that at energies ~ 200-240 mev the meson 
wavelength, in the center-of-mass system, becomes 
comparable to the interaction radius Die =X 
~8x 1014 cm). In the same Figure, small 


6é 


squares indicate ‘‘optimized’’ values of u, for 
energies 240, 270, 307 and 310 mev when the D- 
wave is also considered inthe analysis of the data. 
As can be seen, the values of phase o, are in 
complete agreement with the dependence obtained 
at low energies. This behavior of the S-phase 
shows indirectly, but, of course, does not prove, 
that even at energies of the order of 300 mev the 
contribution of the D-waves cannot be neglected 
in the evaluation of the S-phase. 

It should be emphasized thatif the assumed re- 
lationship One = 0.207° is indeed correct, then the 
influence of the D-wave on the & s-phase determin- 


ing coefficient B becomes noticeable even at ener- 

gies 100-150 mev. To illustrate this, the solid 

curve in Fig. 3 represents the energy dependence 
B 


Fic. 3. Dependence on meson energy of coefficient B. 
Experimental points—values of coefficient B obtained by 
the method of least squares using as an approximation of 
the angular distribution the function K-2 do/d.=A+B 


cos + Ccos2 6, x—data, present work; @ —data, works 
of other authors, 
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of the coefficient B computed by considering the 
S- and P-waves only (u3 taken as equal to 6.37), 
while the dotted curve represents the energy de- 
pendence of the coefficient B computed by con- 
sidering the S-, P- and D-waves (a ,=-6.3 M and 


Keg =—%ye = +0.207° ) (all values of phase 


shifts are given in degrees). In the same Figure 
are given the values of the coefficient B for dif- 
ferent energies obtained by the method of least 
squares, if the angular distribution is approxi- 
mated by the function: 


do 


= 
It is seen fromthis that the linear dependence in 
the form proposed by Orear, even at relatively low 
energies, agrees better with experimental data when 
the D-wave contribution is taken into consideration. 
The linear dependence of « 


x? A+B cos 6 +C cos?6. 


which manifests it- 
self when (S-P-D)-analysis is used, deserves con- 
sideration. It is known that phase shifts will be 
proportional to 77/+! under the condition that the 
radius of the meson-nucleon interaction r, is 
smaller than the wavelength * of the meson in the 
system of the center-of-mass; therefore, linear or 
almost linear dependence of  , up to 307 mev in- 
dicates that r) cannot appreciably exceed & (307 
mev) = 6.5 x 10°'4 cm. Thus, independently of 
whether or not S- and P-waves alone are suffi- 
cient to describe scattering, it follows from our 
measurements, that the radius of meson-nucleon 
interaction is ~7 x 10°!4cm. Strictly speaking, irs 
is here the radius of interaction between the 
meson and the nucleon in the S-state with an iso- 
topic spin 3/2. However, it is natural to corre- 
late this value with ‘‘dimensions”’ of the proton, 
if we consider the experimental results on scatter- 
ing of electrons and protons by protons’. 


C. Phase Shift «4, 


“Optimized”’ phase shifts «,,, previously ob- 
tained by a series of authors, and also those ob- 
tained in the present work, are extremely irregular 
at energies up to 220 mev so that even the sign of 
this phase cannot be uniquely determined. How- 
ever, in the region of higher energies phase, u,, 
behaves regularly. It can be definitely concluded, 
from data obtained in this work, that phase o, , is 
negative and apparently less than 10° up to 310 
mev. This is shown in Fig. 4, where the ‘‘opti- 


’ values of phase « 


mum’ 31° obtained from analysis 
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of data with consideration. of S- and P-waves only, 
are shown as little squares, and thé results which 
include the D-waves as well are shown as little 

circles. It is seen from the Figure that hey 
tematically decreasing when the data are expressed 


is Sys- 


through the five phase shifts, 


a 
° 


Wo 0" =290 250 300 


£-\(mev) 


Fig. 4. Phase shift u,, 
O—(S-P )-analysis of data, present work; o—(S-P-D)- 


at different meson energies. 


analysis of data, present work; g — (S-P-D)-analysis, 


other papers; e—(S-P-D)-analysis of data, other papers, 


D. Phase Shift 0.4, 


« 


In Fig. 5 are shown ‘‘optimized’’ values of 


phase «,, obtained by a series of authors (see, 
ee 


33 
for example, summary 5 in Ref. 2). The 


mized’? values of «,, obtained in this work by 
data analysis which includes D-waves is indi- 


cated by small circles. It should be noted that, 
if only S- and P-waves are considered, the phase 


shifts uo ,, are very little different from those 
shown in the Figure. Data for higher than 240 mev 
cannot be represented in the form of a straight line 
on the Chew and Low diagram’. The theoretical 
significance of this fact is not clear. 


opti - 


100° : 


20 280 0 550 EXmev) 
1 16 20 Ve 


Fic.5. Dependence of the phase shift ,, on 7-meson 
energy. o—data, present work; e— data, other papers. 


Solid curve — relation 7° x arctan Ogg = 4.3 + 0.677 
~ 0.874. 
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As should be expected, at high energies the 
values of u,, given in Fig. 5 definitely exceed 
those obtainable from total cross section data (see 
Fig. 17, Ref. 2, and also the work of Lindenbaum 
and Yuan!?) if it is considered that the interac- 


tion is completely determined by the state P ojo 


Since the values of U3 near ‘‘resonance”’ can- 
not be determined with good accuracy, we have 
made an attempt to obtain an analytical depend- 
ence of this phase in a form that preserves for 
small energies the dependence o,, = 0:235777 
( Ref. 7) and conforms to the data obtained in this 
work for high energies. We have selected the re- 
lation’? of the form 7? arctan&,, = 4.3 + 0.677 
— 0.87%, which is shown in Fig. 5 as a solid 
curve. Naturally, the relation obtained in this 
manner may not reflect the behavior of G34 in the 
resonance region. The behavior of 33 in this 
region of energy is discussed below. 

According to the data of Lindenbaum and Yuan??, 
the maximum a. (7, p) is found at ~ 175 mev, 
while from our data (see Fig. 17 of Ref. 2) this 
maximum is found approximately at 185 mev. Con- 
sidering the experimental errors in our measure- 
ments and those in Ref, 11, it can be stated that 
there is no significant disagreement between the 
experimental results. However, the statement by 
Lindenbaum and Yuan that «,, can pass through 
90° at as low an energy as 175 mev, can, in our 
opinion, be refuted on the basis of the behavior of 
the coefficient B. As it is known, considering 
S- and P-waves only, 


B = 2sin Xs [2sin Age -COS (X35 ——— 3) 


Considering that in the energy region near 
‘‘resonance’’, Os is approximately —10°, and 
3, Close to zero and negative, it can be stated 
that the value of «,, does not exceed 80° when 
B =0. It is seen in Fig. 3 that B cannot'be 
equal to zero at energy less than 176 mev, from 
which followsthatthe ‘‘resonance’’ energy can 
hardly be less than 190 mev. This conclusion is 
confirmed by the analysis of Bethe and others }3. 


3. CAUSALITY 


Based on the work of Goldberger, Myazowa and 
Oehme?* on the application of the causality prin- 
ciple to the meson-nucleon scattering, Anderson 
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and others® and also Sternheimer!> obtained the 
energy dependence of the real part of the scatter- 
ing amplitude below 0° from the combined data on 
total scattering cross sections of mesons by pro- 
tons. The real part of the scattering amplitude 
below 0° obtained in this manner was compared 
by Anderson, Davidon and Kruse with its expres- 
sion in terms of phase shifts up to 220 mev. New 
data obtained in this work permitted the extension 
of this comparison to 310 mev; here the phase 
shift values obtained by (S-P )-analysis were used 
as well as those obtained by (S-P-D )-analysis. 

If we denote by D,(m) the real part of the for- 
ward scattering amplitude and by * andw. the 
meson wavelengths in the laboratory system and in 
the center-of-mass system, respectively, then 


2k 


2 
Kem 


D, (4) = sin 2ag + sin 2a, 


+ 2 (Sin 2a35 + sin 24,3) + 3sin28,,. 


In Fig. 6 are shown results of data analysis of 
this work and also analysis of certain 7*-p scatter- 
ing data of other authors (Refs. 2-5, 7 in Ref. 2). 


10 


Y 200 250 300 F (mev) 


FIG. 6. Comparison of the value (24/d2_)D,(n), 
computed on the basis of causality conditions with 
the values: sin 20. + sin 2X54 + 2 (sin 2455 + sin 
x 255.) + 3sin ZOze4 O—present work; e—result of 
data analysis, other papers $2 sin2U, + Sin 2K5) 

+ 2 sin 2X5 { —present work; w— other papers }. 

It is noted from the Figure that-agreement be- 

tween the real parts of the forward scattering ampli- 
tudes computed on the basis of the causality prin- 
ciple with the corresponding data obtained from the 
angular distribution in 7p scattering continues 

to be good up to meson energies of 310 mev. The 
question whether better agreement is obtained by 
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using (S-P )-or (S-P-D )-analysis for the computed 
curve cannot be answered. This was to be expec- 
ted since the basic characteristics of the solid 
curve shown in the Figure, even at energies ~ 300 
mev, is determined in the final count by the phase 
shift «,, which is practically equal for both (S-P)~ 


and (S-P-D )-data analysis. 


CONCLUSION 


Below is a summary of the contents of the pre- 
ceding” and present papers. 

1. Angular distribution of 7*-meson scattering 
by hydrogen at 176, 200, 240, 270 and 307 mev, as 
measured by the scintillation counting method, are 
presented in Figs. 12-16 of Ref. 2. 

2. Energy dependence of the total cross section 
q(t, p) is shown in Fig. 17, Ref. 2. 

3. With the aid of a high-speed electronic 
computer, a phase analysis was made of the data on 
the assumption that the scattering process is 
described by S- and P-waves only[(S-P )-analysis, 


Table I], as well as on the assumption that 
S-, P- and D-waves contribute tothe. scattering 


[(S-P-D)-analysis, Table III; Figs. 1-5 ]. Among the 
possible solutions only the phase group in which 
uw, is negative and u,, passes through 90° in the 
energy region 170-200 mev, was examined. 

4. Phase shifts «,, are shown in Fig. 5. They 
are practically the same for (S-P )- and (S-P-D )- 
analysis. Some evidence is presented indicating 
that «,, passes through 90° at an energy > 176 mev. 

5. It is impossible to reconcile the obtained 
values of u, for 240, 270 and 307 mev with 
Orear’s equation a, = —0.117, which approximates 
well the data for low energies, if the data is 
described only by the three phase shifts of S- and 


P-waves, Gs, &,, and Aes: 


6. There is no direct indication of the need for 
using (S-P-D )-analysis for the data presentation if 


we discount the measurements made at 307 mev, 
which are approximated only with difficulty by a 


function of the type a + bcos @ + ccos26. 

7. The “‘optimized’’ values of phase & 1» which 
are, as known, highly irregular up to ~ 200 mev, 
become regular at higher meson energies (see 
Fig. 4). It can be stated that % 1 iS negative and 
is apparently less than 10° up to 310 mev. Phase 
4, is definitely decreasing when the data are 
expressed by five phase shifts. 

8. “‘Optimized’’ D-wave phase shifts 5,, and 
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One are positive and negative, respectively. The 
phases are represented in Fig. 1 where their ten- 
dency to grow with energy can be seen. 

9. With (S-P-D )-analysis the values of S- 
phase u, are considerably smaller compared with 
those obtained by (S-P )-analysis (see Fig. 2). If 
we consider the possible D-wave contribution, u 
depends linearly or almost linearly on the meson 
momentum up to 310 mev, according tothe equation 
determined for low energies a, =—0.117. 

10. At any rate, independent of whether or not 
S- and P-waves only are sufficient to describe 
scattering, it follows from 5 and 9 that the radius 
of meson-n ucleon interaction is Pei 10°*4 cm. 

11. The real part of the forward scattering ampli- 
tude, obtained from the causality condition, agrees 
well with its representation by phase shifts up to 
310 mev. 

The authors deem it a pleasure to thank [. E. 
Tamm and L. D. Landau for valuable advice, L. I. 
Lapidus for numerous discussions, and also J. B. 
Popov and G. N. Tentiukov for their considerable 
assistance in making the computations. 
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We present results of a calculation of the nuclear magnetic relaxation time in ionic 
crystals. Two mechanisms of relaxation are considered: relaxation due to quadrupole 
effects, and relaxation produced by paramagnetic impurities. The results obtained are 
in qualitative agreement with the experimental data. 


1 {xperimental and theoretical investigation of 
® nuclear magnetic resonance and relaxation 
phenomena are of considerable interest. A theo- 
retical treatment of nuclear magnetic relaxation in 
ionic crystals was first given by Waller’, who cal- 
culated the relaxation time resulting from modula- 
tion of the spin-spin interaction of the nuclear mag- 
netic moments by the thermal vibrations of the 
lattice. Howéver, this mechanism gives nuclear 
magnetic relaxation times far exceeding the ex- 
perimental values. Another possible mechanism 
of nuclear magnetic relaxation in ionic crystals 
was considered in a paper of the author, but this 
mechanism also gives large values for the relaxa- 
tion time. 

The present paper givesresults of calculations 
of the nuclear magnetic relaxation time in ionic 
crystals for two other mechanisms (for a more de- 
tailed presentation, cf. Refs. 3 and 4). 

9. Pound® showed experimentally that, in suffi- 
ciently pure ionic crystals, the relaxation of nuclei 
with spin greater than % is often produced by 
quadrupole effects. The most convincing experi- 
ments were done with single crystals of NaNO, 
at room temperature (where the relaxation of Na 
nuclei was studied ). 

A nucleus with spin greater than 4 possesses a 
quadrupole moment. Because of the thermal vibra- 
tions of the lattice, the quadrupole energy of the 
nucleus in the crystalline field will be a function 
of the time. This varying energy is the perturbation 
which causes spin transitions of the nuclei. Both 
pure quadrupole transitions and transitions due to 


interference of the nuclear quadrupole energy V,) 
with the elastic energy Gey are possible. We ex- 
pand the quadrupole and elastic energy of the 
nucleus in powers of the deformation tensor w. 
(The expansion is justified because of the small- 
ness of the thermal vibrations of the lattice.) It 
is well known that the components of the deforma- 
tion tensor have nonzero matrix elements for the 
emission or absorption of one phonon, 
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Next we calculate the probability of a spin 
transition for processes involving various numbers 
of phonons. The calculation is done by the 
standard scheme of perturbation theory, where we 
limit ourselves to determining orders of magnitude 
(i.e., we disregard numerical coefficients of order 
unity ). 

The results of the calculation show that for 
T <@ (the Debye temperature ), the most important 


process is the pure quadrupole, two-phonon process, 
which is caused by the term quadratic in w, in 


V_, in the first approximation of perturbation 
theory; for 7 > ©, the most important process is 
the four-phonon interference process( which is 
caused by the interference of the first order term 
in w in Ve with the third order term in w in AE 


i.e., with the anharmonic term. Such a process oc- 
curs in the second approximation of perturbation 
theory ). The calculations of nuclear magnetic 
relaxation time due to quadrupole effects give 

Ty = (C,/@m) (Mv?/b)2 (8/T)4 Te Oe) 


for 


Ty = (C2/m) (Mv?/b)? (@/T)? for T<O, (2) 


_is the maximum frequency of the acoustic 
vibrations, M is the nuclear mass, v is the velocity 
of propagation of elastic waves, C, and C, are 


where w 
™. 


numerical coefficients which are not determined 
by our crude calculations, and b is given by 


b= &Q/a?, (3) 
where e is the elementary charge, a is the distance 
to nearest neighbor ions, and Q is the nuclear 
quadrupole moment. A more detailed treatment 
shows that b is actually somewhat greater than the 
value given by formula (3), because of the so- 
called antishielding effect6,7. 

There is no point in making a more exact cal- 
culation of 7, at present, since almost nothing is 
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known about the coefficients in the expansions of 
Vand V,, except their order of magnitude. 


We note that Ref. 7 is also concerned with the 
theoretical treatment of nuclear magnetic relaxa- 
tion caused by quadrupole effects. In that paper, 


the pure quadrupole two-phonon effect was cal- 
culated; however, we see from our calculations 


that, for T > @,the four-phonon interference process 
iS more important. 

Since there are at present no experimental data 
concerning the temperature dependence of ie (for 
nuclei with spins greater than 4), we shall make 
a qualitative comparison with experiment in the 
following way: we calculate the constant b, using 
formula (1) and the experimental data on the re- 
laxation time of Na in NaNO, at room temper ature®. 
This gives b ~ 3 x 10°7° ergs. 

This value of 6 corresponds to e°Q/a® with a 
approximately equal to one Angstrom. (We take the 
value® Q = 10°7° cm? for the quadrupole moment of 
Na??.) Our calculations are quite crude, but 
still the value obtained for 6b is reasonable. 

3. Bloembergen? has shown experimentally that 
in many nonconducting solids nuclear magnetic 
relaxation is due to paramagnetic impurities. In 
this paper the following mechanism for relaxation 
was proposed: the spin of a paramagnetic ion ( for 
example, Cr+ or Fe*** ), because of its inter- 
action with the lattice, changes its direction 
periodically, with a period of the order of p, where 
p is the paramagnetic relaxation time. Therefore, 
a time-varying local magnetic field acts on the 
nuclear spins in the neighborhood of the para- 
magnetic ion and tends to reorient them. Because 
of this, the nuclear spins which are close to the 
paramagnetic ions rapidly approach thermal 
equilibrium with the lattice vibrations. A gradient 
of spin temperature is thus produced, which gives 
rise to spin diffusion, as a result of which equilib- 
rium of the nuclear spins and lattice is finally 
established throughout the body. 

In Ref. 9, a calculation was made of the time 
for direct nuclear magnetic relaxation at a dis- 
tance r from a paramagnetic ion. In treating the 
spin diffusion, several doubtful assumptions were 
made in Ref. 9. In addition, the solution of the 
differential equation was carried out by numerical 
methods, so that it is of interest to consider once 
again the process of spin diffusion. _ 

We have solved the differential equation for M 
(the nuclear magnetization ) subject to the appropri- 
ate boundary conditions. The calculation was made 
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for a nuclear spin %, and the spatial dependence 
M(r) was obtained. From the asymptotic form of 
this function, it is easy to obtain the flux of nuclear 
magnetic moment and then find the nuclear mag- 
netic relaxation time. We obtain 

T, = 1/4nDeN, (4) 
where NV is the number of paramagnetic ions per 
unit volume, D is the diffusion coefficient for the 
nuclear spin, and c is given by 


€ = 2-*hnTD2(5/4) Ble = 0.68 gl/4 (5) 


where 


B= (77h)? S(S + 1)/Szpv2, (6) 
y, y are the gyromagnetic ratios of nucleus and 
paramagnetic ion , respectively, S is the spin of 
the paramagnetic ion, v is the resonance frequency 
of the nuclear spin in the external magnetic field. 

Our treatment is valid only for sufficiently low 
concentrations of paramagnetic ions. The quanti- 
tative criterion for the validity of the approximation 
we have considered is that the magnetic interaction 
energy of nearest neighbor paramagnetic ions be 
small compared to the interaction energy of the 
paramagnetic ion with the nearest nuclear spins. 

In particular, Ref. 9 gives experimental dataon 
the dependence, on temperature and concentration 
of Cr atoms, of the relaxation time for protons in 
potassium-chrome alums highly diluted with 
aluminum. A simple estimate shows that the con- 
dition for applicability of our treatment is fulfilled 
for No JSN ay <107°. In particular, samples I, II 
and III of Ref. 9 satisfy this condition. 

The dependence of is 
paramagnetic atoms, given by formula (4), is con- 
firmed by experiment. As for the temperature de- 


on the concentration of 


pendence of iS (where our result is the same as 
the dependence obtained in Ref. 9 by a numerical 
method ), unfortunately, it is impossible at present 
to make a quantitative comparison with experiment, 
since there are no experimental data on the 
temperature dependence of the paramagnetic re- 
laxation time of highly diluted alums. However, 
we note that with the value of p for undiluted po- 
tassium-chrome alums, formula (4) gives, for 
samples I, II andI[I of Ref. 9, satisfactory agree- 
ment with the experimental data for T = 20°K. 

4. Summarizing, we see that our calculations are 
in accord with the generally accepted picture of 
the mechanism of nuclear magnetic relaxation in 
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ionic crystals. In the case of a nuclear spin equal 
to %, the nuclear magnetic relaxation is always 
caused by the interaction of the nuclear spins with 
the spins of paramagnetic impurities. In the case 
of a nuclear spin greater than %, nuclear magnetic 
relaxation at high temperatures is produced by 
quadrupole effects, and at low temperatures by the 
interaction of the nuclear spins with the spins of 
paramagnetic impurities. The temperature at which 
these two interactions are equally effective de- 
creases with decreasing concentration of paramag- 
netic impurities . 
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The radiative corrections to the scattering of electrons by electrons and positrons are 
calculated with accuracy up to %° + Consideration is given to the general case and the 


limiting case of large energies. 


1, ELASTIC SCATTERING OF ELECTRONS 
BY ELECTRONS 


T HE scattering of electrons by electrons and 
positrons, including the radiative corrections 
of lowest order, can be represented by means of 
the diagrams shown in Fig. 1, where p ; Pg » Pi» 
and p, represent the four-dimensional momenta of 


be denoted by U; . Along with the diagrams shown, 
one must also consider diagrams obtained from 
them by means of the interchanges 

Dep eepy OP. P 2) pp. 93) p, 2 p,: 
The matrix elements of such diagrams will be de- 
noted by Ur, U. , and Us respectively. 

On integration the matrix elements correspond ing 
to diagrams 4 and 5 of Fig. 1 diverge in the region 


of large momenta of the virtual particles. uese 
divergences are regularized in the usual way, ‘and 


the first and second electrons before and after 
scattering, k the four-dimensional momentum of a 
photon, p the momentum of a virtual electron, p 
and v,the polarizations of virtual photons, and 
G=Py Py (We do not consider diagrams con- 


taining proper energy parts for a real electron, 


since on regularization they reduce to zero). The 
matrix element corresponding to the ith graph will 


we carry out the integration over a finite rela- 
tivistically invariant four-dimensional region.” 

The matrix elements corresponding to diagrams 2, 
3, and 5 also diverge on integration over the region 
of small momenta of the virtual particles (‘‘infrared 
catastrophe’’). To avoid this difficulty one 
proceeds, as is well known, to ascribe tothe photon 
a ‘‘mass’’ A, which then appears inthe cross sec- 
tion for elastic scattering. On combining the cross 
sections of purely elastic scattering and inelastic 
scattering (with emission of a long-wavelength 
photon, with energy not exceeding AE), the 
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quantity A cancels out and does not appear in the 
final result. The inelastic scattering is repre- 
sented in diagrams 6 and 7 of Fig. 1. 

The matrix elements corresponding to the 
diagrams of Fig. 1 are formed according to 
Feynman’s rules.%»? For example, diagram 3 gives 
the following matrix element 


2 ' , 
U, = ——3(p, + P,P, —P,) (1) 
x | G1, 0, — ih + 1)7 7,4) 
X (Uy, (ipa — 1k + 1) *4,H,) 


x CRA + dM) (ek +9)? +27], 


where P =p, Y,5 u=u* ¥4> % = 1/137, and the u 
are the spinor amplitudes of the electrons. (We 
use a system of units with % =c =m =1.) 

The four-vectors p, , Pp) » pj, and p’, satisfy 
the law of conservation of energy and momentum, 
Py +P. =P 1 +P 2 » from which there result the 


following equations between the scalar products: 


P,P, =P,P,> PP, = P,P; 


PP,= P,P, PP, = PP, + pp, +1; 
~ Pid = 2,9 = — pig= pg = g2/2. 


Making use of Dirac’s equations 
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we rewrite Eq. (1): 
U got Ul — 2na0 (ie, — Pe) 
X {— 4 (p,p,) (U, %,,44,) (4, Typ) © 
$2 E(u) 11 5P py) (up Ty) 
+ (u, 1,t,) (Ui, Py Tot sH4p)] 8, 
yt) (de Tle a) Oe 


where 
oy Aoy Cha) = eeu (3) 
(1, gr Rgk,) dh 
(k® — 2p,k) (k® — 2p,k) (k® +) [(R+ @)? + 7] 
The symbol (1, k,, kg k,) means that in the first 


case it is to be replaced by 1, in the second by 
ke , and in the third by k, k_. 


First we shall show how the scalar integral is 
calculated.4 From the formula 


1 a 
ap \ lax + 6(1— xy) 2x 


0 


and the formulas obtained from it by differentiating 
with respect to a and b, together withthe four- 
dimensional integral 


\ d+k Ti 


(ip+lju=0; u(ip+1)=0, (= Ope + Ly = OL — py)’ 
we obtain 
p= (\( z*(1— x) dy dx dz (4) 
“000 [xz (Lz) Giri ks a (l NE 2 (ee ? 


where Pyee YP, + (l-y)p, . The quantity A? ap- 


boone in the integral (4) is small in comparison 
with q* , p 2 and unity. But it cannot be simply 
neglected, since this would give a divergent in- 
tegral. Therefore we break the integral (4) up 
into three integrals, in which the integration with 
respect to x is carried out over the intervals 


(0, €), (e, 1—€, ), (1—€,, 1), with ¢ << 1, €)<<L 


In the second of these integrals we can drop terms 
containing A”, and in the third those in —z(1—x)A?2. 


The first integral is again broken up into two 
integrals, in which the integration with respect 
to z is carried out over the intervals (0, z_) and 
(z,, 1), with WES bas Py << Zog7€ and z,<<1. 
In the integration over the integral (0, z,) we 
drop z°py , and in the integral (z,, 1), the terms 


containing \2. When the expressions obtained are 
combined, the quantities z,, €, and €, cancel, 


and we obtain 
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ben? ad : Di 
b= @ In 5a Mi (2), M(x) = s5-> (5) 
where ® , is defined by the relation 
(p,— p,)? = g2 = 4sh®,. 
We proceed to the calculation of b ,. This 


integral is a four-vector, which can depend only 
onthe vectors p,,p,andq. Since 6, remains 


unchanged by the interchange p, Sp 2 it has 
the form 


b= XP ack Pa it ¥ 5» (6) 
where X; and Y; are scalars depending on the 
scalar products of the vectors p, , p’, and q. 


Taking the scalar products of Eq . (6) by 
P yg and q, , we obtain two equations for the deter- 


mination of © and 1g ae 


eae 1 PP.) X,—/2q?Y , = "/2(F°—G), (7) 
9 Ap q°Y, = */.(H’ —F? — 9g’). 


The integrals HO Fe, and G appearing in the right 
members differ from b by the absence from the 
denominator of the factors (k +q)? +r2 £2? +\2 
and peep ‘, k, respectively: They are calculated 
in the same way as b: 


H® = F® = — N (®,) — 2M (®,) Ini, (8) 
t : 
G=s55 | F (e-#> — 1) + (9) 
+ 20 In (1 — e2%) 4 =i. 
where 
ee 
N(Q)=s5 [42 — 2x In (2ch x) ane 


The function F (x) satisfies the relations : 


F(x—1)+ F(1/x —1) =14/Q In? x, 


and the quantity ® is defined by the equation 


(p,— p= G2 = 4 sho, 

We calculate, finally, the tensor integral bor: 
Noting that 5 | can depend only on the vectors 
Day ie and q, and that this quantity is un- 
changed by the interchange p 1 © P 2,We find that 
this integral has the form 


O52 = (Pig + Php) (P1. + Phy) K, (13) 


sae PDE aoe), 
eh [(P,, <8 P24) q. 


+ q.(P i. Pat) W pete oe 
where Kp, Ly, Wy, Z5> and 7’) are scalars depend- 
ing on the scalar products of the vectors p ,; Po» 


and q. 

Multiplying Eq. (13) by p,, q,, and contracting 
on the indices o and-7, we obtain a system of three 
equations, in the eu members of which there 

, F°, G, differing from 


He Fe, G by the presence of the factor k, in the 


appear integrals Ho 


numerator. These integrals are calculated in just 
the same way as b,. Then, equating the coef- 
ficients of the vectors pyg> P og% Ig » We obtain 
a system of six equations for the determination of 


the five unknowns Kp, Ly, Wp, Zest The extra 


equation serves as a check on the calculations. 
U, +U%, and the other matrix elements are cal- 


culated analogously. In the calculation of U,» 
additional poles appear in the denominator of 

the integrand; these are avoided according tothe 
Feynman rule , i.e., an infinitely small negative 
imaginary part is added to the squares of the 


four-dimensional momenta: p” =a —ie. Instead 
of the quantity D , which occurs. inthe matrix 
element U, ; the expression for U, contains the 


quantity | —7i/2, which is defined by the 
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relation (p, — py)” = qe Aish@7 
The cross section for purely elastic scattering 
is given by the following formula: 


doy = p88 {|Ui+ Ut Ut O1|? (a) 


5 
He? Rey >t (Uae eU ate) 


=e 
X(Ui+ Uit Uit U; }dQ, 


where v is the velocity of the electron in the 
center-of-mass system (c. m. s. ), S indicates 
summation overthe orientations of the electron 
spins inthe initial state, S“ the same for the final 


state, and d Q is the element of solid angle into 
which the electron is scattered. | 

Since the quantities U, contain 6-functions, the 
formula (14) contains a factor |275(p, tp.—p y—P Die 
which is to be replaced, as shown in Ref. 2, by 
27 , , where p f is the numberof final states in 
unit range of the energy of the system, given by 
(es v/ 1673 (1—v? ). 

We shall now show how the summation over the 
orientations of the electron spins is carried out. 
Multiplying u by the operator 8 (—ip +1)/2E 
(with 8 =y_ and E the energy of the electron in 
the c. m. fe) and using the equation By)... 


By,)B =yy) +--+ Y¥, » we obtain, for example, 


SS! (i, fyty)* (Wi, Yylg)” (Uy ty (Py Fy) Tutt) Uy Ty TH) ies 
= apr SP ft, (— iP, + 1), (P+ PY, (iP, + DI 
x £Sp (1, (— iP, +1) 1,91, (— Pet DI, 
SS! (1 1.8) (Ta) (My TPL + Pa) Tul) TI) (16) 
= ar SP (— i, + 7,91, B+ DY, 


+ 1) 1, (0, + Py) t, (— ip, + 1}. 


In expressions of the type of (16) we carry out 
the summation by the formulas:5 


ee aint FT “ae Se ae Ql0, 


T1571), OES Vion |p. a 25 


Jae), li ery es 


i 2; SEGRE 


Vion 


For the calculation of the traces of the matrices 
the following rule can be formulated.?»® To cal- 
culate 1/4 Sp (Yi Vain ) we draw a circle, 
and put in correspondence with each matrix y, a 


point i on the circumference. The points are 
placed on the circumference in the same order as 
the matrices occur in the product. We join these 
points in pairs by straight lines. Then each 
straight line joining points i and k corresponds 

to a factor 6 ,, ; to each way of joining the points 
there corresponds in the expansion of the trace a 


term of the form (-1)?5., OT Oe ..., Where P 


is the number of points of intersection of the 


SS eee’ 


straight lines. For example, for the calculation of 
1/4 Sp (Y VAY V mY n ne ) one must draw diagrams, 
some of which are shown in Fig. 2. To these 


diagrams there correspond the following terms in 
the expansion of the trace: 


9 


1 m Raion = ny D 
JeS0 (ita lilalntp) = eeeem ee a 
s a XN x X » Nn 
a Or hm np + 9inORm Lp — OimRn®Ip -F .« 


An analogous rule exists for the calculation of 
the product of two traces.© We draw two circles 
side by side. On each of them we place points 
i, k,... inthe same order as the matrices VV, 


in one of the products. We join by dotted lines 
those pairs of points, over which summations are 
taken [ we are considering the case in which these 
points belong to different traces; otherwise the ex- 
pression can be simplified by means of the for- 
mulas (17) }. Then we join by solid straight lines 
pairs of points belonging to the same trace (both 


those with ‘‘dummy”’ and those with ‘‘speaking”’ 
indices.). To the line joining points with the 
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indices i and k there corresponds a factor 6 ;; 


(these points can belong to the same trace or to 
different traces). To each such diagram there 
corresponds a term any Oy Sim . ++, where 


i —k,l—m, ... are the pairs of points joined by 
the system of solid and dotted lines and P is the 
number of intersections of solid lines. If a given 
assignment of the indices to pairs i-k, —m ,_ 

has several diagrams corresponding to it, then the 


coefficient of the term 5., 6;,, . .. in the expansim 
ik mm 


of the product of traces is found by combining the 
coefficients corresponding to the individual dia- 
grams. 

By using this method one can, for example, 
show that 


18 
La SP (Tasty Tataty) a SP Wy Tmlotatr Tp) ao 


= 68im3andip + 2 (SimBx Bap + Bandit8mp + 81p9:kOmn) 
+ 2 (Simon p%1n + Onn0i polm + O1p%inOkm) 
+2 (SindnpOtm + 8:p91n 8am): 
— 2 (8;n3indmp + SinS1mOnp + Sri8mndip 
+ Op1Ompdin oe 9;19npOkm a fs 0:19 mn%p p)- 


Since in using this procedure one has to take 
into account all ways of joining the given pairs 
of points, we state the for mula® determining the 
number NV of these ways: 


= n! (19) 
te) = ae ey 
(n—m)|2 
x Vv (m+ k+1—1)! [(2 —m—21— 1)! 
= (!)? = =) ae 


where 7 is the number of ‘‘dummy”’ indices in 
each of the traces, m is the number of pairs of 
“‘speaking”’ indices, and & is the number of pairs 
of ‘‘speaking’’ indices belonging wholly to one 
trace (0! =1; (-1) !! =1). 

After calculating the traces and integrals, we 
obtain the following expression for the cross 
section for elastic scattering of electrons by 
electrons:® 


ds ics 3 a2 (1 = vu?) 20) 


5 


X Re 2 (CP? — CP + CI) — CP) a0, 


i=1 


where 


CO) = (qt + 494 + 8q2 + 8) q°4; (21) 
CONN) aa) 4 Gy 
pies 
ee 2 q? 
Ce ein 20, Ins CY 


% 1 
a a [2G (— q?qi 


+ 95 — 594 + 69°— 4q2 + 24) 
+ 8g31ng]+2[N(®, —5) 


2 
+ 2M (®, —%)In q] (@?-+43 +8) 
Th 
+ 4M (®, —5] a3; 
ati Ae ee 
oe ee seers uy 


— Sale aea 
— 39°q, — 2q* — 16 g2 g?— 48 q2— 32) 
+ 2 In g-(9"q2 + 69" 
AS), 
+ 2M (®,) Inq] (q3 + 2) (q? — 2q2) 
— M (®,) (42 43 + 693 + 8)} ; 


© 
ee: 
3 nm th 20, 


Ge 
see Go) 
—— {IG 2g4 1. g2q4 
ng? e+ 4 9, 1 4 4. 
+ 8q4 + 4q%q2 + 49? — 84; — 16) 


— 21nq(q?q2 + 6q? + 8)] 
+ [NV (®,) + 2M (®,) Ing] 
x (qi + 92 G3 + 29? + 2q2 + 8) 
+ M (®,) (42.93 + 293 — 64? —8)} 
D, 2 
Gy ee = ICY; Ce a = Gs 
(iy Sea ay 2 Ge = 2) 
Co a 
2 (q*— 4g, — 8) 
am o)); 


Ah 


CPi Slice — 
1 = 4|(20 cth 20 — 1)(In= — 1) 


pein o| — (4 -+ 292) M (9); 
J = (1—}/,cth® ®) (1 — ®cth®)—¥/,. 
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DOS ®A 


+ 8m On 6 np ~6 1 5am np 


+O in Sam Oy 61m kn 7) 


eB 


OP. 1) is Saal from C, (1) by the interchange 


Be © -4- ams ©, —7 /2 and change of 
sign, and (Ge by 2 is roheatned from C, (k) by the 


interchange g < q, > © ®, 
If in the expressions (20) we retain only the first 
terms oe (k) and Cee then we obtain the Moller 


ela 


2. ELASTIC SCATTERING OF ELECTRONS 
BY POSITRONS 


The cross section for scattering of positrons 
by positrons, including the radiation corrections, 
is given by Eq. (20). 

To find the cross section for scattering of 
electrons by positrons (or of positrons by elec- 
trons) one must put 


P=Pp_s> pP,=P_ 22) 
es eae ee, 
where p_ is the four-vector momentum of the elec- 


tron and p, is the four-vector momentum of the 


positron. Equation (20) then takes the form: 


aa! 
doeiae 3 07 (1 —v?) (23) 


5 


x Re Dy (Di? — DP) + DP? 
i=1 


where the quantities D; {k) are obtained from C, (k) 
by the interchange q - —4 ~9,2 ,0, < ® ees 
and the quantities D; Die are op eanicd from D ; ie) 

by the interchange q? © —4 —q”, Oar mi /2 


If in the expression (23) we retain onl 
y the first 
terms D, (k) and DE , then we obtain the Bhabha 


ad) 


formula.® 


3. INELASTIC SCATTERING 


In order to eliminate the ‘‘mass’”’ A of the photon, 
appearing in Eq. (20) in connection with the 


‘‘infrared catastrophe’’, it is necessary, as is well 
known, to consider along withthe elastic scattering 
the inelastic scattering of electrons by electrons 
with the emission of a photon of energy not exceed- 
ing AE (AE << 1; AE << p). This cross section 
is given by the following formula: 


e—e a (1 — v?) 24 
A5s Feta a 32 7, Cy 
x (Ci — CP + Cy? — Ci”) 
. ( Pov 4 Pav Pry eaxe 
fa hk” pak eR ex 
Ik'1<E Py Pe 
d3 
peg ee 16 
(k? + 22) l2 


We note that the cross section for inelastic 
scattering depends in an essential way onthe 


reference system. In, the c. m. s. Eq. (24) leads to 
the following roca 


d eé—-e 
Ceetaat Ca Mic (25) 
oe 2AE 20, 20, 
7 doo {4 Ing 20 thao, + fh oo!) 


®, 
T iro, ae a [H (x, v) ch 20, 


—H (8, v) ch 20 — H (x — 9, v)ch 20, ] 


41 (Opch2o. 
— N (®) ch 20— WN (®,) ch 29,5] 
20, DXa) 20, 
gp UNC, = ®, th2® th sa) 

where Jv is the angle of scattering in the c. m.s., 
and ‘ 

ds In [(1+ 0f)/2] 
i ermap: Ve esne 


cos (9/2) 


_ nile) 
1+ v6 V @ — cos? (9/2) 
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In the laboratory system (.1.s.} the formula is? 


e— (o4 ‘ 
Oo Pas Ls = doy [4 ( — Ss 
oe 20, = 20, i x 
th20, th 2@,) "2aE 


20 20, 
carom ot aoa 


(26) 


th 20, 
20, Sey 
+ 20; — trae | xcth x dx 
20, 4 


2 
T iio0, \ xcth x dx 
20, : 


Z. 
aoe \ xcth xdx — R(®,, ®,; ®) 


0 


— R(®a, B; ©) + R (Mp, ®; ®a)], 


where 
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2D 
ee Dee Thao \ pInbeo dx; 
0 
p= A(A?— B® ; 
A = sh (2®x) ch 2, 
+ sh [20 (1—x)] ch 20,; B=sh20. 


The cross section for inelastic scattering of 


electrons by positrons is obtained from Eq. (25) by 
the interchange oe < 0, 


4. SCATTERING IN THE EXTREME RELA- 
TIVISTIC CASE 
In the limiting case 


p>1,  psin(8/2)>1, pcos (9/2) 1, 


where p is the momentum of the electron in the 
c. m. s., the scattering cross section (elastic t+ 


inelastic) of electrons by electrons in the l. s. is 
given by the formula 


2 (4 aye A (27) 
ff = Ere te 2-34 + 32-79) + £[2(1 20 


1 
+ 204 — 2®)) In = (2 —3y + 3x2) 


+p (28 — 48y + 4872 — 1742) + Oy (2—2y + y2) 


+ ®, (2+ 2y + 3y2— 3) — @3 (2 — y) — 05 (2 —y+-2y2—y?) 


— 0 (6 —5y +542 — 


247°) + 20D, (6 — 7x + 6y? — 2y3) 


— 2D, (10 — 177 + 167? — 5y?) +20,®, (2 — 3y + 3y2 — 73) 


oe a 


Te x] ao 


+. terms obtained by the interchange x¥71—y; Do OF. 


where y = sin? (0/2). 


In the same limiting case the cross section for 


a2 (1 — v?) 
pe : 
ds Sie 4y? 


— 2®,) In 


scattering of electrons by positrons is given by 
the formula:* 


{a—x+2 += [41 — 20 + 20, 


q 
eg 


5 (2 — 9y + 19y? — 15y3 + 6x4) 


— @2 (6 — 15x + 19y? — 9x? + 2x4) — 203(1—3y+ 4y2— 3y3+ y?). 


= 200, (1 


0 — 17x + 24y? — 1773 + 10x*) + 


+2 O®; (6 — 12y +13y?—6y°+ 2y4) + 20,9, (2 — by + 13y?— 12y°+ by") 
+ (28 — 427 + 547? — 237° + 674) 


Zt 7216 — 23y + 51y? — 4273 +2874) + B, (2 - 5y+ 6y? 


(28) 


yer sd) Zz Q—y+7)? +5226 —6y+ 47°)]\ dQ. 


In the limiting case of large energies and small 


Squations (20), (21), (27), and (28) have also been 


obtained in Ref. 9. 
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scattering angles (p +> 1, p sin (0/2) < 1), the 
cross section for scattering of electrons in the 


2 a 
OR = 
] 


a? (1—v? 
ls. 4 sin? (9/2 


[2(1— = cth? © (1 —@ctho)— = 


l. s. has the form 
29 
(1 — 3p) dQ; oO 


9 


+ 4(2@cth 20 —1)(In sap — 1) + 40a (2@ eth 20 — 1) 


—(14 


In the c. m. s. a simpler formula is obtained. !° 
Equation (29) also gives the cross section for 
scattering of electrons by positrons in the limiting 


case of large energies and small scattering angles. 
In the limiting case 


inep Sl: In (2p sin +\)> jig (30) 


In (2p cos z) > 1 


the cross section for scattering of electrons by 
electrons and positrons is of the form 


ds = Cera — dp), (31) 
where do, is the cross section for the main effect, 


and on - 6,+6,+6,+6, DO, FOU en, (5, corre- 


sponds to diagram 2 in Fig. 1, 5, to diagram 3, 
.,and 6. to diagrams 6 and 7 ): 
inelas, 


s il 5 


Fil { 
yoo = (20. foe 3); 


d 304 O, a 4a 4 
OS ergy, a5 = ry 20, In a + 23); 
ei cde 2 5s 
Cinelas~ = (2, In DAE Aas 3); D, = In 2); 


2D 


@D 
4M 4 c 9 
sh =p) ai th 2M \ x th xdx 2 Se \ seth xdx| > 
0 


th z@ 
0 


so that 


(32) 
ere = (8 In 2p Ine + 14 In? 2p). 


In conclusion, the writer expresses his grati- 
tude to Prof. A. I. Akhiezer for much aid in per- 
forming the present research. 
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» It is shown that it is possible to introduce an effective dielectric constant Cafe = (47/ceZ)? 


in the anomalous skin-effect range. 


1 AS is well known!»?, the introduction of an 
e effective dielectric constant i<5= (4n/cZ)2 


(where Z = R + iX is the surface impedance of the 
metal) is based on the fact that Z is practically 
independent of the polarization of the incident wave 
and of the angle of incidence y. According to 
Ginzburg, this is so if 
|" |S1, & =e(a)—4ris/o ; (1) 

a rigorous proof has been given for frequencies and 
temperatures at which the normal skin effect oc- 
curs*, 

Condition (1) is equivalent to the requirement 
that 

[3] HA B=cloVe’, }=c/o), 

i.e., that the depth of penetration of the electro- 
magnetic wave into the metal be much smaller than 
the wavelength in vacuum. The latter condition is 
satisfied even in the anomalous skin-effect range; 


foe) 


&8 


this fact suggests that in this range, as well as 
under normal skin effect, the surface impedance may 
be independent of the polarization and of the angle 
of incidence. The present communication is de- 
voted to arigorous proof of this proposition* . 

2. By definition, 


Z, = (An/c) Ex (0)/Hy (0); 


Zp = —(4n/c) Ey (0) Hy (0). 


The index s corresponds to polarization of the 
electric field in the plane of the metal surface, the 
index p to polarization in the plane of incidence. 
We consider oblique incidence (at angle ) of an 
electromagnetic wave of frequency w upon a half- 
space (z > 0) occupied by a metal. On the usual 
assumptions of the theory of the anomalous skin 
effect®, we find the following expressions for the 
surface impedance: 

1) In the case of specular reflection of electrons 
from the metal-vacuum boundary: 


dt 


vee! 


a | P+ iKy (11/8) — (3/2)? cos* @ ” 
0 
1 — iy? (2/8)? £2F’g (41/8) 


(2) 


oo eto G7 


i (A/8)? kg (te/8) (1 + Ua) ats 


Sony 
pi 
ot 


Here 
6 — aoe } t— = ‘of 0 9 
i V Inco @’ 1+ jw’ 
L l 
l = —— pe eee 5 
1+ iwt i ~V bat 


O, is the static conductivity of the metal, Ly 
= UT is the length of the free path, UV, is the 
limiting Fermi velocity and 7 is the relaxation 


time of the conduction electrons. 


* ¢(q@) is the dielectric constant of the metal, o is 


its conductivity, and @ is the angular frequency of the 
electromagnetic wave. 


Ka (t1/8) 


21 iK4(tl/3) — (8/A)? cos? ¢ 


wen ; 
FeSIN OTF (a8) Ko (00/8) (LF PP) 


PN a ee 
K,(w) = 3w? [(1 + w?) arctgw—w], Ky (0) = 3; 
K, (w) = 6w ? [w — arctgw), Kk3O)=23 

Ks (w) = K2(w) — Ki); 


for w > 1, K,(w) =~ 7 /6w and K,(w) = 6/w. 
2) With diffuse scattering of the electrons from 
the metal surface, we have: 


* The Proof given in Ref. 1 (Sec..2) seems to us not 
. . i . 
quite convincing, Since it assumes in advance the exis- 


Pr 
tence of €. 
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qf (3) 
a i= F(o | [<2 es; —n) 5 
j= 
Po m we 
Zp =i =F (6414 Daj--m)": 
j=] 
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f2 4. 4)7—! (42 + iK, (tL/8) — (3/0)? cos? @ 
(£2 +L 2) (2 + 53)... (2 + sf) 


fin | at 


0 


fe Ores neers Ks (t1/3) 
[ie eer oe G + iky (tl/8)—(8'A)? cos® +1 sin® @ ea: i Te eae \| | 
ay (22 p2) (#2 ps) =p) 


.,n) are the roots of the character- 


fo) ) 
s,(j=1, Dien 


istic equation 
t? + ik, (tl/6) — (6/2)? COS" 6 = 0, 


in the plane of the camplex variable ¢. Pj (i= er. 
, n) are the roots of the equation 


t2 + iK, (tl/5) — (6/).)? cos? © 


Ks (tl/8) 


Ka (ti/8) (1 + 7222) 0 


te ea aay 


in the same plane. The other symbols are as be- 
fore. 

In the derivation of Eqs. (2)-(4), the collision 
integral was written in the form 


(Of/0t) = (f — f )/*- 


Thebar over f means an average over angles in 
momentum space. With oblique incidence, 


f, # 0 (f, is the nonequilibrium contribution to the 


Fermi distribution function ), because of the 
presence of a z component of the electromagnetic 
field. Calculation of the term Aly leads tothe 
appearance, in the right member of the kinetic equa- 
tion, of a term (ony 127 0,) div E (because 


hy is proportional to the charge density p 
=(1/47) div E). For good metals, this term is 
negligible in comparison with EB Vo, up to fre- 
quencies in the infrared region of the spectrum. 
It is evident from Eqs. (2)-(4) that in the 
general case (y # 0), Z, differs from Z, and de- 


pends on three parameters of the dimensions of a 
length: 6, the skin-depth of penetration of the wave 


8 Ee ee 


into the netal; J, the length of the free path of the 
electrons; and A, the length of the wave in 
vacuum. We will determine how important this 
dependence is in various cases. 


At all frequencies up to w < 10!® sec™! 


, and at 
any temperatures, the wavelength X is large in 
comparison with the skin depth 6 and the path 


length l. In fact, 


OT 


( aE w2r?) \2 


eo 


8 2 : ‘I 9_>\1 = 
2 (ot ame 
since even forwT>> 1 
| 3/?, | = w/V Inne*ym ~ w+ 10716. 


It is therefore permissible, in the integrands in (2) 
and (4), to go to the limit /A >; then we 
get directly Z, =Z.. Under these conditions, the 


surface impedance is independent of the angle of 
incidence y and essentially agrees with the ex- 

pression obtained in Ref. 3 [Lq. (21)]. This is 
correct to the first nonvanishing term in 1/4, for 
arbitrary ratio between / and 6. 

The same argument (cf. Sec. 1) proves the pos- 
sibility of introducing an effective dielectric con- 
stant in all ranges of frequency and temperature. 

3. We will calculate a correction to the surface 
impedance, depending on the angle of incidence. In 
the limiting case of normal skin effect, when 


| 2/8 | = (Uo/c) (2x55/e)"2 wt (1 + wt?) = | 


(low frequencies, high temperatures ), the largest 
small parameter --- in terms of which it is con- 


venient to expand --- is 6/X. Then 1/5 may be 
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set equal to zero everywhere, 
be expected, is that we arrive at the known ex- 

pression for the surface impedance under normal 
skin effect [ cf., for example, Eq. (2.2) in Ref. 1 ]. 


In the opposite limiting case |//8| >> 1, which 
is realized at high frequencies (106 < w < 10!) 


and low temperatures (anomalous skin effect ), the 
expansion parameter is //A. We approximate 
K,(tl/6) asymptotically for large values of the 


argunient and expand expressions (2) and (4) in 
powers of //A. After some calculations we find: 
Spe-uler reflection of electrons from the surface: 


Zp (9) (5) 


= 25(0)| 1 — sin? (1 ie \Bp— | 
= Z, (0) 
= fy (V3 x0%l/cta9)"* (1 + i V3); 


Liffuse reflection: 


Zp (0) 


Sy Is 2y Is " 
Zp(¢) = Zp (0) {1 —sin? 95 EP (6) 


th iar ea epee aE 
0) = (V3 rw2l,/ct3,)'» (1 +i V3), 
a = 8p/x V 68° 


The result, as was to 


Tere we have used the notation of Ref. 1: 
B= v,/c; p= V8/q (Lo/3y) (wt) 
= (32/0) (9/c) (ne?/3nm)"; 


7 = V/s (q/ly) (wt) ” 


= (2c/V 31,) (m/4rne2)*; pq = (wr). 


The coefficients of sin? win Eqs. (5) and (6) are 
of order 107° to 10°° for representative values of 
the quantities occurring in them: 8 ~ 10°?, o~ 10! 
sec}, Ue 10°° em, On 1Oz 

In closing, the authors express their thanks to 


V. L. Ginzburg, I. M. Lifshitz and M. Ia. Azbeliu 


for valuable discussions. 


: VY. L. Ginzburg and G. P. Motulevich, Usp. fiz. 
nauk 55, 469 (1955). 

2 Vv. L. Ginzburg, Dokl. Akad. Nauk SSSR 97, 999 
(1954). 


3 G.E.H. Reuter and E. H. Sondheimer, Proc. Roy. 
Soc. (London) A195, 336 (1948). 
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The polarization effects in the radiation of an accelerated electron are investigated by 
quantum methods, but in classical approximation. The formulas obtained describe both the 


linear and circular polarization. 


—_—eSeSSSS 


1, AMPLITUDES OF THE LINEAR AND CIRCULAR 
POLARIZATIONS OF THE PHOTON FIELD 


I N considering the spontaneous emission of pho- 

tons, we must choose the commutation relations 
for the amplitudes of the vector potential in the 
form 


, 
Ode = 0, Gag a= (855° 2 %s%er | x”) bx, “> (1) 


For the determination of the polarization properties 
of the radiation it is necessary, moreover, to re- 
solve the vector potential amplitude a into com- 
ponents such that each will characterize a definite 
state of polarization. In the study of the linear 
polarization one must resolve the amplitude of the 
vector potential a into two mutually perpendicular 
components (cf, e.g., Ref. 1): 


a = Bode + Baz = ap + as, (2) 
o—(njl/ V ln), (3) 


Bs = (n (nj) — j)/V1— (nj, 


Gage = Sia) Ss, 3. (4) 


The vector j must be fixed in some specified direc- 
tion, for which one can take, for example, that of 
the magnetic field vector H. 

In the study of the circular polarization one must 


resolve the vector potential into two Components in 
a different way: 


Hide fg ay ae (5) 


where the vectors y are related to the vectors re 


by 


Tr = 27" (By ++ iBs), 6) 


and AWA = ID q\-= dy y* For A = 1 we 


find the intensity of the radiation having left- 
circular polarization, and for A = —1 that with 
right-circular polarization. 

We write the expression for the intensity of the 


radiation in the form: 
TT 


We > \ a sin 6 W;(v, 8), (7) 


0 


with the spectral and angular distribution of radia- 
tive intensity 


Wi (vy, 0) = 0c" Se (8) 


The symbol i will denote the state of polarization 
(i = 2, 3, 1, —1), and @ is the angle that the wave 
vector x makes with the z axis. The quantity 


S = (aa) (a*a") 9) 


is related to the amplitudes of the photon field and 
the matrix element 


ae \ oie abd*x, 


describing the transition of the electron from the 
quantum state n to the staten’=n—v. Inthe 
study of the linear polarization we shall have to 
determine two expressions for S: 


Sp = (aay) (a*ay) = a,at (1 


= 6/0 +5) 10) 


+ tyaey (1 ¥5 | (Ke + 245) 


op (cexaty = ye ) Hky | (<x ote x5) 
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POLARIZATION EFFECTS 


Ss = (aas) (atat) = a,af ( | —==.,| (11) 
Cee eee 
a = 1 { 
— (2%) (2%) ee 2 
x2 Es 
aie == xe 
—_ (a7 + a0; ) : zt ; 
Ky ty 
= = ene 
oe (aya + meaty, | 3 - 7, 
Be 


Equation (10) describes the photons with 
polarization vector (i.e., the electric field vector ) 
in the plane of the orbit (o component), and Eq. 
(11) is for those with polarization vector perpen- 
dicular to the plane of the orbit (7 component). 
Both formulas are written with the convention that 
the vector j is directed along the z axis, i.e., along 
H. 

In the study of the circular polarization we have 
for the quantity S the two values 


Si = (aa+1) (a*as.) (12) 


= 1/,(aa*) —1/. (an) (2*n) +(é/2) (n[aa*)), 


with the quantities Ds not depending on the direc- 


tion of the vector j. As is well known, in the 
classical case,the polarization ischaracterized by the 
ratio between the squares of the amplitudes of two 
mutually perpendicular oscillations, and also the 
phase difference 5 between these oscillations, 
which for an unpolarized beam takes all possible 
values. In our case we shall set the squares of the 
amplitudes of the oscillations proportional to W, 
and l’,, and the phase will be given by 


sin’ = (W_,— W,)/2V W.Ws. 


It is obvious that the total intensity of the radia- 
tion will be equal to the sum of the appropriate com- 
ponents 

VW=W.+W;=W_41.+W,. (13) 
Thus, in order to give a complete specification of 
the polarization properties of the radiation, not 
knowing the phases, we must calculate not only 
the intensities of the linear polarizations (W, and 
W.,), but also those of the circular polarizations 


(W_, and W,). 
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For unpolarized radiation we have 
W,.=W,= W_,= Vie = WV. (14) 
In the case of linear polarization 
V.=W, W,=—0. (15) 
If the radiation has circular polarization, then 
VP WOW 6. (16) 


The simultaneous presence of partial linear and 
partial circular polarization 


W, ae Ws, WG of W, (17) 


corresponds to elliptically polarized radiation,since 


o=- 0. 


2. RADIATION OF THE ACCELERATED ELECTRON 
WITH INCLUSION OF POLARIZATION EFFECTS 


As has been shown (cf. Refs. 2 and 3), when 
an electron moves in a homogeneous magnetic field 
the frequency of the radiation is given in extreme 
relativistic approximation by 


O = x = (En, — En) /k = ye] R, (18) 
where & is the radius of the orbit and 
En = V 2eHch + mect (19) 


is the energy of the electron. When one goes over 
to the classical approximation (7% > 0), which in- 
volves the use of the asymptotic formula connect- 
ing generalized Laguerre polynomials with Bessel 
functions (cf. Ref. 4) 


roe Z+:00 In, oe oe (2° / 4n) = Jy (2), (20) 
the matrix elements take the form: 
|= 08 bAsind, on 


| ty [2 = sin’ “OJ; (vB sin 6); 


ape 
ay Hy => — Ky Mx 


= (i$ / sin 0) J, (v8 sin 6) J, (v8 sin 6); 


ae Wee eh ps: 
| az | = af = a,0 = Gaye. 1870, == 0, 
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Then we get a formula for the radiation density 
that indicates not only the spectral and angular 
distribution but also the polarization: 


Wi (v, 8) = (€78%c / 2nR2) v2 {BrgJ, (vesin6) (22) 


— hg ctg O/, (v8 sin 6)}2. 


In calculating the intensities of polarized radiation 
we must set the constants A, and A, equal to the 


following values: a) for the linearly polarized 
beam with polarization vector lying in the plane of 
the orbit (i = 2, o component ) 


(23) 


b) for the linearly polarized beam with polarization 
vector perpendicular to the plane of the orbit (7 
= 3, 7 component) 

Uh ie (24) 
As is well known, in the extreme relativistic case 
the direction of the vector x almost coincides with 
the direction of motion of the electron (i.e., the 
vector x is directed along the tangent to the cir- 
cle). In this case the polarization vector for 
A, = 1, A, =0 is directed along the radius toward 


the center, and for A, =0, A, = 1 it is directed 


almost along the z axis (Fig. 1). 

In calculating the intensity of circularly polar- 
ized radiation we must set 

Ne == Se Ks = ols (25) 

From Eq. (22) we see that for the vth harmonic the 
light propagated along some arbitrary direction 0 
will as a rule be elliptically polarized. 

The ratio of the squared amplitudes and the 


value of the phase that characterize this elliptical 
polarization are 


Ws (v,8) — ctg?0J? (v3 sin 6) 
W2 \v, 8) S 62F (v8 sin 0) ‘ 


5 = arcsin 


From the latter equation it is seen that for @ 
= 7/2 (i.e., in the plane of the motion of the 
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Fie. 


electron ) the radiation becomes linearly polar- 
ized, since W,=0. For0<@< 7/2, i.e., in a 
direction making an acute angle with the magnetic 
field, the light emitted is elliptically polarized with 
right-handed rotation, and for 7/2<6<z, with 
left-handed rotation. With increase of | cos @| the 
elliptical polarization begins to go over into cir- 
cular. In particular, for the nonrelativistic case 

(B << 1), when almost the whole intensity is in 

the fundamental mode (v = 1), we have 


J, (8 sin 6) = 4/, 8 sin 6, (07) 
J; (Bsin 0) = 1/,, 
Then the ratio in Eq. (26) becomes 
Ws (8) / W, (6) = cos? 6. (28) 


From this one sees that the beam in the direction 
of the magnetic field (9 = 0) must be right-cir- 


cularly polarized, and that directed against the 
field (0 = 7) is left-circular. This result for the 
nonrelativistic case is well known and is used in 
the analysis of the Zeeman effect. 

To study the extreme relativistic case 1 =f <<] 
it is necessary to approximate the Bessel functions 


by the formulas (cf. Ref. 2): 


Jy i = = 2 x Slo 
(v8 sin 6) = Kx, (3 et), 


(29) 


where ¢ = 1 — 8” sin”@. Then the intensity of the 
polarized radiation [ cf. Eq. (22) | will depend on 
the harmonic number v and on the angle @ in the 
following way 


POLARIZATION EFFECTS 


W1(v, 8) = (€*8c / 2nR2) (02 / 3x2) (30) 


x |) eK, (5 S *s) — cos 63 Ve Ky, (ze )P. 


To find the dependence of the degree of polariza- 
tion onthe angle @ alone, we sum the expression 
(30) over the harmonics v. Since inthe extreme 
relativistic case the maximum of the intensity lies 
in the high frequency region, we can replace the 
Summation over v by an integration. 
the integrals 


co 


Then, using 


\ KG B(2se!*\ dv cers (31) 
ies) 
¢ Pace | dae ad 15 2 —%s 
\ y Ki & \d 46 TE , 
0 
ex ek ( el) dv = oh 
1], 2), sy V3 ) 
0 
we find that 
W; (v, 6) sin 6 dé (32) 


= sin6d0\ W;(v, 6)dv = Whi () di, 


QC eh 


where €= cos6/\/ 1 — B2 and \y is the total energy 
radiated per unit time, 


W = ?/, (e?c / R®) (E / mc?). (33) 


For the function f, ( €) we have the following ex- 
pression: 


= ela all ae le (34) 


+ ape +2) — he (FB). 


4 
nV3 
Curves of the dependence of f, on €(i.e., on the 
angle @) for the linearly polarized components are 
given in Fig. 2. The curves f, and f, characterize 


the radiated intensity of the linearly polarized light. 
The curves f, and f_, of Fig. 3 characterize the in- 


tensity of the circularly polarized radiation, namely, 


the left-circular (Ag = =A, = 1/2 ) and the right- 
circular (A, = Sis = VF 2 ), respectively. 
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Finally, the curves I (cf. Figs. 2 and 3) corre- 
spond tothe total intensity of the radiation, equal 
to the sum of the linearly polarized intensities 
(Fig. 2) or of the circularly polarized intensities 
(Fig. 3). These curves are identical in the two 
diagrams. 

From the curves given it is seen that in the plane 
of the electron’s notion (@ = 7/2) the light 
emitted must be linearly polarized, with its polari- 
zation vector directed along the axis of r. For 0 
< 1/2 the radiation has predominantly right-cir- 
cular polarization, and for 0> 7/2, left-circular. 

Integrating Eq. (30) with respect to the angle 0, 
we find the polarization properties of the radiation 
as they depend on the harmonic order vy. Making 
use of the integrals 


= (35) 
Wie anes 
\ Ks, (Se ig 


cage FM 


2/yve)/? 


TE, 


“35 


Se 43k (3 


\ e cos” 6Ki, & xo sin dé. 
0 


a= 1—P= 


and introducing the variable y = (2p / 3)(me?/E)?, 
we obtain 


(mc? | E)? 


Wi (v) dv = \ W;(v, 9) sin6d? = We; (y) dy, (36) 
0 

where 

gi (y) = Sy {03 45} (37) 


x \ Ky, (x) dx + (3 —5 3) Ka, (yf. 
y 


Summing Eq. (37) over the statesof polarization, 
we obtain for the spectral intensity of the radiation 
the formula found in Ref. 5 (cf. also Ref. 6). From 
this it is seen that on integration over the angles 
the circular polarization disappears completely, 
since the intensities for the two cases, right-cir- 


cular polarization ON = ds = Vy ) and left- 


circular polarization (A, =—A, = 1/V2 ), become 
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- 


equal. 


ie. 3 


The radiation intensities of the linear polaiza- 
tions of the light will be different. Curves of the 
dependence of ¢ on y (i.e., on the harmonic order 
v) are shown in Fig. 4. It is seen fromthe curves 
that the bulk of the intensity is in the radiation 
corresponding to the g component (cf. the curve of 
@» for A, = 1,4, = 0). The total intensity of the 


radiation is represented by the curve gy. 

Integrating the expression (37) over all fre- 
quencies, we find the total intensities of the polar- 
ized radiations( cf. also Ref. 4): 


W.=W\ eoly)dy ="hW, (38) 
0 

W,=W\ 95 (y) dy = YeW. (39) 
0 


These same values can be obtained also from Eq. 
(32) by integrating overthe variable €. 
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The theory of the polarization of the radiation of 
an accelerated electron can also find applications 
in the study of the radio radiation of the sun and the 
galaxy, in which polarization properties have al- 
ready been found experimentally. But the field of 
radio astronomy in question requires special con- 
sideration and is beyond the scope of our present 
problem. 
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Note added in proof: Recently, the polarization ef- 
fects from the accelerated electron, as a function of the 
direction of emission, have been studied experiment- 
ally? for particular monochromatic parts of the spectrum 
(A ~ 5500 A, etc. ) by the group headed by F. A. Koro- 
lev at the 260 mev synchrotron. Theoretical curves 
drawn by Eq, (30) for the o and 7 components (these 
curves had approximately the shape of the curves forthe 
whole spectrum shown in Fig. 2) agreed fairly well with 
the corresponding experimental data. 
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General baroclinic isentropic relativistic gas flows are analyzed. Equations of vorticity, 
and a nonlinear equation of propagation of sound waves are derived. In the case of barotropic 
flow, a relativistic generalization of Thompson’s theorem is found. 


: classical hydrodynamics, one can prove that for a 


barotropic isentropic gas flow* the circulation of 


the velocity around any closed curve moving with 
the fluid remains constant in time. In such a flow, 
vorticity of the velocity field can neither be created 
nor destroyed. If the flowis at one time described 
by a velocity potential, it retains this property for 
all time. 

We shall prove that analogous theorems** hold 
in relativistic hydrodynamics. The situation dif- 
fers only in that the ordinary 3-velocity of classi- 
cal hydrodynamics must now be replaced not by the 
relativistic 4-velocity 


u;= Qin" = Gixdx*/ds 


(s being the proper time ), but by the ““pseudo- 
velocity’’ 


0; = Ju;, (1) 
where J = (w/p) is the relativistic heat content 
per unit of rest-energy. Here w is the relativistic 
heat-content per unit of proper volume, and p is the 
rest-energy per unit proper volume, i.e., the rest- 
energy which the gas would have at absolute zero 
temperature. The dimensionless state-parameter 
J is always greater than unity. 

By S we denote entropy per unit of rest-energy. 
In relativistic thermodynamics’, S satisfies the 


equation 


TdS = aJ — dp/o (2) 


* By isentropic we mean a flow in which the entropy of 
each small element of the gas remains constant in time; 
by barotropic we mean a flow in which the entropy per 
unit mass is the same for all elements. 


** Khalatnikov” was the first to investigate rela- 
tivistic potential flows. We shall here discuss in 


greater detail flows possessing vorticity. 


where p is the pressure. We make no assumptions 
about the properties of the gas. We assume an 
equation of state p = p (p, 7'), and a dependence 
of the internal energy-density e on p and 7, these 


relations being completely arbitrary, subject only to the 
laws of relativistic therniodynamics and to the 
identity w=e +p. We further introduce the dimen- 
Sionless relativistic sound-velocity 


a=alc = V (Op/de)s 


where c is the velocity of light. 
We shall prove that, when the ordinary velocity 
is replaced by the pseudovelocity v;, the rela- 


(3) 


tivistic theory gives a system of equations for v, 
and S completely analogous tothe equations of 
classical hydrodynaniics. We carry through the 
analysis for the case of rectilinear coordinates in 
special relativity, i.e., assuming &,, constant. The 


transition to general relativity can be made in the 

usual way, by rewriting the equations in aform which 

is invariant under general coordinate transformations. 
The energy-momentum, equations are* 


OT; [dig 0, Thon = 3; p (4) 

and the equation of conservation of mass is 
0 (pu*)/Ox, = 0. (5) 

Using Eq. (5) we reduce Eq. (4) to the form 
ou” do; / Ox, = Op | OX; (6) 


(the relativistic Euler equations), and hence, by 
means of fq. (2) to the form 


u® Ov; | Oxy, = OJ | Ox; — T OS | Ox;. (7) 


is chosen so that the dif- 


* The sign of the tensor b., 
k A 


i 
ferential of proper times is ds = (g,, dx dx 


401 


402 


Because of the identity 
ATTEN == || 


the expression (1) for the pseudovelocity implies 


g'o,0; = J?. (8) 
Differentiation with respect to x, gives 
gu, OU, | Oxi = J OS | OX; 
or 
UP’ OU», |.OX, =O 0x7. (9) 
Subtracting Eq. (9) from Eq. (7), we find 
wu (ese aoe (10) 


These are the well-known vorticity equations of 
classical hydrodynamics, with the curl of the velo- 


city replaced by the curl of the pseudovelocity. 
Multiplying Eq. (10) by u* and contracting, we ob- 
tain immediately the equation of conservation of 
particle entropy 


dS dst 0S 0x—= 0: (11) 


We proceed to transform the equation of continu- 


ity (5). Putting u* = v'/J, we find 


e dv" d(p/ J)" — 
IPG AR nee ne 
From Eq. (11) and (2) we deduce 
d olf _-2 dJ 
er = (4 esp (12) 
and so the continuity equation takes the form 
(du® / Oxp) + (@*>—1)dJ/ds=0. (4g) 
From Eq. (8) we have 
Idd ds. 0Cdun) cs 
or 
dJ [ds = u‘ do; /ds = ui u* do; / dx, (14) 
Therefore, Eq. (13) becomes 
[git + (@ *—1)uiuk]do;/Ax,=0. (15) 


This equation, when both flow and sound velocities 


Bye Lee BUR EAINEKG IE 


are small, reduces to the classical equation of 
propagation of sound, including the effect of wind- 
velocity. In terms of general coordinates, and in 
general relativity, the corresponding equation 1s 


[git + (a — 1) ui") (16) 


X [(dv; | xx) — Vinod = 0. 


The whole system of hydrodynamical equations is 
contained inkqs. (10) and (15). 

The theorem governing the circulation around a 
line moving with the fluid in a barotropic flow is 
obtained as follows. In a barotropic flow kKq. (7) 
gives 


wu Ov; | OXp = Od | Ox; (17) 


or Ov; /ds = OJ | Oxi, 


where d means differentiation along the path of a 
fluid-element. Let 5 denote differentiation along 
the line around which we are considering the cir- 
culation of pseudovelocity 


T= § Vi oxi. 
Then 


dP ds = G [(do:/ds) ax! 4 0,8 dxi [gs] 


(18) 


= b (OJ / Axi) 8x! + 0; Bu‘) 


=D [8 +f, J8 (ujut)] = $ a7 =0, 


showing that I’ remains constant in time. Strictly 
speaking, we must say that the circulation of 
pseudovelocity around a fluid line is equal in two 
successive positions, if each fluid element along 
the line has lived through the same interval of 
proper-time in moving from the earlier to the later 
position. From this theorem follows the impossi- 
bility of creating or destroying vortices of pseudo- 
velocity in a barotropic flow. 

If in a barotropic flow the pseudovelocity is de- 
rived from a potential (v, = dy/dx, ), then the rela- 


tivistic Euler equations follow automatically. In 
this case 


ale Ore wie 
Ox; OX), : 
and so 
gik ap 09 yp OF _ Op 
Ox; Ox), Ox) Ox, re) Ox, 


which gives 
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uk OUR [ Ox, = ot Op | 0x1, 


i.e., iq. (6). In a potential flow, the equation of 
sound-propagation (15) becomes 
[gi® + (@ *— 1) uiuk] do / Ax; Ox, = 0. (19) 


In a barotropic flow, @ depends only on J, and 
hence, by Eq. (8) on the pseudovelocity; therefore, 


Eq. (19) contains only the potential ¢ and its 
derivatives, and the entire problem in this case re- 


duces to the solution of the single equation (19). 


i De Candag and E. M. Lifshitz, Mechanics of Con- 
tinuous Media, 2nd Edition, Moscow, 1954, 


* I. M. Khalatnikov, J. Exptl. Theoret. Phys. (U.S.S.R.) 
27, 529 (1954), 
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With observation angles of 29° and 46° relative to a proton beam there were obtained 
energy spectra forthe production of charged 7-mesons in the process p + p> m+, Differ- 


ential cross sections were measured for the angles of 29°, 46° and 65° in the laboratory 


system. 


T is known that the production of positive mesons 
takes place by means of two reactions 


papa ea, - 


ptport+pt+n. 
(2) 


The total cross section for meson production by 
the process p +p > a, that is, the sum of cross 
sections of the reactions (1) and (2) was investi- 
gated previously for various observational angles 
with proton energies in the range 340-440 mev!~*, 
Reaction (1) was studied with proton energies of 
460-660 mev°?®. 

The present research, carried out with the syn- 
chrocyclotron of the Institute for Nuclear Problems 
of the USSK Academy of Sciences, investigated the 
energy spectra of mesons produced by 660 mev pro- 
tons in reactions (1) and (2), without separating 
the two reactions, with angles of 29°, 46° and 65° 
with respect to the beam. 


1, METHOD OF MEASUREMENT AND DESCRIPTION 
OF THE SET-UP 


The method of magnetic analysis was used to 
record the 7-mesons and to determine their ener- 
gies. The schematic layout of the apparatus is 
shown in Fig. 1. The beam of 660 mev protons 
passed through collimators K, and A, and struck 
target M. On leaving the collimator K, the beam 
had a rectangular cross section | x 3 cm for the 
29° measurements and 2 x 3 cm for the 46° and 
65° angles. The proton beam intensity was 
measured by means of the ionization chambers /, 
and /,, 
inder. The magnetic field, perpendicular to the 


which were calibrated with a Faraday cyl- 


plane of the drawing, was produced in the gap be- 
tween two pole pieces of special shape, the cross 
section of which is shown in the Figure (section 
AB). 


The z-mesons produced in the target at an angle 


a to the beam were deflected by the magnetic field 
and were recorded in a telescope of four scintilla- 


tion counters /-/V, consisting of stilbene crystals 
1-4 and photomultipliers Ja-4a of the EU-19 type. 
Special precautions were taken to avoid the in- 
fluence of the magnetic field on the photomulti- 
pliers of the scintillation counters. To do this the 
photomultipliers were placed in many-layered non- 
magnetic screens of “‘Armco’’ iron and permalloy 
and ren.oved from the strong magnetic field region. 
The photocathodes of the photonultipliers 1a amd 
2a were connected to the crystals hy plexiglass 
light pipes 75 and 26 each 80 cn: long. The thick- 
ness of the crystals 7 and 2 (1.5 cm each) were 
selected so as to ensure a sufficient magnitude of 
light impulses in the crystal fromthe recorded 
mesons by comparison with the impulses produced 
in the plexiglass light pipes by the passage of the 
particles. 

The target M was located 20 cm fromthe edge of 


the magnetic pole pieces. At the same distance 
fromthe other edge crystal 2 was located. The 


aluminum: filter 5 was placed between crystals 2 
and 4, The thickness of the filter was chosen so 
that the protons having the same impulse as the re- 
corded mesons would not get through the filter and 
would not be counted by the telescope. 

The counters //] and /V were in the general 
nonmagnetic screen. The independence of the 
number of coincidences 7234 on the voltage of 
counters /-/V (the voltage plateau of the counters) 
was checked periodically. The scintillation 
counter inipulses entered the cathode followers and 
after passing through coaxial cables of 200Q wave 
impedance came into wide band amplifiers and from 
there to a coincidence circuit with ares 
of 2 x 10°8 sec. 

The effect of 7-meson production on hydrogen was 
determined by the difference paralfin-carbon. The 
paraffin target was a parallelopiped of thickness 
d=0.5 cm (Fig. 1). The dispersion angle of the 


recorded 7-mesons was approximately +]° 


olving tinie 
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FIG. 1. Schematic layout of the apparatus 


The magnitude of the magnetic field in the gap 
varied during the experinents from 5000 to 17000 
oersteds, which ensured the recording of mesons 
in the impulse range of 130 to 450 mev/c. The 
topography of the magnetic field along the curve 
MDC was measured with a fluxmeter with varying 
values of current in the magnet winding. The flux- 
meter was calibrated in a magnetic field, the value 
of which was measured by the method of nuclear 
resonance. 

The topography of the magnetic field investigated 
by this means and the meson trajectories deter- 
mined by the orientation of the target and counters 
served as a basis for the computing of the impulse 
distribution of mesons recorded by our system 
(resolution curves). During the computation the 
multiple Coulomb scattering of 7-mesons by the 
matter in the system as well as the ionization 
energy losses in the target and crystal ] were 
taken into account. The mean square angle of dis- 
persion was calculated by the usual formula. From 
the resolution curves obtained the mean values of 
meson impulses and effective solid angles were 
determined for the mesons recorded by the system. 
One of these resolutions curves for the case of an 
average impulse of 396 mev/c is shown in Bip o. 


405 


Relative units 


370 JEQ 390 YO) YEO 430 
Meson impulse (mev/c) 


Fic. 2. The resolution curve, 


The curve half-width constitutes 3.8%. The reso- 
lution worsens in the region of smaller impulses, 
reaching 10% for an impulse of 150 mev/c. 

The indicated computations were made by G. M. 
Adel’son according to the Monte Carlo method with 
the electronic conputer of I. S. Brook in the In- 
stitute of Energetics of the USSR Academy of 
Science. The calculations comprised 10° opera- 
tions. 

2. CONTROL EXPERIMENTS AND CORRECTIONS 


In making the measurements it was important to 
be sure that the described system did not record 
electrons originating from the conversion of photo- 
currents during decay of the 7°-mesons produced 
in the targets. To evaluate the possible addition 
of electrons, control experiments were carried out 
in which the number of particles were measured 
entering the telescope with a magnetic field of 
opposite direction to that for recording only nega- 
tive 7-mesons and electrons. Indoing this the 
carbon and paraffin targets had the same cascade 
length in the direction of the motion of recorded 
a-mesons. Experiments showed that the number of 
particles recorded with the paraffin target did not 
differ within the limits of statistical accuracy from 
the number counted by the system with the carbon 
target. It was therefore concluded that the possi- 
ble electron background produced by the p+p>7 
process could not exceed 2-3%. This value was not 


taken into account in subsequent calculations. 


The number of recorded mesons was corrected for 
the nuclear absorption of mesons by the system’s 
matter and decay in flight. In calculating the 
correction for the nuclear absorption the interaction 
cross section was taken to be equal tothe geometri- 
cal cross section of the nucleus for all elements 
except hydrogen, for which the dependence of the 
cross section on the energy of 7-mesons was taken 
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TABLE II 


The angle 


of mesons ejec- 


Production cross sections of mesons in reactions (1) and (2) in 


ere prerads: calculated for 1 nucleon 


tion in the labora- 
tory system, degrees 


In the laboratory system 


In the center-of-mass system 


2 (1.07-L0.08) «40-2? 
27 (1 .06-F0 07). 10-27 
(0.9940, 10)- 10-27 
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Fic. 3. Spectrum of 7‘-mesons in the laboratory system 
from the reactions p+ p>7' +ptn andp+p2m' +d 
with meson flight angles with respect to the proton beam: 
a—29°, b—46°. 


into account’. In calculating the decay correc- 
tions, an evaluation of the possible effect on the 
telescope recording of the decay p-mesons showed 
it to be negligibly small.The decay and nuclear 
absorption corrections are shown in Table J. The 
correction for multiple Coulomb scattering was 


automatically accounted for by the method of cal- 
culating impulse intervals and effective solid 
angles described in Sec. 1. 


3. THE DATA 


The spectra of mesons produced in hydrogen with 
observation angles of 29° and 46° are shown in 
Fig. 3. The ordinates represent differential cross 
section of meson production 47g /dQ dE em?/ 
sterad”!/mev~!, calculated for one nucleon; the 
abscissas, meson energies in mev. We do not re- 
produce the meson specirum for the, 65° angle be- 
cause it was obtained when measurements were 
made with a different version of our apparatus in 
which the resolution of the system was not suffi- 
ciently good to determine the shape of the differ- 
ential spectrum with adequate precision. 

The meson spectra recalculated in the center- 
of-mass system for two colliding protons are shown 
in Fig. 4. Above the graphs are shown the values 
of the angles in the center-of-mass system, as a 
function of the meson energy. 

The solid curves, shown in Figs. 3 and 4, are 
the best approximations to the experimental points. 
The figures show only the statistical errors of 
measurement. The systematic errors on the order 
of 5% are accounted for during the integration of 
the spectra, i.e., in calculating the cross sections 
da/dQ. The results of Computations are shown in 
Table II. Included in this table also are the re- 
sults of integrating the spectrum obtained with an 
observational angle of 65°. 


4. DISCUSSION OF RESULTS 


The energy of 7-mesons recorded in our system 
was determined by the computation method indi- 
cated in Sec. 1. In accordance with this, the ab- 
scissa axis in Fig. 3 wascalibrated. For reaction 
(1), proceeding with the formation of a deuteron, 


the energy of 7-mesons can also be computed from 
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Fic. 4. The spectrum of 7‘-mesons in the center-of-mass 


system from the reactions p + p > m+ p+nandp+p 
>a +d with laboratory angles: a—29°, b—46°. 


The result of this calcula- 
tion is shown by arrows in Fig. 3, the location of 
which agrees well (with a precision of 1-2%) with 
the peak position corresponding to reaction (i). 
Such a coincidence indicates the correctness of 


the conservation laws. 


the calculations which serve as the basis of our 
n.ethodology. 

It follows from Table II that the meson produc- 
tion cross section do /d@ in the reactions (1) and 
(2) recalculated in the center-of-niass system, re- 
mains constant (within experimental errors ) for 
the three angles investigated by us, with the mean 
cross section value being 1.05 x 10°27 /cem?/ 
sterad”!. 
fact one makes the assumption that the angular 
distribution of the mesons produced in the process 
p+p>m 
mass system, then the total cross section of 


If in accordance with this experimental 


is nearly isotropic in the center-of- 


charged meson production by 660 mev protons on 
protons turns out to be o(pp > 7) = 13.2 x Or eee 
cm’. This quantity can also be evaluated if from 
the cross section for all the inelastic processes at 
this energy opp = (16.7 +1.2) 10°?” cm” ° one 
subtracts the production cross section of neutral 
m-mesons. o(pp > n°) =(3.6 40.3) x 10°?" cm? 
As aresult, we obtain a (pp > a) =(13.1 +1.2) 
x 10°27 cm*. The agreement of this value with our 
estimate and the observed independence of the dif- 
ferential cross section on the angle make the above- 
mentioned assumption quite probable, viz., the 
processp+p-> m* in the center-of-n:ass system is 
close to isotropic. 

The contribution of reaction (1) to the total cross 


section of the process p + p > 7 can be evaluated 


by comparing out data with those of Meshcheriakov 
and Neganov® who studied reaction (1). Namely, 
for the observational angles of 29° and 46° the 
number of mesons fromthe reaction (1) constitutes 
23.6 +2.6% and 10.8 +1.5% of all the mesons pro- 
duced at the corresponding angle as arcsult of the 
p+p-7' process. 

The relatively small part of reaction (1) in the 
total process p> p> and the adequate energy 
resolution of our system allow an approximate 


judgment about the shape of the meson spectra pro- 
duced by reaction (2). It follows from Fig. 4 that 
the maxima of these spectra are in the energy range 
100-120 mev in the center-of-mass coordinate sys- 
tem. 

In conclusion we express our thanks to A. I. 
Alikhanov for his continuous interest in the inves- 
tigation and for valuable advice, to M. G. Mesh- 
cheriakov for the opportunity to carry out the cur- 
rent experiemnts and to G. M. Adel’son for making 
the coniputations. We also express thanks to the 
operating personnel of the synchrocyclotron of the 


Institute for Nuclear Problems of the USSR Academy 


of Sciences. 
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It is shown that in the case of energies which are not too great the magnitudes of the spin 
Corrections are of the second order of smallness with respect to the magnitudes of the quantum 
corrections, while in the case of extreme relativistic energies the spin essentially changes 
the character of the differential spectrum and the magnitude of the total energy of radiation. 


1, INTRODUCTION 
T HE opinion exists that the spin does not play 


an essential role in the radiation of a radiating 
electron. This opinion is based on the considera- 
tion that the spin contribution to the wave function 
of an electron in a magnetic field decreases with 
increase in the energy of the electron. However, 
one cannot conclude from this that the spin is non- 
essential, since in the calculation of the matrix 
elements of radiative transitions not only the 
wave functions, which are distinguished from each 
other only by sniall spin contributions , are differ- 
ent, but the various operators whose matrix ele- 


ments are being calculated are also different. Hence 


the question of the role of spin cannot be decided 
on the basis of general considerations’™°. An 
actual calculation is necessary. 

A remark is necessary concerning the statement 
of the problem. Simply raising the question of 
isolating the ‘‘role of spin’’ within the framework 
of relativistic theory appears artificial in itseli. 

A statement of the question which has an exact 
sense is the following: to compare under the same 
external conditions the radiation from an electron 
and from a boson with zero spin and with mass and 
charge equal to the mass and charge of an electron. 

The present work is devoted to the clarification 
of the question of the role of spin in the radiation 
of an electron moving in a constant magnetic field. 
The calculation is carried out without taking ac- 


count of damping. 


2. QUANTUM MECHANICAL FORMULAS FOR THE 
INTENSITY OF RADIATION, WITH AND WITHOUT 
TAKING ACCOUNT OF SPIN 


In order to obtain by a single method formulas 
characterizing the radiation with and without tak- 
ing account of spin, it is convenient to carry out 
the calculation in the scheme of Lorentz forces 


rather than in the Hamiltonian scheme. 
From the covariant definition of the four-dimen- 


Sional energy-momentum vector Pu (p, iW/c) 


palo] =| T,,ds, 


fo] 


(2.1) 
and the relationship 


Opp [o] i; 6a (x) = CSOT Oke (2.2) 


which follows from it, one obtains for Ap_, the 
change in the energy-niomentum during a transition 
from the hypersurface a, to the hypersurface Oo, 
the following expression: 

02 


Agee aa OV GY cles [oy (2.3) 


7 
where ine is the electromagnetic field tensor, 7), is 


the four-dimensional current, and the fact that 


OT wy | OX) = CF yyy (2.3a) 
has been taken into account. 

The operators in (2.3) are taken in the Heisen- 
berg representation. Removing the hypersurfaces 
o,(t,) and g(t.) in (2.3) to infinity (t, > 0, 

t) 2-00, t, —t, = 1+), averaging the change 


in momentum over the time interval, and changing 
froni bound operators to free field operators, we 


obtain from (2.3) 


ee (2.4) 
pA t t tn —1 

= ae \ dx i (=) \ dx, \ dx, \ Axa: 
_ n=0 — —20 —oo 


Ling? (Xn) AQ (Xn), . « « 7 (9) AX?) (x2), 


Lo) (x2) AS @,), » Fel? Gees 


In this formula it is to be kept in mind that 
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fos) T (2 
4 : 4 (2.4a) 
ee —Tj2 


and that the square brackets denote commutators. 
Averaging (2.4) over the state of a single- 
electron in the absence of photons, and limiting 
ourselves to the first nondisappearing term, we 
obtain 
co 


<Apy> 1,0 ced das ar \ dx (2.5) 


; —oco 
<< dx’ <1,0 | [in (4) An (*’), Fav (4) fv (4)] | 1,0. 


For simplicity the indices (0) used on the free 
operators have been omitted. 


An average over the photonic vacuum gives (in 
Gaussian units ) 


<Lin (4) Aa (2), Puy (4) iy (x) Do (2.6) 


: ‘ 0 ’ 
= 2nch {in (x’) ja (x) ox, D™ (x’ — x) 


— x(x) f(x") a DY (x— xh, 


where p) signifies the positive-frequency D 
function. 


The integral in (2.5) in the surface of changing 
(t, t’) is taken over the half-surface with boundary 


t=t*. For definiteness let us take the first com- 
ponent of (2.6). If we make the exchange x«> x” in 
the integral, then the region of integration with 
respect to (t, ¢”) will be the other half-surface with 
the same boundary t=t’ This exchange also 
makes the first expression under the integral sign 
coincide with the second expression, with the ex- 
ception that a derivative with respect to x” occurs 
instead of a derivative with respect to 2a, How- 
ever, 


(0 / dx.) D™ (x — x’) (2.7) 


= — (0/0%,) DO (x— x’), 


Hence, the integrands coincide completely and a 


change in sign occurs. Consequently, 
co 


\ de 


—c 


ee CllAWMA) [1 Ng De — x), 


—— Def 
<Apy>1,0 = > 


eT 


(2.8) 
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The radiation W is equal (with reversed sign ) 
to the magnitude of the fourth component of the 
change in momentum AP, multiplied by c/i. Hence, 


W =o ial dn ied eae (2.9) 


[%o, J(*)]) | 1, 


where the brackets [ | indicate vector derivation 
and x, = x/|x|. The changing of the four-dimien- 
sional current 

I®)= \ dxe—'*xj (x) (2.10) 
into its Fourier components is carried out in Kq. 
(2.9), and the fourth component of the current is 
excluded with the aid of the law of conservation of 
charge 


Ovjy (x) = 0. (2.11) 


The current operators have the following form: 
a) For the Dirac equation 


i(x) =ec¥ta¥ = iecPyy, — (2-12a) 
b) For the scalar equation 
é * 
CD ia {® (p®) (2.12b) 


(po) d= 2< oad, 
where A is the vector potential of the external 
field (c is a number). 

The wave functions of an electron in a constant 
magnetic field may be found by iteration. They 
may be given in the following form (the compon- 
ents of the vector potential being AY =-%fHy, Ay 
= “Hx, A= 0): 


a) For the Dirac equation 


Sa ae saa ay (2.13) 


s.. ih, —iceK, t+k,z 
=et Le é Vn I, kz, est; y); 


Wid kpesitsU) (2.13a) 


Si Gs) eo) eee 
if.(7—s)e Sree Laan (ye): 

eh es) ee eee 
issf(—e, —s)e' “D7, (1e"), 


=x 
AG 


ROLE OF SPIN 


where (p, y, z) are the cylindrical coordinates of 
the: point (x,y,z ); 


4 —Flay(n—n! Sy err 
Ia) = peree EQ”, 
mire tf 1 
Os ) (8) 7 eT Pi (—am + ie BE): 
{ ky th k th 
é,s)=—/(1 s— ] a Shieg 
f(o)=F(I+e4) ( +5745) 


r=, KVR +R, bo =, 
n is the principal quantum number, / is the radial 
quantum number, ¢ = | denotes the electronic state, 
¢ =-—1, the positron state, s is the spin variable, 
and L, 
of the z axis; 

b) for the scalar equation 


is the normalized length in the direction 


Cr (alk, Loe (2.14) 
Xexp {— ick Pt + th22} On, 1 (x, y); 
Qn, 1 ea y) —- Vie wae? (Bs 1 (7e?), (2.14a) 


where KY Vk2+4y(n +? 


nificance of the other quantities is the same as in 
S 1 
case a). The factor Ce occurs because 


To) k2, and the sig- 


of normalization to the current of a single charge. 
Introducing the notation 


a= \ aes (2.15a) 
Ley) el earn nye 
x eo ae ae He dy, 
a * —¥ Ee (2.15b) 
P= (on ve ae Pon, 1 ax dy, 


where the « are the Uirac matrices and P = p 
~(e/c) A, we obtain from Eq. (2.9) [on taking ac- 
count of Eqs. (2.12a) and (2.12b) ], the following 
formulas characterizing the radiation with and 
without taking account of spin 


ag 7a z (2.16a) 
eae, \ ax ([2%, 4°] [%o, @]) 8(K — K’ —*)s 


K=Kn, K'=Kny 


IN RADIATION 41] 


oa bd soa (2.16b) 
Lae >) (a n2 KY KG) 
n’, 
X ([%o, P*] [>0, P]) 8(K™ — KO” — x), 
RO SK KOR) 


where in formula (2.16a) the initial state has been 
averaged over the spin states and in formula (2.16b) 
the fact that [x,, x] =0 has been used. 


On carrying out the calculation intended in 
formula (2.16) and using the well-known recurrence 
relations between the Laguerre polynomials, we 
can, after a series of transformations, obtain ex- 
pressions for the intensity of radiation in the 
following form: 


a) W= yy Wns 
m=0 
Y ®,,. (6) 
W mn = eg ee \a )] dé, (2.17a) 


= 4 /2V7,A=K/2V 7, 
Om (&) =—E—A+V A2—m + &coss; 


D,, (&) =a ctg*O(1i, eae pe pees) 


74 9 / 
- US n—m + ie, n—1—m) 
&2 sin? S i/ t 
ar A2 (a, n—m Ty n—m — In, Ane film)» 


where the argument of the function / is equal to 
€? sin? 0 , and the primes indicate derivatives with 
respect to that rege 


yo — 2 yo. 
(1) re ald al ‘ b 
WY) ce? A sole ) (£)] a3; (2.17b) 
T Alt 
4 £2 29, 
5 Om (8) = cle? a, nem bem Ii nom 
where 
Ai Ko 2), o) (8) 


pee ee eS 
= nee AM Al V Avy — m -L t? cos? 9. 
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A comparison of formulas (2.17a) and (2.17b) 
allows us to draw conclusions concerning the 
“role of spin’’ without any approximation whatso- 
ever. The difference in the magnitudes of A(1) 
and A leads to a difference in magnitudes of order 
1/n in these fornulas and is completely non- 
essential, since to our specified accuracy A) can 
be replaced by A and ot ) by ¢» in formula (2.17b). 


Moreover, on taking into account the equalities 


n+n’'—x 
Li) ar er ees (2.18) 
2 , 
a I, n ’ 
carpe Ge 
Teor na (*) = OE a Tew (X) 


2V nn’ 


+3,/2 V nn = 25.) ee Le n! (x), 
we may show that in the first and second paren- 
theses in the expression for ® in Eq. (2.174) 

Lbs A , and I , 


n-ln 721 20 be equated with an accur- 
acy of magnitude ~ \/ 1 — B2, so that these terms 
coincide with the corresponding tern.s for oe) in 
Eq. (2.17b). Thus the “‘role of spin’’ is detern:ined 
by the term in the third parenthesis in the expres- 
sion for ® (&) in Eq. (2.17a). As will be shown, 
this role is by no means small in the extreme rela- 
tivistic case. 

In the entire following exposition, in order to 
shorten the notation in the formulas, magnitudes 
characterizing the radiation from a ‘‘radiating”’ 
electron will be represented as the sum of two 
components. The first component, designated by 
the index (1), gives the ‘‘ 
radiation’’. 


spinless’’ part of the 
More exactly, this first part character- 
izes the corresponding physical magnitude of the 
radiation from a “‘radiating’’ boson (with spin 0). 

In order to simplify the formulas, it is convenient 
to go over to a continuous spectrum. Correspond- 
ing to what was said above, further calculations 
can be carried out with formula (2.17a), in which 
the ‘‘spinless part ”’ of the radiation is contained. 

Let us transform the integral for Wo in (2.17a) 
into a surface integral by means of the well-known 
formula 


(2.19) 


> do 
Cer ce 
\---8(9) ane 
e=0 
where do is an element of the surface y=0. Then, 
instead of (2.17a), we obtain 
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®,,, (§) Ap (2.20) 


cabal oat eb : > aa 
Wa = teeta | (@,,7 an) (A—Ey 4° 


Sin 


where S_ is a surface in (€) space determined by 
the equation @ (€) =0, do is an element of the 
surface, and n isthe outward normal. 

In the entire frequency region in which we are 
interested we can direct our considerations to the 
continuous sepctrum. Hence, for the production of 
the total energy of radiation we change from a 
sum over m to the integral 

n 


VW = ( Wm dm. 


0 


(2.21) 


In this transition the family of surfaces De fills 
the entire region, the boundary of which is deter- 
mined by the equation yp, =O. Let us take into 
account the fact that during the transition from one 
surface to another the identity 


9.5 0; (2.22) 

holds, and this leadsto the equations 
din = 2(A —&) (de, /An) dn, (2.23) 
m = 2A§ — & sin? 9, (2.24 ) 


On putting Hq. (2.23) into Eq. (2.21), taking 
account of the value of W, as given by Eq. (2.20), 
and noting that dadn = d3 € is an element of volume 


in the infinite space in which we are operating, we 
finally obtain 


2 
W = XcerA ( Dy, (8) BE, (2.25) 


where 


Ww = 2AE— & sin? 9, 

For what is to follow, it is convenient to go over 
to different units. In the units used here the wave 
number of the basic classical oscillation (“first 
harmonic”’ in the sense of the classical theory of 
the ‘‘radiating’’ electron) is equal to 


(2.26) 


As a new independent variable we take the ratio of 
€to € , thatis, that which in the classical theory 
of the radiating electron is calledthe number of the 
harmonic. Setting 
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Pia (2.27) 
we finally obtain 
i eerns v 
~ Tek? \ a (za) ag (2.28) 
n 


where R = \/n/y is the classical radius of the 
trajectory of the electron, 


v’ = y[l — (v/4n) 82 sin? 9}, 


B=Vn/A, VI—=me?/E. 
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The region V, is the former region, but p = 2A € in 
the new units. 


3. THE DIFFERENTIAL SPE CTRUM 


* hen follows we shall use approximations of 
e functions tee - which will be correct for the 


entire region of variation of the arguments and 
indices of these functions. The approximations 


were obtained by Klepnikov* and have the followin 
form: : 


| ee Ve G.1 
Inn’ (xX) = Vz i Va_Vay Ky, is (nn')"* (Vn —Yn') 
x — Beil i 
| (Vn— ra} 
bene tenn) | Pees | 
‘ rV3Vn—Vn' (Van—V n'y (3.2) 
2 1 = — i 
x K2), {3 (nn) i i n’ eS ea : 
ae i erremarccar hte 
On putting Eqs. (3.1) and (3.2) into formula 228), we obtain 
V=W™ + yw). (3.3) 
(1) ce® oo v2 dy : e 1 8 
W — Re 573 \ T—Vv/2n sin a dt {eo COS< 9Ki,, ter e9") (3 3a) 
2 4 v Plait s 
+ 29 Ka), (sim jE 
(jy. ce" 1 v? dy : ul aya: ns Sig 
4 aa 7 (an) ( ii) s ae 


2 [1 ) 
x [ aCe sui) of 
where 
eg = om B sin? 9. 
The fact that in spherical coordinates d*y 
= v*dv sin 0d0 dp has beentaken account of in 
formula (3.3), and the integration has been carried 
out with respect to the angle ¢, on which, as a 
consequence of axial symmetry, the expression 
under the integral sign does not depend. The 
region of integration is set by the law of conserva- 
tion of energy-momentum. As stated above, the 
component W) corresponds to the radiation of the 
spinless particle. 
In order to obtain the differential spectrum it is 
necessary to carry out the integration in expres- 
sions (3.3) with resepct to the angle 0. Because 


3") 


2 4 v $/3\ | 
=e KS"): 


of the exponential fall-off in the expression under 
the integral sign as @ departs from 7/2, we may 
carry out an exchange of the variables cos @ = x 
and extend the limits of integration to infinity. We 
encounter here a number of integrals which may be 


evaluated with the aid of Mellin transformation 
theory. In order for this to be done, a substitution 
must be made for the squares of the functions K 
with the aid of Nicholson’s integral. 


Ky (z) Ke (Z) (3.4) 


co 


= 2\ Ky» (2zch t) ch (uw + v) td, 


0 


and then the function K, must be expressed with 
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the aid of a relation obtained by means of Mellin’s 
theorem from the well-known equation 


2 


\ Ke (x) x8 dx = aor (FS)r(F).65) 


Q 


The result obtained is an absolutely convergent 
integral in which we may interchange the order of 
the integrations. Then with the aid of the multi- 
plication formula for [’-functions 


T(z) r'(z +>). =) (3.6) 


n 
= (2x) V2 ,"*-™ P (nz) 


the expressions under the integral signs may be 
considerably simplified and the integrals evalu- 
ated. For example, for the integral 


I= \ SSIKF, (pe?) + KR, (pee)dx, (8.7) 
Q 


ier 


where «, = 1— 8*+ x7, p>0, there results, after 
the evaluations just mentioned, the expression 


att a ae (3.8) 
T= 2 | Pt 2**e(u) dp; 
Mere ak he { 3 
etn) == —— 2 *{ —— — x) $3). 
2 (2) ¥3 \2 teh 
Po= Pee 


The path of integration goes parallel to the imag- 


inary axis, to the right of the poles of the integrand. 


From Eg. (3.8) it follows immediately that 


> 


\ s> [K?, s*) + K? (p22) dx (3.9) 


= yap Ka (2pe0’)- 
vs: 
The other integrals are evaluated 2s ences 
On carrying out the evaluations just mentioned, 
we obtain the following formulas for the differ- 
ential spectrum: 


22 


\dW,, dW,=dW+.ay®, 8-10 


2 
c ) 
2 2 
. >) i re? = r (3.10a 
aWy = —~— ey \ Ke), (x) dx, 
=I o I 2 > 31. 
3 i pn 


aw® — Fe oF ds (5, y(t x as (3.10b) 


2 v 5 
a ee eee 
x Ka, (5 1—v/zn **) 


These formulas are correct for energies E << E 
= me*(2Rme/3h)*, as well as for energies E ~ Ey 
and E >> E., for the radiation of the entire spec- 
trum. The formulas forthe differential spectrum 
which were obtained earlier by Sokolov and Ter- 
nov’ and Schwinger®, and which are exact to 
within magnitudes of the first orderin h, are special 
cases of formula (3.10) and may easily be ob- 
tained from it. For example, taking account of the 
fact that 


Y=0/@,  1/2n =(h/ Rmc)(me*/E), 
bg at Pee. 
@e = 8/2 @y (E / me*)*, 


we immediately obtain from Eq. (3.10a) 


dw” = A = =(=3) Sot deo (3.11) 


x | Kae) ax, 


(e}eog M+R /E) 


for (h@/E) << 1, and this coincides with 
Schwinger’s formula. Similarly, we may obtain 
Sokolov and Ternov’s formula, for which the same 
limiting condition holds. 

In order to analyze the spectra it is convenient 
to transform to another variable €=h@/E. Then 
the formula forthe differential spectrum of the 


*‘radiating *’ 


dv = — (= bd: ( Ku, (x) dx (3.12a) 


EM—E)e 


+7 me Kua =t)] 


while the formula characterizing the radiation of 


electron takes the following form: 


the spinless particle is given by the equation 


dw) _. = (=) Eds (3.12b) 
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In the cases which are most interesting from the 
point of view of the influence of spin, nanely, 
those of extremely relativistic energies (€>>1), 
the following formulas, applicable to almost the 
entire spectrum, excluding the part in immediate 
proximity to the high frequency end, are obtained 
from Eq. (3.12): 

a) for the electron 


ca cez gle pf (2/3) /Rmce 
dW = ( - ) 


‘ly E ‘Is 19, 
( = } (3.13a) 
X des" (1 — 8)" (1 + 8/21 — 8), 


b) for the spinless particle 


dwn) mw £623 (%/s) pes (3.13b) 
a FT (Re 


Tw h / 


/ ‘ls 5 wes 
x (=r) ee (1 —&)**. 
The formulas obtained allow us to investigate 
the differential spectrum of the electron and the 
spinless particle for any energies. From the formu- 
las for the differential spectrum it is immediately 
clear that for arbitrary energies and forthe entire 
spectral region the spectrum of the radiating boson 
lies below the spectrum of the radiating electron. 
For increasing energies (€ > ) the maximum 
density of the radiation of the electron comes to- 
gether at the far end of the spectrum. The maxi- 
mum density of the boson’s radiation does not 
coalesce at the end of the spectrum in this case, 
but comes together at a point of the spectrum 
lying at approximately one third the distance from 
the beginning. A very typical case, showing the 
difference between the spectra of the radiating 
electron and boson, is shown in Fig. 1. This 


ANI (= 2 dW 
c5ee ne! dé 
Bi 


GF 06 a7 06 08 S0e 


OY ae 08 4 
ice 


Figure shows the spectra for = 100. The spec- 
trum of the electron is shown by the continuous 
line, while the ‘‘dash-dot’’ line shows the spec- 
trum of the boson, and the ‘‘dash-cross’’ line 


shows the ‘‘difference”’ in density of the radiation 
of the electron and boson (the ‘‘role of spin’’). 
The dashed line shows the spectrum given by 
classical theory. The remaining part of the spec- 
trum given by classical theory, that on the high- 
frequency side, is not shown in the Figure, since, 
in virtue of the law of conservation of energy, these 
higher frequencies cannot actually be radiated. 

It is clear from Fig. 1 that the difference in 
density of the radiation of the electron and boson 
is quite significant in this extreme relativistic 
case, and that the main contribution to the density 
of radiation is produced in the second half of the 
spectrum “‘at the expense of spin’’. 


4. TOTAL ENERGY OF RADIATION 


In order to obtain the total energy of radiation 
we must Carry out an integration over v in Eq. 
(3.10). Changing the variable of integration to 
2 Y eal? 


xX = ——— 5 
XS Se” 


(4.1) 


we can represent the total energy of radiation in 
the form 


V=W2O, -O=O]) +200); 42) 
9V3 ¢ xk, (x) dx 
o() (2) — fa ie Ea (4.3) 
o ( ) 167 | (1 + Cx)? > 
(4.4) 


These integrals may be evaluated with the help 
of Mellin transformation theory. The integral for 
ht) (€) with respect to € is absolutely converg- 
ent (€>0). The integral 
 xKs, (x) dx 
<a ls 
0 
is also absolutely convergent. Hence, Eq. (4.3) 
can be written in the form 
e1)(C) = —(9V3/16n)0Q/a.. (4.6) 
Using the same method used in obtaining the 
formulas for the differential spectrum, we can show 
that 
en 
ani (4.7) 
T (s/2 —*/6) T (8/2 + */)_ ($) ds, 


sin ws 


Tw 
2 
= —=% 
4 


h+ioo 
a 


hk—ioo 


a=I/l, /3ck<?, 


On evaluating this integral we obtain 
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V3 : 
gqa—2etfo,(j+q], 49 
where we have introduced the notation 

®, (2) = i- [Jy (z) — J, (2)] (4.8a) 


+ he [fey (Z) eae A jae (z)], 
and Is and db are the well-studied functions of 


Bessel and Anger. 
An evaluation of (4.4) by an analogous method 
leads to the integral 


( Ka), (x) dx ia 2 ff © ) 
\ pee = remromTy T(E) 
0 


Hence, we finally obtain the following expres- 
sions for the total energy of radiation: 
a) for the electron 


(4.9) 


W=W,,9(9, 9(0) (4.10a) 
Vs { a ) (i/6) 
8 Ot é) 
oS SES as 
Se LOGE ot re ealig 
b) for the spinless particle 
yo — Wo (6), (4.10b) 


eG 


So Oe EL 


eS ee aa 

In order to find the asymptotic expressions for 
the total energy of radiation for € << 1, it is 
necessary to use the well-known asymptotic ex- 
pansion of the Anger functions®, with the aid of 
which we obtain 


ee a (4.11a) 
__ 8855 V3" rs 4, 89600 rg 
108 84 nee 
el) (C) ~ 1 — ae ie (4.11b) 
6,  6545V3,, , 56000 
“IR 3 See 108 e 81 G Sr eeene 


The asymptotic expansion (4,]]la) of the exact 
formula (4.10a) coincides with the asymptotic ex- 
pansion found in Ref. 4 by direct evaluation of the 
total energy of radiation inthe asymptotic sense. 


The first correction term was evaluated by Sokolov, 
Klepikov and Ternov’. This term has also re- 
cently been obtained by Schwinger®. 

For € >> 1 we may use series for the Bessel and 
Anger functions and keep the desired number of 
As follows directly from Eg. (4.10), the 
main terms in the total energy of radiation have the 
following form: 

a) for the electron 


terns. 


W') = (32 T (2/5) / (27-3")) (4.12a) 


X (ce® / R®) (Rme | h)'" (E | me?)"*; 

b) for the spinless particle 
ee (2 5) / (8-37) 
x (ce? / R®) (Rme | h)"* (E / me?)"*, 


yin to) (4.12b) 


It is clear fromthis that in the extreme relativis- 
tic case (€ >> 1) the spinless particle radiates 
only approximately 9/16th as much as the elec- 
Thus the ‘‘role of spin”’ 
in the radiation in the extreme relativistic case. 

In the case of ¢ << ] the “‘role of spin’’ is de- 
termined by the ratio obtained from Eqs. (4.11a) 
and (4.11b). 


tron. is very significant 


ae a 


Wel p+oe— (4.13) 


ae Cea. 
Thus it is clear that in this case the spin correc-- 
tions are of second order of smallness as compared 
to the quantum corrections (second order inh). 
This is the reason that Schwinger®, in calculating 
the first quantum correction for the radiation from 
the spinless particle, obtained the same result which 
Sokolov, Klepikov and Ternov’ obtained earlier 
from the Dirac electron. 

It should be remarked that for A + 0 the exact 
formulas (2.17a) and (2.17b) go over into the exact 
formulas of the classical theory of the radiation 
from a “‘radiating’’ electron. 
with the help of the relation 


lim i (=) = J,(z). 


N> CO; v,Z#0 


This may be shown 


(4.14) 


It follows from this that there must be no factor 
of type 1+ (mc*/E )? in the formulas, since this 
factor does not depend on h and does not disappear 
for a transition to the classical limit h > 0. 

With respect to the physical reason for the dif- 
ference in the radiation of the electron and the 
spinless particle, Sokolov (see Ref. 3) has shown 
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that in the case of extreme relativistic energies 
this difference evidently depends on the behavior 
characteristics of the spin magnetic moment of the 
electron. It should be noted, first of all, that in 
the relativistic case the electron, in a manner of 
speaking, “‘loses’’ its magnetic moment in accord- 
ance with the formula 


wspone?/E, wo =eh/2mce. 


However, on the other hand, with increasing energy 


the interaction with the high-frequency parts of the 
virtual field of the photons plays an increasingly 
significant role in the radiation. 

The matrix elements characterizing the radiation 
at the expense of the magnetic moment and at the 
expense of the charge interaction are proportional 
to the magnitudes ~ pH ~ pxA and ~ eA, re- 
spectively. Consequently, the ratio of the energy 


of radiation Wat the expense of the 


magnetic moment to the energy of radiation 
W. at the expense of the charge inter- 
action is equal to ee Od pas 3/ ec)? in 


order of magnitude. In the case of ¢ << 1, the 


maximum frequency is giv 
q y is givenbyo, , 


while for ¢>> 1 it is given by ® nax ~ L/h. Hence, 


a 
we obtain at once 
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(4.15) 


= @ )(E/me?)3 
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Wp /We~ 1" for 6<I, 
1 for oS, 


Thus the statement of Sokolov corresponds com- 
pletely with the results of the present work. 
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A study is made of the statistical model of the nucleus with uniform density distribu- 


tion of the nucleons, on the basis of a two-nucleon interaction potential of the type of the 
Lennard-Jones intermolecular potential with a hard barrier. It is shown that saturation can 
be obtained with a certain choice of the parameters in the potential. 


H THE explanation of the stability of atomic nu- 
® clei is one of the main problems of the theory 
of nuclear structure, directly related to the ex- 

planation of saturation, which consists of the fact 
that in medium-weight and heavy nuclei the density 
of nucleons and the binding energy per nucleon are 
roughly constant. The existence of saturation has 


always placed restrictions on the choice of one 

or another kind of theory of the nuclear forces, 
which it is still impossible to determine uniquely. 
At first it seemed possible to achieve saturation 
by means of exchange forces of various kinds. 

But the data on the scattering of nucleons (n—p 
and p—p ) at moderately high energies (> 100 mev) 
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evidently show that the exchange forces play a 
considerably smaller part than is needed for the 
explanation of saturation. It is also impossible 


to explain saturation if the nuclear forces are only 
nonexchange forces of attraction, for example in the 


form of a rectangular well or a Yukawa potential. 

In such a case the collapsed state would have to 
be the most stable one. In recent papers” ‘it 

has been shown that a two-nucleon central potential, 
consisting of a spin-exchange force of large magni- 
tude and a repulsive Wigner force of relatively 
smal] magnitude (with radial dependences of the 
form e-kg’ /r), leads to the observed saturation 

of the nuclear density and binding energy. On the 
other hand, it has recently been suggested” that 
there is a possibility of explaining saturation by 
taking into account many-particle forces acting 
between three and more nucleons. In this case 

it turned out that the introduction of (non-exchange) 
many-particle repulsive forces (mainly involving 
three particles ) obtained from the pseudoscalar 
meson theory leads to a qualitative explanation 

of the observed saturation. It is still of interest 

to examine in more detail the influence of two- 
particle repulsive forces on the saturation, 

In the present paper we show the possibility of 
explaining saturation on the basis of a semi- 
phenomenological two-nucleon interaction potential 
of the type of the intermolecular potential of 
Lennard-Jones, involving a hard wall, containing 
an ordinary nonexchange repulsive force acting at 
small distances along with theattractive Yukawa 
force. For simplicity , we shall not include spin 
terms; their role in saturation has been elucidated 
previously.2-4 Without trying at present to fix 
the precise form of the two terms of the potential, 
which is obviously not yet essential, we must 
emphasize that the explanation of a fairly con- 
siderable number of experimental facts about the 
scattering of nucleons in all probability demands 
that, along withthe attractive forces at distances 
r > r,, there also be present a strong repulsion 


at small distances r < 7.7 We shall show that 
a special law of this type, of a form that can be 
generalized without difficulty (for example by 
adding our repulsive term to the ‘‘best’’ known 
potential from pseudoscalar mesodynamics) can 
explain the absence of a collapsed state in nuclei, 
just as is found for liquids and solids. Despite the 
fact that the presence of some repulsive part in 
nuclear forces at the smallest distances can evi- 
dently be inferred also on the basis of theoretical 
considerations ®*” (though not completely conclusive 
ones) and also from certain hypothetical models of 
the structure of nucleons, one still must not forget 
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the preliminary nature of both the empirical and 

the theoretical arguments in favor of such forces: 
precise choice of the shape of the potential remains 
out of the question. 

Accordingly we assume that repulsive forces act 
between two nucleons at distances r > 7¢ along 
with fuses of attraction, and at distancesr <7, 
there exists only a stronger repulsion (‘hard core’’): 


Uy, (1) = + ©, if hei is (1) 
Seaiite! era , 
Ure (r) = Boa eR 


B and C are parameters to be determined later; 
r=Tr,. =|',—T» | is the distance between nu- 


cleons 1 and 2. The choice of the nucleon potential 
in the form (1) means that the nucleons behave 

like hard spheres of diameter r, interacting through 
the nuclear potential. 

. In the case of an interaction potential with a 
repulsive core r, the wave function YW of the ground 


state of a nucleus containing A particles can be 
written as a product of a Slater determinant and a 
symmetric function © (r 


Vilsau ey G4) Ol tnerapace 
coordinates of the A nucleons:°® 
{ A! B A 
ae pee Oe | a ; : 
Y= (par DVT] a0 ) @) 
i==1 


< G(ti, to eae 


where yy, (q; ) is the wave function of the ith 
nucleon 


i (qi) = 9: (Fi) ai (si) (3) 
= QO" exp {ikir;} a; (si), 
a; (s;) is the spin function of the ith particle, 
and Q = (47/3)R®? is the volume of the nucleus. 
The introduction of the spatial correlation he- 
tween the A particles by means of the factor @ 
assures the fulfillment of the boundary conditions 
requiring that the wave function (2) vanish when 
any two nucleons approach each other to a dis- 
tancer Sr,. For simplicity we take the function 


© in a form that takes into account only the corre- 
lation between pairs of nucleons: 


A 
O(tite....ta)= SW gris) (4) 
i<j=1 
(where r;;= | r,—r, | ), omitting for the present the 
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obvious generalizations totake into account 
various configurations inside the nucleus (deuteron, 
a -particle, etc.) which could be stimulated by 
many-particle forces. For simplicity we assume 

g (r;) to be a simple step function 


(ru) =() rij > Te 
a OL tis. Te. (5) 


By means of Eqs. (1) to (4) we obtain from the 
equation defining the mean value of the potential 
energy operator 


V=(WUR Ldn... dra, (6) 


the following expression for the total average 
potential energy of a nucleus composed of 4 
nucleons 


iva (7) 


where 


4 —r(a 
ag ph B \\ (dry) (dr2) at pg? (rie) (8) 


— 4.0\\ (dry) (dre) SS Pe? (ra) 
: (9) 
V2 = =C \\ (dra) (des) Le (ra. Te) [Pg (roa) 


2: \\ (dr,) (dr) = a 2) |? g? (rs). 


For the ordinary and matrix densities of the nucleons 


p (r) and p (ry,r, ), we have by Eq. (3) 


A 
P (Ty, T2) = i $i (ri) ¥: (P2) (10) 


i=] 


sin Kr — Krcos Kr 
=3 (cae 5 


(2) 
o(r) =e (ri, 1) 


= -3 0; (r) bi (r) = 
where K is the maximum magnitude of the wave 


number k of a nucleon in the Fermi distribution. 
The density p (r) must satisfy the condition 


\ edt = Ae (12) 


Using Eqs. (5) and (10) and the relation 


(dry) (dry) F (rye) 8? (ry2) (13) 


= Q\ (dr) F(r), 
erp 
we obtain from Eq. (9), after integration, the ex- 
change potential energy of the nucleus as a 


function of the density of the nucleon distribution 
in the form 


c= Q QF, (dp, %9; P) (14) 


eg Ce eee ee Dis 
422 oad ck (53 is 24x%° P } | 
0 0 0 
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5) 1 93 (Do) 2/5 
Fi (Opoatys 0) =e =e yt (15) 
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( 1 ee (00) ors 
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Sie Dbl 0 = cos 9 
= ean: 
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Q, = 576 cBaré; Q, = 576 xCahd: 
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1/4 4 4 2,16 r,A/s (21) 
eso) = 73 (3g rab (16) eae ate acre 
0 0 
C ah 2,16 r,A'/s 
: d fins 3 pe" h? 5/5 ’ c 
=f er sinu S = (2) 76 ape 4 L cle aap pega 
Se 
1 5 4 4 : 
Or (Ug i (ze ie en i) The total energy is 
0 0 
BSVET =v (22) 


co 
Z, = \ e-* cog ut; ; 
: a” From the requirement that the energy FE be a 
minimum it follows that the value of the parameter 
R corresponding to the equilibrium state of the 
nucleus must be proportional to 41/3. To deter- 


ae = x99Hs xq = (1/2) (2/3 02), 


After integration we obtain from Eq. (8) the mine the values of the potential parameters that 
expression for the ordinary potential energy, give the equilibrium state we make use of an 
empirical value of the radius R, of the nucleus. 
Vo =1/, Bo*4nate—Q (17) Forthis purpose we set 
—1/,Cp?4rae—o(1 + by) Q. Resi roA'!*x. (23) 
The expressions (14) and (17) give the potential 
energy of a nucleus of nucleons distributed with The dimensionless quantity x determines the varia- 
constant density p in the volume (). For p=p tion of the radius of the nucleus around its equili- 
= const forr < R and p =0 forr > R, we have brium value R, = ae For x= 1 we have 
from (12) the stable radius R =R, = rd 1/3 , which corre- 
ids t i 
p= A/Q=3A/4aR®, (18) sponds to a state of the nucleus with normal 


density. For the empirical constant ry we can 
From this we get the potential energy of the nucleus take from the experimental data one of the two 
as a function of its radius R and the parameters of values (cf. Refs. 5, 8, 9, 10) 
the interaction potential 


is dese ee ec fo = 1.4x10718 cm, (24) 
V=Vyo-y = 5, Be-® a3 Re a 0 
3 A2 
— > eo (1 - by) Ca? R3 
8 [oe 2X10 en. (25) 
— 75,2 BD, (0, a, R) ie 


16 : 
—-(B +5C)®,(b,, a, R); Using Eq. (23), we get from Eqs. (19), (21) and 
+ Tint Cranes ) (22) the expression for the total energy of the 


nucleus 
R3 
®; (5), a, R) = ar Fo (D0, %os 9); (20) estes Vora ee 
0, See (b 1% ) ie ag by \ (@y — ay) 
7 0%05P = {(3 fee ptaetes M1) 


with p = 34 /4aR?. 
In the case of nucleons regarded as impenetrable a nem sen Pa) a 
spheres of radius r, , the kinetic energy of a gas 
consisting of A nucleons contains, in addition to 
the Fermi term, a supplementary term ~ es ny Here 
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ss ore 
=> B, a= Sorc: 


16 


a Ff Spe 
a = (= 5 b — 9 
2= |) 160 Mr2”’ ee 
a 8 ne le = 
fee pose lige 


0 


Yi (0, 8x) = Dy (Oo, a, R), 


‘ 


WV, (Oo, 8x) rc ®, (00, a, R) 


with R=r, Al3x. 
From the stability conditions 


(OE /0x).4=0, (0°E /Ox*),. > (27) 


and the empirical value of the binding energy, 
found without taking into account the Coulomb 
and surface energies, 


6) %A, % = 14 mev 


(28) 


we find the parameters B and C as functions of 
the constants by , B andr, inthe form 


4 
B= P (bo, 8) [3% + a, + 10 M9 (2a, + 362) (29) 


3¥ (bo, B) +- Fy (bos mt 
nN, +10 net (do, B) 
= X1 (D0, B, To); 
Ca Bat bat les + may (bor 8) — 20s (boy BB 
My +1019¥%, (Do, 8) 
= X2 (20, B, fo); 
P (&o, B) = [3W, (by, lee ea (0, 8)] 2 


— [32 (20, B) + FS (0, B)] 27% 
3°F's (bo, B) + Ly (bo, 8) 
Ne + 10 my¥, (0, 8) 


— 10%, 


X [my + m9) (bo, 8) — 215 ¥'s (bo, 8)I, 
No = 8/15 as ay= Ge—%s J 28%; 

Ny = Je~ (1 + bp) / 288, 

Y, bey, Bays (b, , 8B), ete. are the values of the 

functions VP, (by ee) ee Cb. , 8 x) and their 


derivatives at x =l. 
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Substituting Eqs. (29) into the inequality of (27), 
we have 


6a, -+ 126, + 4 (14X1 (20, B, To) (30) 


— NoXo (50, B, To)) oa Oe (00, 9) 
a 2Ny (X1 (0, b, fo) 


+ 5x2 (bo, B, To)) Ys (bo, 8) > 0. 


loreover, the expressions for (5 Bc) 
ed (b, , 8 ), and their derivatives involve the 


values of the integrals (16) and their derivatives 
for x = 1, the function 
e "dw 

w 


Z=—Ei(—%,) == 


6 
and so on. x 


2. For given values of the constants r) and 
a consistent with the experimental data the inequal- 
ity (30) makes it possible to set a lower limit to 
the values of the parameter b, =r, /a for which 
the nucleus can be in equilibrium. We assume 
that the effective radius of action of the two- 
nucleon force (1) is equal to the Compton wave- 
length of the 7-meson: 


a=h/2Qnmc = 1.410718 em. (31) 


For the values (24) and (31) of the quantities 

rT)» @, the inequality (30), which corresponds to 
the possibility of nuclear equilibrium, can be 
satisfied if Di =T, J a> 0.357, or r, 7 0.3574 

= 0.5 x 10°13 cm. Thus the existence of an equili- 
brium state of the system of nucleons imposes a 
lower limit on the value ofthe radius r, of the 
repulsive core of the assumed interaction potential 
(1). Withthe values b 9 = 9.38 and by =0.43, 
corresponding to the values of r, used also in 
Refs. 5,6 and 7, we finally obtain from Eqs. 
(29), (31), and (24) the following systems of 
values for the parameters of our chosen two- 
nucleon potential (1): 


B= 395.56 mev; C = 278.64 mev;. (32) 


a= 1.4x107 cm; 
fo = 1.4X1078 cm; 09 = fe /a = 0.38; 


f= 0.00210) acme 


and 
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B = 935.167 mev; C =610.029 mev; (33) 


a = 1,4X1073 cm; 
fy = 1.4x107!8 em; by = re/a = 0.43; 


Fa OL6X10N ee cme 


The ordinary repulsive potential energy /°/A 
=(a,—a,) /x?, the exchange attractive potential 
energy V°/ A =—a, W, ta, WV, , and the total 
energy per nucleon, E/A =V°/4+V%/4 +T/A 
are shown as functions of the nuclear radius 
“~=R/r A 1S Figs. 1 and 2, for the values of 


FIG. 1. Dependence on nuclear radius R of 1) the ordi- 
nary repulsive potential energy V9/A, 2) the exchange 
attractive potential energy V2/A, 3) the total energy per 
nucleon E/A, and 4) the sum (V9/A)+ (V2/A), for the 


parameter values (32). 


the parameters given in Eqs. (32) and (33), From 
these diagrams it is seen that the total potential 
energy (V9/ 4) +(V2/4) of the nucleons in the 
case of forces given by Eq. (1) has a minimum 


value 
W/A=V°/A+V*/Ax=—105 mev 


for the case corresponding to fq. (32), at a 
nuclear radius R = Ke = 0.5 r5 Al/8 ~ 0,7x1071841/3 | 
and a minimum value W/A ~—51 mev for the case 
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corresponding to Kq. (33), at a nuclear radius 
R=Ro = 0.87, Al? aA12 x10t8AP/S) Finally, 
for values of the constants r, and a from Eqs. 
(25) and (31) and b, = 0.38, we have from (29) 
B = 321,580 mev, C =228,970 mev, ep 
a= 1 4X10°-" em, 


ry =1.2K1078 cm, bp = fe /a =0.38, 


fe =0.632X107 sem. 
For the parameter values (34) the total potential 
energy W/A = V°/A +V%/A has a minimum value 
of ~ —128.2 mev at nuclear radius R= Ry =0.5r,A we 
= 0.6 x 10713 cm. Because of the presence of 
the short-range repulsive force (~ Be™*/x” ) in 


FG. 2. Dependence on the nuclear radius R of 1) 
V°/A, 2) V4/A, 3) E/A, and 4) (V°/A) +(V2/A) for the 


parameter values (33). 


the expression for the two-nucleon potential energy, 
Fq. (1), the potential energy W of the nucleus is 
positive (repulsion) for small radii, and thus the 
collapsed state of the nucleus is not stable. Owing 
to the presence of kinetic energy the total energy 
E-/A takes a minimum value equal tothe empirical 
value ~ —14 mev at a nuclear radius R=R saToA 1/3 
which corresponds to a state of the nucleus with 
normal density. In all the cases we are consider- 
ing the behavior of E/A as a function of the nu- 
clear radius shows that the state with normal 
density (x =1) is stable with respect to both 
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increase and decrease of theradius of the nucleus 
and that the binding energy is proportional to the 
mass number 4, and not to 42. In the case 

B =0 the two-nucleon potential (1) goes over 

into the ordinary attractive potential of Yukawa 
supplemented by a repulsion of the Jastrow type 
at small distances: 


oe) for 1 Te, (35) 
Uye = e/a 
a (r/a) for iG ee Wigs 


According to Eq. (26) the binding energy of the 
nucleus for the interaction law (35) is 


E=T+V°+V* (36) 


wa 
= {5+ — B+ b.%s (bo, Bx)} A. 


Here 
B36 o( be-pby) Cy 287: by == 16C / 3x? 


It can easily be shown that for the energy expressim 
(36) the requirements (27) and (28) are not com- 
patible, i.e., equilibrium of the nucleus at the nor- 
mal nuclear density cannot be secured. Thus 

when the statistical model is used the two-nucleon 
attractive Yukawa potential with a repulsive core 


r, at small distances in the strict sense of the 
Jastrow model does not permit the establishment 
of nuclear stability. On the other hand we have 
shown that our proposed two-nucleon potential of 
the Lennard-Jones intermolecular type, which in 
our opinion represents in a semiphenomenological 
way the results of mesodynamics with suitable 
_ parameters, actually leads to saturation of the 
_ binding energy at a normal density of nucleons 
corresponding to the equilibrium nuclear radius. 
Fort he two systems of parameter values given in 
Eqs. (32) and (33) we present a graphical repre- 
sentation of the attractive and repulsive potential 
energies, and also of the total interaction poten- 
tial energy between two nucleons, as functions of 
the distance between the two nucleons (Fig. 3). 
It is seen from the diagram that the total inter- 
action force between twonucleons at large dis- 
tances (r >rm ) is attractive, and at small dis- 
tances (r < r,,) it isa repulsive force. The dis- 


tance r = r,, between the nucleons corresponds to 


the deepest point in the potential well U_. 
It must be remarked that the introduction of a 
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LULL 


LILA LL 


"N 

») ua 
oe A 
-§ 
88 


-r/a 
Fic. 3. Graph of the dependences of —C “— 
er/a 
(r/a)* 


U5 (r) between two nuclei on the distance r between 


? 
j P ey ye 
, and the total interaction potential / venetey 


them; dashed curves are for the parameter values (32), 
solid curves for the values (33). 


correlation function of exponential form, as is 
used, for example, in the theory of liquids, must 
lead to a further weakening of the connection be- 
tween the nucleons, in general agreement with the 
requirements of the shell model. 

In conclusion we express our gratitude to 
L. I. Morozovskaia for carrying out our numerous 


calculations. 


Note added in proof. Brueckner and others "have 
come to the conclusion that the two-nucleon potential 
of pseudoscalar mesodynamics without the “pair — 
gives the required saturation of the energy at the radius 
R =1.15 x 107!3 A!/3 if in addition to a repulsive 
per (r,), taken different for the singlet and triplet 
states, one includes repulsion in the odd P-state. 
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The behavior of an electron localized near a defect in a nonmetallic homopolar crystal is 


examined, taking into account the ** 


condenson”’ interaction of the electron with the crystal. 


We have calculated the energy levels of the system and the energy of thermal dissociation of 


the electron, considering the motion of the electron quantum mechanically, and the motion of 
the atoms in the lattice either classically or quantum mechanically. It is shown that the 
condenson interaction leads to a difference between the energies of thermal and of photo- 
dissociation of an electron: Wehave determined the shape of the absorption band due to a 
localized electron (the position of the maximum, the halfwidth and its temperature depend- 
ence). As an illustration we give numerical calculations in the case of a Coulomb potential 
of the defect (for instance, an impurity atom with a valence electron). 


1, INTRODUCTION 

J UST as the presence of defects accompanied by 

localized electron states leads to the occurr- 
ence of a number of peculiarities in the optical, 
magnetic, photoelectric and other properties in 
ionic crystals, the presence of defects in homopolar 
crystals can also essentially change their proper- 
ties. 

It is well known that any attempt at a quanti- 
tative consideration of the energy level scheme of 
the electrons of an impurity atom leads to the cal- 
culation of the motion of a valence electron inthe 
field of the ionized impurity in a medium charac- 
terized by a dielectric constant «. We must at once 
remark that such a calculation which does not con- 
sider the interaction of the electron with the vibra- 
tions of the lattice is unable to consider quanti- 
tatively the width of the absorption band of imp- 


purity atoms, its temperature dependence, the dif- 
ference between the energies of thermal and photo- 
dissociation, the difference between the energies 
of thermal and photo dissociation of impurity 
atoms, and so on. 

In one of the papers? by the author and Pekar 
we investigated the question of the states of con- 
duction electrons in a perfect homopolar crystal. It 
turned out that in a homopolar crystal also the 
interaction of the ‘‘extra’’ electron with the di- 
electric can partially be of an internal character. If 
as a result of an elastic deformation there occurs 
a region of increased density and thus a higher di- 
electric constant in some parts of the crystal, the 
electron must, according to macroscopic electro- 
static theory, drift to those regions. Therefore, a 
region of higher density presents a potential trap 
to a conduction electron, and because of the inertia 
of the displacement of the atoms, it will not follow 
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the motion of the electron. 

If an electron localized in one of the discrete 
levels of such a trap is able to maintain such a 
region of higher density, this can lead to a self- 
adjustment of the electron state (as in the case of 
the polarons) and such a state we shall call a 
““condenson’”’ As a calculation 
showed, a condenson with a larger radius does not 
exist, and the macroscopic approximation for this 
Solution therefore becomes illegitimate. 

In Ref. 1 we gave only qualitative criteria for 
the existence of condensons. 


in this paper. 


In the present paper 
we evaluate the energy levels and other parameters 
of the states of an electron localized near a defect 
in a homopolar crystal, taking into account the con- 
denson interaction of the electron with the vibra- 
tions of the lattice. The calculation is given both 
semi-classically and by consistent quantum-mech- 
anical methods. 

It turns out that in the case considered the 
presence of a potential trap of a defect ensures the 
existence of localized states with a larger radius. 
Therefore, it is possible tomake numerical cal- 
culations, using the macroscopic approximation and 
in particular to calculate the energies of thermal 
and photodissociation of an electron. 


2. THE HAMILTONIAN OF THE SYSTEM 


We calculate the behavior of an extra electron 
in a homopolar crystal with a defect. We denote 
the potential energy of the electron in the field of 
the defect by G(r). 

As was shown in Ref. 1, the energy of interaction 
of an electron with an elastically deformed di- 
electirc (in the isotropic caseand in the case of a 
cubic crystal) can be written in the macroscopic 


approximation in the form 
V(r) =a (uy + Ug + Ug3). (1) 


Here the expression in brackets is the trace of the 
deformation tensor, and a is the coupling constant. 
The energy of the lattice vibrations can be writ- 


eten in the form 
tee =f, +A\,. (2) 


where H,, and H, are, respectively, the energies of 
the tudinal’ and transverse vibrations. In the 
approximation we use here the electron interacts 
only with the longitudinal acoustic vibrations as 
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follows from the considerations in Ref. 1. 
The energy of these can be put in the form 


Hy=F et A(K+ Fale 


where p is the density of the crystal, K and p are 
the compressibility and shear moduli, x is the wave 
vector, and uw, the Fourier component of the dis- 
placement vector wu in the expansion 


u= Sd) xx (7), (4) 
Coser, x, <0 

(x (T) = V 2/L8 Set (5) 
Fe ag ae hee tee) 


where L is the periodicity length of the crystal. 
If we introduce normal coordinates by the equa- 
tions 


Px = Ux Vp [hoy ; qu =UxVpo%/h, (6) 


[K+4/3p] 1/2 1/25 is 


the velocity of the longitudinal waves, (3) can be 
written in the form 


A =*/, ¥) ho (qi + pi). (7) 


x 
The transition to a quantum mechanical descrip- 
tion of the motion of the atoms is accomplished by 
the substitution p,>-—id/04q,. 


where @, =v, x, while v, = 


The Haniiltonian of the system electron + defect 
+ crystal can be written as follows: 


A = —(h?/2Qu)A+ V(r) + Q(r)+Hy. (8) 


Here we have already usedthe effective mass 
method?, and jig is the effective mass of the elec- 
tron. 

Considering Eq. (4), expression (1) for the inter- 
action energy of the electron with the dielectric 
can be written in the form 


V(r) =a) uy lined ee n)s (9) 
We have finally forthe Hamiltonian of the systen. 


, (10) 
H = — (h? / 2p) A + Q(r) 


+a Sux | x | fx (1) + 4/2 ¥) Ox (Ge — 0? / 0q%). 


oe 99 


The Hamiltonian of a free ‘‘condenson’’ can be 


obtained from (10) if we put G(r) =0 
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The solution of the Schrédinger equation 


HY = EY (11) 
which corresponds to (10) deterniines the energy 
levels E and the wave functions of the system V. 


3. ENERGY LEVELS AND QUANTUM STATES OF THE 

SYSTEM IN THE SEMI-CLASSICAL APPROXIMATION. 
THE ENERGIES OF THERMAL AND 

PHOTODISSOCIATION OF AN IMPURITY CENTER. 


By the semi-classical approximation we mean 
here that way of evaluating the behavior of the 
system in which the electron motion is calculated 
quantum mechanically, but the motion of the atoms 
in the lattice classically. 

If we use the adiabatic approximation, the state 
of the system can be evaluated in two stages: first 
of all, the configuration of the medium ( de- 
dermined by the coordinates u,,) is supposed to 
be fixed, and the corresponding state of the elec- 
tron is determined from the wave equation 


[-F-A+Q() (12) 


+4 Dux|x|x 0] 9) =£[ uJ 909. 


After that we calculate the motion of the atoms 
(medium ), the potential of which is supposed to 
be equal to 


E [uy] + U [u,]. (13) 


For the adiabatic discussion mentioned a moment 
ago it is convenient to introduce the functional 


FU, uy] (14) 


= (h/2uo)\ | yo Pde +) Q(r) | Pde 
Hay) te bel) PoP (nae 


+ (p/2) >) w? v2, 


If in this functional all u, are kept fixed while 


its extrenium is found with respect to W under the 
auxiliary condition 


(15) 


then we get, in accordance with the quantum mech- 
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anical variational principle, the extremal function 
w(r) as an eigenfunction of Eq. (12), but with the 
sum of the first three terms of (14) equal to 
E[u,,]. In that way, after the extremum with re- 
spect to w is found, Ely, u,,] transforms into the 
potential energy of the atoms in the presence of 
a localized electron. The equilibrium configura- 
tion of the medium is in turn determined by the 
minimum of (13), and therefore the ground state of 
the system is determined by the absolute minimum 
of the functional (14) with respect to w and U 

The absolute minimum F can be found by first 
taking the variation with respect to uw, and then 
with respect to . In the result of the variation 
with respect to uw, we have 


1 
KET? 


a 


oe 


Pal (16) 
Kn = —( 1 0P x, (ae. 


Substitution of (16) into (14) transforms F into 
a functional depending on w only, 


J[¥] = (1 Ve de (17) 


+\Q1¢Pd— saa Ke 


It is easily shown that 


er v4 de, (18) 
io 
Jy} = x Vive pds (19) 


Diet a 4 
\QOIYP ds — aaa | ee 
Now we must find the minimum of J, taking the 
variation with respect to w. We obtain the mini- 
mum value of /[w~]~J[w,,] and this will give 

sus the energy of the thermal dissociation of a 
localized electron (if we neglect the small energy 
of a ‘‘free’’ condenson ). 

The Schrédinger level of the ground state (the 


energy of photodissociation ) is determined from the 
relation 


(20) 


: 2 
+) Q(r)| deltas — EC otade, 
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jence, the difference between the energies of 
photo- and thermakdissociation of a localized 
electron is found to be equal to 

ae 
lEo— Jl agra slid. (21) 

In that way also, in the case of homopolar crys- 
tals (as for ionic crystals ), the energies of photo- 
and thermal dissociation are different, the energy 
of photo-dissociation being larger in absolute mag- 
nitude than the energy of thermal-dissociation. 

It is possible toinvestigate the extremal proper- 
ties of J/[ w], if the actual shape of Q(r) is given. 
We shall assume that G(r) is a Coulomb potential. 
This will, for instance, be the case, if we cal- 
culate the energy states of an impurity atom with 
a valence electron. In the macroscopic approxima- 
tion the potential energy of a valence electron can 
is the effective charge of the ionized impurity. In 
that case (19) can be rewritten as follows, 


J = x \iverae— 2 


Lo (22) 


1 ai az 
x7 laltds — rae Eaay | ade 


To investigate the extremal properties of (22), 
we treat it in the same way as was done in Ref. 1. 
We assume that there is a function leading to the 
minimum J. We introduce a function 

Lo (7) = R'ltby (Rr). (23) 
This function is normalized for k > 0, if wy (r) is 
normalized, and goes over into w,(r) for k = 1. 
Substituting (23) into (22), we get the following 
result: 


J (Rk) = — a,k + ak? — azk?, 


(24) 
Ze eae ‘ 
a = ll (Pas; 
Lae 
a= Efi: — as 


az 


Os = sg aay \IYo(r) tae. 


It follows from (24) that J (4) is equal to zero for 
k = 0, then becomes negative, and reaches a mini- 
mum for & = 1 ( provided 2 a,=a,t 3a,), after 


that increases,passes through a maximum, and for 
still larger values of k decreases again. The full 
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drawn curve in Fig. 1 shows J as a function of k 
Ashe oo,.J' (i) Sogn As was noted in Ref, ] 

this limiting behavior cannot be correct, as iy 

k > o the effective radius of the electron r, goes 

to zero so that the basis for the macroscopic ap- 
proximation, for the method of effective masses, and 
so on, breaks down. 


Hig.) 


However, in contradistinction to the case con- 
sidered in Ref. 1, the functional of the system dis- 
cussed here possesses a minimum, and this mini- 
mum occurs, generally speaking, for such a value of 
the effective radius r, that the macroscopic and the 
other approximations used are still valid. There- 
fore, we can here discuss the problem quanti- 
tatively. 

At the same time the qualitative discussion given 
in Ref. 1 shows that, if we generalize the func- 
tionals F and J to be applicable also for small 
values of the radius of the electron state, and 
taking, illegitimately, the limit k > o we are led 
to the conclusion that there may exist a minimum 
of condenson origin for those values of the radius. 

Therefore, the most general functional of the 
system, valid for both small and large radii of the 
electron state, can, generally speaking, have two 
maxima (dotted curve in Fig. 1). In the framework 
of the variational method we can only attach any 
importance tothe lowest of the two states. 

Further, we shall only consider those crystals 
in which the first minimum lies more deeply than 
the second. The opposite case is apparently not 
very probable. 

The minimum of the functional (22) can be found 
by straightforward variational methods. As a first 
qualitative approximation we choose a monotoni- 
cally decreasing function without nodes, 


b(t) = (2 /7mye(1 +aryenr, (28) 


Substituting (26) into (22) we find a minimum 
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J =] (a), and using expression (21) we are able 
to determine the difference between the energies 
of thermal and photo-dissociation, 


| Eo—J | = 5,55x10°%a%2, /(K 4+4/,u), (27) 


where a, is the value of the parameter  corre- 
sponding to the minimum of J. 

For an estimate of the size of the condenson ef- 
fect we chose the values of the parameters nearly 
equal to the corresponding magnitudes for diamond 
and sulphur, namely, ¢ = 6, fg =m, K + 4/3p~ One 
a=2.5,Z=1. We then get |F, = fs O.2:ev, AS 
can be seen from this estimate, the difference be- 
tween the energies of thermal and photo-dissocia- 
tion can be shown to be considerable. In crystals 
with large e, for instance, germanium or silicon, the 
values of J and EE are so small (hundredths of ev) 
that we can only hope to discover the difference 
in their magnitudes at very low temperatures. 


4, OPTICAL PROPERTIES OF LOCALIZED CENTERS. 
QUANTUM MECHANICAL CALCULATION OF THE 
MOTION OF THE ATOMS 


For a determination of the parameters of the ab- 
sorption band of localized centers both the elec- 
tron motion and the motion of the atoms in the 
lattice must be calculated quantum mechanically. 

For an evaluation of the parameters of the ground 
state we take instead of (11) the equivalent varia- 
tional functional?, 


Ae \ ¥A¥dedg (28) 


= a \IVY Pdedg e \ Q (r) | ¥ PR dedg 


ta AVS wel» | yn (r) | F Pdedg 


4 * 2 
soca tia, is (@ — =) Vdrdq 
% 09, 
with the normalization condition 


eee ede dcluds. 
Wy y (29) 


dq = dq,dqz . : Tags 7 


As in Ref. 3 we choose for the first approxima- 
tion our function in the form 


een. Gute) =v (ry D(..29,.....). (30) 
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Substituting (30) into (28), using condition (29), 
and taking the variation with respect to ®* we get 
for ® the equation 


(>) H,) © =0, 


(31) 
ho, f 5 Q2 

ee [as (32) 

a4, — 

patcemcrres cer 


I’xpression (32) can be rewritten in the follow- 
ing form: 


ho, 02 
Hy = (a == 9x0) 2 (33) 
—— a 2 
Tee 
Juo = AK_,. / V ho, (K +4/su) - (34) 


Hence it follows immediately that Kq. (31) re- 
duces to a set of oscillator equations, 


H,®,, = ),P,, (35) 


where ®,, is an eigenfunction of the harmonic os- 
cillator problem. The solution of (31) can be writ- 
ten in the form 


© = |[°9,, d = D) he, (m+ +) 


(36) 
7-3 e cee 2 
2(K + 8/5 u) DK. 


Substituting (36) into (28), using condition (18) 


changes ints a functional depending on only, 


h2 
Ay [¥] = aa \ Ive Pade (37) 


+1 Q(r)1yPde— (vide 


az 
2(K+ au) 
+ >) tay (t% + 1/2) 


or, taking (19) into account, 


i = Jo [Y] A= x ho, (Ny ae they. (38) 


This functional must be minimized with respect 
to w. Its extremal properties are determined by 
those of J, lw] which were examined in detail in 
the previous section. Thus we have, for instance, 
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in the case of a defect potential of the form U(r) 


Le -/ or, 
ie = Jy (%m)+ a h@y (My + 1/9). (39) 


The calculation of the parameters of an excited 
state is analogous to the calculation of the para- 
meters of the ground state. 

Replacing Eq. (11) by the equivalent variational 
principle (28) and choosing as a first approxima- 
tion the function in the form 


Wi = o(r) B(... gx...) (40) 


we can obtain for the functional of an excited 
state after minimizing (with respect to ®) the ex- 
pression 


Ai = Ji(g) + ho. (n+ ¥,). (4d 


One can also find the minimum with respect to » 
by straightforward variational methods once the 
form of U(r) is explicitly given. In particular, 
for G(r) = ~—Ze*/er it is plausible to choose ¢ in 
the form 


p = nh Bik e—Br ¢ cos 9. (42) 


Substitution of (42) into (41) and finding the 
minimum determines (,, and J, 

As Pekar and Krivoglaz* have shown, for local- 
ized centers of any structure in crystals with ar- 
bitrary dispersion laws for the eigenfre quencies 
of the lattice vibrations the position of the maxi- 
mum of the absorption band is defined by the rela- 
tion 


ROmax =|J,—Ji|= ie, (43) 
1 
55 > Ds (Guo — qui)? Ox, 


where q,, and q,,, are the coordinates of the 


equilibrium position of the system when the elec- 
tron is respectively in the ground or in an excited 
State. 

In the case of large energy release the halfwidth 


of the absorption curve is determined as follows: 


1) high temperatures (ha, /kT <a, 1) 


9= 4Vin2 VATha,; (44) 


2) low temperatures (# Oy) kt >a) 


9=2V2In2KV<«, : (45) 
1 
2a = =) (Fxo aro Jui)? Ox. 


Substituting expression (34) for 7,9 and q,, we 
have 


4 a 


=F REAR a Ko — Kai) (46) 


4 a 


Chae =o (K4 su) h Darna a Oy. 


The calculations lead to the following values of 


a, and g,: 
igh EPIL ce VOED as aes 
a= 5 ER Saray tin 0.0348 (47) 
_ 2 [Lt5u0/(0 +1) + 09/2(0 4 1)2 
it (vu + 1) 
Oey 
+55 of 


4 
a2 On 


Sos ee 107 
"8 RV IKF Tou)? | a 


en 8) [= 7u®— 480 v®—930 v4— 32 v2+9 
Gi 6 (v2? — 1)8 ai 


0.139 
ut 


2v?] 
+ Gamay (27 0° + 141 of + 7709 —5)]}, 


where V = a se 
m/ Pm 
If we take « = 6, Po =m, K+ 4/3p = 104350 


= 2.5, the half-width of the absorption curve is 
equal to 0.1 ev at 7 =0. Thus we are able to 
find, by determining the condenson interaction, a 
value for the halfwidth of the absorption curve even 
at the absolute zero. 

The discussion of the condenson interaction of 
an electron of an impurity center with the lattice 
vibrations given here for a homopolar crystal must 
also be given for the cases of molecular or ionic 
crystals. Inthe latter case this interaction must 
lead to a deepening of the polaron level and a 
widening of the absorption band of the localized 
centers. 


1M. F. Deigen and S. I. Pekar, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 21, 803 (1951). 


Z S, I. Pekar, J. Exptl. Theoret Phys. (U.S.S.R.) 16, 
933 (1946). 
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aro: . A. Krivoglaz, Trudy. Inst. Phys., 
3S, I. Pekar, Investigations on the electron theory of a Bela ce carer ieee a ini ve 
crystals, Moscow-Leningrad, 1951; German translation: : : ; 
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Letters to the Editor 


On the Absorption of K°—Mesons 
by Helium Nuclei 


S. G. MATINIAN 
Institute of Physics, 
Academy of Sciences, Georgian SSR 
(Submitted to JETP editor May 27, 1956) 
J. Exptl. Theoret. Phys.(U.S.S.R.) 31, 528-529 
(September, 1956) 


T HE hypothesis of isobaric invariance in strong 

interactions plays an important role inthe well- 
known scheme of Gell-Mann,* which satisfactorily 
describes a whole set of facts about heavy mesons 
and hyperons. As is known, experiments confirm 
irobaric invariance in strong pion-nucleon and 
nucleon-nucleon inetractions.? 

Great interest exists concerning the experimental 
verification ofthis hypothesis in situations involving 
the creation, scattering and absorption of heavy 
mesons and hyperons. One of the means to this 
end consists in the experimental verification of 
relations between cross sections for different pro- 
cesses, when the difference is only in the charge 


states of the participating particles. 
A whole series of suchrelations was derived by 


Okun’.? Recently, Lee proposed some experiments 
to verify charge independence in the strong inter- 
actions of K~-mesons with the nuclei of deuterium 
and helium, and established various relations be- 
tween the cross sections of different processes 
occurring upon the absorption of K”-mesons. 

The purpose of this note is to derive, further 
relations between the cross sections of different 
reactions occurring when helium absorbs K’-mesons. 
Upon the absorption of K™-mesons by helium, the 
following reactions take place, withthe emission 
of =-hyperons and 7-mesons: 


K- + Het> 2° + He® + 77; 
(1) 
K- + He!> = + He? + 2°; 
Kettles 25 EP mts 
1G ie MP lg ee TE eae 


K+ He*> Xt + H84 3. 
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The intitial particles appear in a state of iso- 
topic spin T = 1/2. 

Decomposing the appropriate wave functions 
into the final state wave functions, and taking ac- 
count of the conservation of total isobaric spin, 
we obtain the following differential cross-sections: 


oi (Zt + HP mr) = Hy] Alt 2 "RA, (oy 
Gy (E° | H9 + m9) = Ny | Ag? | 
63 (L° + He? + 2-) = 1s | All [2; 
04 (X~ + He? + 7°) — 1), | Ait 2; 
65 (E> + H+ nt) = Ys] Ag? — 27 "RAY? 2, 


EP 


where A, is thetransition amplitude from a 


state of total isobaric spin 1/2 to a state of iso- 
baric spin t of the system: m-meson —>-hyperon. 

Thus in particular there follows the result of 
Lee:4 


Og (2° + He? + 2-) = o4 (Z> + He? + 7°). (3) 


In addition, we obtain the following relations among 
cross sections: 


a (E+ + H8 4 n-) 405 (Z- + H8 + nt) 


(4) 
= 202 (2° + H8 + m9) + 04 (E> + He’ + 2°) 
and the inequality 
6, (E0 + H3 + n°) + 04 (E> + He? + 2°) 
(5) 


> 2/g05 (E> + H3 + 2+). 


Additional inequalities appear as consequences of 


(4) and (5): 
0; (Ut +- H® + 2-) + og (2° + He® + x7) 
= "/3 05 (L- + H? + rt), 
GO (Zt -| He = w7) + 2/3.05(> He ct) 
> Og (L° + H3 + 79), 


(5 ’) 


(5°) 


The author expresses his gratitude to G. R. Khut- 


sishvili for his valuable advice and guidance. 


1M. Gell-Mann, Report of Pisa Conference on Elemen- 
tary Particles, NYO 7138, 1955 (unpublished). 


2%, Fermi, Nuovo Cimento Suppl. 1, 17 (1955). 


3 
L. B. Okun’, J. Exptl. Theoret. Phys. (U.S.S.R.) 30, 
1172 (1956); Soviet Phys. JETP 3, 944 (1956). 


4 

T. D. Lee, Phys. Rev. 99, 337 (1955). 
‘Translated by C. R. Lubitz 
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Photoprotons from A*° 


A. P. Komar AND I. P. [Avor 
Leningrad Physico-Technical Institute 
Academy of Sciences, USSR 
(Submitted to JETP editor June 7, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 531 
(September, 1956 ) 


| ee angular distribution of photoprotons from 
A*° has been examined. They were obtained 
by irradiating the A?° with the y-bean, from a syn- 
chrotron of maximum energy 90 mev. 


Photoprotons with energy of 2-10 mev were regis - 
tered in a Wilson cloud chamber filled with argon 
at a pressure of ].4 atmos and mixed with the 
vapor of ethyl alcohol and water. The Wilson 
chamber, 30 cm in diameter and 7 cm deep, worked 
on a compression cycle of period 10-15 sec. The 
argon in the chamber was irradiated with a colli- 
mated y-beam of diameter 1.6 cm, admitted to the 
chamber through an aluminum window (100) in 
the side wall. Proton tracks resulting fron: the 
(y, p reaction were photographed stereoscopically 


0" 
&0 
50 
40 
JO 
20 


D9 20 YO 60 80 100 120 10 1 1b0°8 


Angular distribution of photoprotons from re N= 

number of proton tracks; 0— angle between the y- 
beam and direction of ejected proton. 

We examined 302 proton tracks. The angles 


were measured to an accuracy of 1-2% by a repro- 
jection system. The histogram in the Figure was 


constructed by combining the tracks in 20° inter- 
vals. One clearly sees the forward directionality 
with a maximum at approximately 70°. The shape 
of the photoproton angular distribution obtained in 
this work is in satisfactory agreement with that 
obtained by Spicer! using nuclear emulsions and 
a maximum y-beam energy of 22.5 mev. 

From the character of the angular distribution of 
the photoprotons it follows that electric dipole 
absorption is occurring in the argon nuclei. The 
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asymmetry is probably due to a direct photoeffect 
or quadrupole absorption of y-rays. 


1B. M. Spicer, Phys. Rev. 100, 791 (1955). 


Translated by C. R. Lubitz 
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The Effect of Uniform Compression upon the 


Magnetic Properties of Bismuth at Low 
Temperatures 


B. I. VERKIN, I. M. DIMITRENKO 
AND B. G. LAZAREV 
Physico-Technical Institute 
Academy of Sciences, Ukrainian SSR 
(Submitted to JETP editor June 21, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 538-540 
(September, 1956 ) 


S EVERAL papers have recently been published 
dealing with investigations of the influence of 
uniform compression upon the various properties 
of metals at low temperatures. Thus, Alekseev- 
skii and his co-workers! have studied the effect 
of uniform compression upon the galvanomagnetic 
properties of bismuth and its alloys, and Overton 
and Berlincourt? have instituted an investigation 
into the effect of uniforn: pressure upon the oscilla- 
tions of the Hall coefficient and the variation of 
the magnetoresistance of bismuth in a magnetic 
field. 

In view of the fact that uniform compression of 
a crystal in all probability alters the structure, the 
degree of filling, and the possible overlapping of 
the electronic energy zones which govern the 
de Haas-van Alphen effect, an experimental study 
of the effect of uniform compression upon the os- 
cillations of the magnetic susceptibility seems to 
be called for. 

Bismuth was selected as the first subject of 
such investigation. The required pressures were 
produced by means of the method previously de- 
veloped by one of the present authors in conjunc- 
tion with Kan, 

A bismuth monocrystal was fixed with a pre- 
determined orientation into a special holder, and 
was placed within a cylindrical high-pressure 
bomb of beryllium copper, the latter being pre- 
pared in the laboratory from pure copper and 
berylliuni. The bomb was filled with water and 
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a uy 


140 100 
A ° 


hice. Dependence of the force couple acting on a bismuth monocrystal 
in a homogeneous magnetic field upon the angle between the field vector 
and the trigonal axis of the erystal; T= 4,2° K, ®—H = 15,560 oersteds, 


O—H = 17,960 oersteds. Curve a—uncompressed specimen; 6—under 


pressure Y 1500 kg/cm”; c¢ — pressure removed; d—pressure ~ 1500 kg/cm? 


reapplied; e— second pressure removed. 


attached to the quartz rod of the suspension sys- 
tem used for studying the de Haas-van Alphen 
effect*. Measurements were then made of the 
force couple acting upon the small bismuth mono- 
crystal in a homogeneous magnetic field, within 
the massive, but magnetically isotropic, high- 


pressure bomb. 
The bismuth monocrystal was so oriented that 


its binary axis lay parallel to the axis of the bomb, 
and hence, to the axis of the suspension; the tri- 
gonal axis and the field vector lay in the hori- 
zontal plane, making various angles @ with each 


P= em 2 ee 
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other. The angular dependence of the force couple 
(the rotation diagran.) acting upon the bismuth 
monocrystal was investigated at [ = 4.2 K for 
two constant values of the field. 


e) & 
ye 


Q0Y 


Loe 


Q0B 


O04 


LY 


Fic. 2. Dependence of the difference between the com- 
ponents of the susceptibility of a bismuth monocrystal 


upon the intensity of the applied magnetic field at T 
= 4.29 K; @—under pressure ~ 1500 kg/cm?; O~—pres- 
sure removed, 


Curves a, c and e of Fig. 1 represent the rota- 
tion diagrams for the bismuth monocrystal de- 
termined in the absence of pressure; curve 6 is 
the rotation diagram for the same plane, but with a 
pressure ~ 1500 kg/cm”, while d is the rotation 
diagram for the same plane obtained upon removal 
and reapplication of a pressure on the order of 
1500 kg/em*. It is evident that uniform compres- 


sion of the bismuth monocrystal leads toa sub- 
stantial reduction (by several times ) in the ampli- 


tude of the oscillations. Removal of the pressure 
(curves c and e of Fig. 1) leads to almost coni- 
plete restoration of the original form of the rotation 
diagram. The slight incompleteness of this restora- 
tion (actually a small pressure effect ) is inall 
probability associated with deformation of the 
sample. It should be mentioned that a similar type 
of hysteresis is observed when the effect of 
pressure upon the galvanomagnetic properties of 
metals is investigated!>?, 

The dependence of the difference between the 
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two components of the susceptibility of the bis- 
muth nonocrystal upon the field intensity was in- 
vestigated for various values of 0. Two curves 
of this sort are presented in Fig. 2. It is evident 
that uniforn compression of the bismuth monocrys- 
tal leads to a substantial reduction inthe ampli- 
tude of the oscillations with field strength, to an 
increase in the constant component of the sus- 
ceptibility difference (the median line about which 
the oscillations take place ), and also to a change 
in the period of the oscillations. Analysis of the 
curves showing the dependence of the difference 
in the components of the susceptibility upon the 
field strength for 9 = const shows that for 0 in the 
vicinity of 0 and 180° the period of the oscilla- 
tions increases under pressure, while for @ near 
90° it decreases. The change in the period of the 
oscillations of the susceptibility of bismuth mono- 
crystals under pressure on the order of 1500 kg/cm? 
is inconsiderable (it does not exceed a few per- 
cent ). 


1. E. Alekseevskii and N. B. Brandt, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 28, 379 (1955); Soviet, Phys. 
JETP 1),.382.(1955); . 

2 W. Overton and T. Berlincourt, Phys. Rev. 99, 1165 
(1955). 

> B. G. Lazarev and L. C. Kan, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 14, 470 (1944). 

4B, 1. Verkin and I. F. Mikhailov, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 25, 471 (1953). 
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On K,3-Lecay 


S. G. MATINIAN 
Academy of Science, Georgian SSR 
(Submitted to JETP editor May 27, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 529-530 
(September, 1956 ) 


A. the present time there have been definitely 
established five different decay schemes for 
K-mesons with masses’ 965 m,. The decay 

products are known for three of these (K 


Seoul 


73 


Kiss 


re 


It has recently been established!>? that one of 
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the neutral particles emerging fromthe K 3 decay 
should be a 7°-meson, and that the n.ass of the 
other particle is zero. On the other hand, a half- 
integral spinfor the K-meson leads to difficulties 
when one exan.ines the process of K-meson forma- 
tion in nuclear collisions!’®. 


The most probable decay scheme appears to be: 
Rigi a V, (1) 


The purpose of this note is to calculate the energy 
spectrum of the y-mesons and 7°-mesons inthe 
K,,3-decay and to estimate the decay constant. 

Regarding the K,, as a scalar (or pseudoscalar) 
particle and limiting consideration tothe direct 
coupling of fields, one obtains for the interaction 
Hamiltonian density: 


H’ =g(¥,rb,)\(ete,), (2) 


where y = y, or l, respectively, for scalar or 
pseudoscalar particles, and g is a constant with 
the dimensions of a length. 

For finding the energy spectrum of the p- and 
7°_mesons, the method of Ref. 4 is convenient. 
The results are the same for both scalar and 
pseudoscalar K 3-mesons, due to the vanishing 
rest mass of the neutrino. 

The energy spectrum of the p-mesons: 


way ~ 323 Mf (B— 2ME,)P 


272 
X {C+ DE, —2M°E%} dE, 
The energy spectrum of the 7°-mesons: 


paces ng wen) ee ut) 
= = 393 M(F—2ME,) VER — m2 dE. 

E and E,, are the total energies of the p- and 7°- 
mesons inthe rest system of the K,,3-meson 


Ge =ic = 1); 


wdE 


A = M? + m2 — m2; B= M? + mi; (5) 


(m2 — m2 — M?), 


2 = 
1 


C=m, 


D = M (M? + 3m? — mi); 


‘ 2 
F=M' +m, G=M'+m—m, 


Integrating (4) from m,, to (M2 + m2 — m2) /2M 
we obtain for the total probability of decay 


Wy = (gm,,)? (32n3)-1 0,95-1023 sec-1 , (6) 


From this, using T~ 107° sec, we find 
(g? / 4m) m2 = 10-18. (7) 


The correctness of the scheme corresponding to 
Kg. (1) for K,,-decay is not yet established with 
sufficient certainty?. A similar calculation for 
the scheme 


Ki eave (8) 


gives 


Weg = (E'mz)® (32n%)-1, .6,42-108 sec-1 (9) 


where g“ is the corresponding coupling constant 
for the four fields. Comparing (6) and (9) we ob- 
tain 
W,3/ Weg = 0,16 (g/ g’)?. (10) 
From the results of Ref. 5, it follows that w,4/ 
w.,~ 0.5. Then we have g’= 0.6 g. However, it 
is necessary to note that the present statistics 
are inadequate for an unambiguous answer tothe 
question of the ratio of w, and w.,3, and conse- 
quently of the equality arine constants g and g’. 
In conclusion, we remark that the K, .-decay 
scheme can be connected with the K,-decay in 
the following way*: 
n 


Ky3> (are upv+ rn, (11) 


where 7 is the strong interaction constant (those 
interactions which do not violate “‘strangeness’’ ), 
and f is the weak interaction constant (e.g., the 
universal weak Boson-Fermion interaction’ ), 
Finally, the author considers it his pleasant duty 
to express his gratitude to G. R. Khutsishvili for 
constant help during the course of this work. 


* In Ref. 6, the K 3-scheme was connected with the 


Q 0 
+a), but 
scheme Kyg(Ky3 > Ky 7a +7 > pty ) 


Se, Shs 
led to the result We / wx = 10 ea in contradiction 
® 72 


to experiment. 


1 Kaplon, Klarmann and Yekutieli, Phys. Rev. 99, 
1528 (1955). 

2 suang, Kaplon and Yekutieli, Bull. Am. Phys. Soc. 
1, 64 (1956). 
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Measurement of the Lifetimes of K-Mesons 


M.IA. BALATS, P.I. LEBEDEV AND [u.V. OBUKHOV 
(Submitted to JETP editor June 7, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 531-533 
(Septeniber, 1956 ) 


T HE measurement of the mean life of charged K- 
mesons from cosmic radiation has been carried 
out at sea level, using scintillation counters and 

a high-speed oscillograph’. A charged unstable 
particle formed in a slab of lead A (Fig. 1) passed 


through counters C, and C,, and reached counter 


Diz, 
C, inside which was a brass absorber (10 gm/cm) 
Counters G, and Cy then registered the decay 


Fic. 1. Schematic diagram of set-up. 


products of the particles which came to rest in C. 
The data on the liquid scintialltion counters are 
collected below in a Table. 


TABLE 
a 
o 
f Solvent Conc. of] 4 ret 
Counter oo oh ae, Terphenyl, FEU19 
a) g/l 
iS — 
C,, C,, Cy C,| 10x20 | 2 | Toulene} 3.5 1 
Cnc. 10x26 | 2 | Benzene} 1.4 2 
er 10x20 10 | Benzene} 0.9 4 
ee eee 
Fbaic N 
Pulses from the photomultipliers of the counters oD 
C,, C,, C, and C were amplified, time-formed and AD 
en Shek ee 2 ie 60 
fed to a coincidence counter*. The amplifier ip 
band width was 210 mc, the amplification factor 
~6. In channels C, and C, pulses of length 4 ze 
x 10°® sec were formed, in channels C, and Cy, 10 
of length 6 x 10°? sec. The resolution curve of the : 
coincidence circuit is given in Fig. 2. Triple y 
coincidences C, +C, +C, or, +C, + C3 trig- v y yp” 


gered the oscilloscope and pulses coming from 
counter C were fed to the input of the vertical 
deflection amplifier. They were then photographed 


sec 


Fic. 2. Resolution curve for triple coincidences 
G 
1+ G,+ C,. 
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on the oscilloscope screen. The duration of the 
sweep was 1.3 x 10°’ sec, and the minimum rise 
in the amplifier 2.5 x 10°? sec. The precision of 
measuring the time between impulses was de- 
termined basically by the time dispersion of the 
photomultiplier belonging to counter C. To reduce 
this dispersion, we used a spécially selected 
multiplier, type FHU-19. The exposed central 
part of the photocathode measured 5 x 12 mm, and 
the overall voltage was 4500 v. 

The experimental error, connected with the time 
dispersion of a given FEU-19 tube, did not ex- 
ceed 1.6 x 10°° sec. In the photomultiplier there 
sometimes occurred a secondary spurious impulse 
following the basic impulse, but not connected with 
the passage of a particle through C. Such cases 
could imitate the decay of a K-meson when the 
set-up was triggered by shower particles. In view 
of this, it was necessary to reduce to a minimum 
the number of times the apparatus was triggered 
by showers. 

Inthe first phase of this work, this was ac- 
complished by including C, and Cj in antico- 
incidence with C, +C,+C, orC,+C,+Cj. The 
efficiency of this method was 96%. The presence 
of a group of Geiger-Muller counters covering 
C, and C’, further reduced the number of times 
the system was triggered by showers. Itis 
necessary to note that such a system excludes K- 
mesons accompanied by wide showers. Later on, 
the anticoincidence counters were replaced by a 
system of delayed coincidences, by introducing 
into channels C, and C’, additional delay cables 


(1.4 x 10°° sec). 

From the resolution curve of Fig. 2 it can be 
seen that the probability of triggering the system 
by the simultaneous passage of particles through 
aoe Cy oe (C.) did not exceed 0.02. 

In order to take account of the secondary photo- 
multiplier impulses, and the time displacement 
between pulses which resulted fromthe different 
flight times of two related particles, we measured 
the distribution of time intervals between pulses 
in counter C. In phase I of the work, this was 
done by including C, and Cj in anticoincidence, 
while in phase II, we disconnected the additional 
delay cables. In such control investigations the 
number of delays incounter C was negligibly small. 
The results of these control experiments were in- 
cluded in the interpretation of the results. 

The smallest energy of p-meson decay which 
could also trigger the set-up was 25 mev. There- 
fore, we excluded cases of 7> p+ v. The pe 


+ 2v decay could trigger the set-up, but inview 
of the fact that the resolution of the coincidence 
circuit was 4 x 10-8 sec, the probability of such 
an event was sufficiently small. 

From among atotalof 1600 cases, 64 were ob- 
served with a decay in an interval 10-8 —4 x 1078 


sec. The integral distribution of decay times is 


ting rate (arbitrary units) 


/coun 


i= Delay in channel C, 
\ i. 2 feos it ee 
“0-0 Y 0 D3 


40 HP sec 
FIGs: Integral spectrum of K-meson decay time. 


drawn in Fig. 3. It yields a mean lifetime of K- 
mesons of 0.5 +2.0) x 10-9 sec, assuming a 
single-exponent decay. This result is in accord 


with Refs. 3-5. 


1 Balats, Lebedev and Obukhov, P.T.E. (in press). 


"Re AL. Garwiny RewuSeisiasin 24) 6leMiose)s 

3 1, Mezzetti and J. W. Keuffel, Phys. Rev. 95, 858 
(1954). 

4k. W. Robinson, Phys. Rev. 99, 1606 (1955). 


5 V, Fitch and R. Motley, Phys. Rev. 101, 496 (1956). 
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A INethod of Investigation of Radial-Phase 
Oscillations of Electrons in a Synchrotron 


Iu. M. ADO 
P. N. Lebedev Physical Institute 
Academy of Sciences, USSR 
(Submitted to JETP editor J une 8, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 533-534 
(September, 1956 ) 


T is well known that in electron accelerators of 
synchrotron type, the accelerating electrons fill 
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part of the orbit in sort of bunch, whose azimuthal 
dimensions are deterniined by the radial-phase 
(synchrotron ) oscillations. 

At the start of the synchrotron acceleration 
cycle, the amplitude of radial-phase oscillation is 
appreciable and reaches 180°, As the electron 


energy F increases, the amplitude damps out as 
E-1/4. (Generally speaking, this is true only for 
small oscillations. The larger ones decay some- 
what faster!.) However, after the electrons ac- 
quire sufficient energy there occurs intense elec- 
tromagnetic radiation? which should, according to 
theory, cause noticeable synchrotron oscillations 
due to the quantum nature of the rediation®, There- 
fore, in the electron accelerators of high energy 
(~ 1000 mev) one should expect a diminution of 
the azimuthal dimensions of the electron bunch 
at the beginning of the acceleration cycle, and 
an increase later. 

In this communication we propose an experi- 
mental method for investigating these radial-phase 
oscillations of electrons in the process of being 
accelerated to high energies. The method is 
based on the use of optical radiation from the elec- 
trons. Inasmuch as the radiation is sharply di - 
rected along the tangents to the orbit, it will be 
found in the formof short light pulses (thin 
radiation beams ) whose length and shape are de- 
termined by the electron distribution, according to 
the amplitude of radial phase oscillation. Thus the 
problem of investigating the synchrotron oscilla- 
tions is reduced to one of examining the light 
pulses. In the actual work we used a fast-acting 
optical shutter based on the Kerr effect in nitro- 
benzene( Kerr cell). Let us note that while the re- 
laxation time in nitrobenzeneis 10-9 — 10°12 sec 
(see, e.g., Refs. 4 and 5), we do not have totake 
it into account for the frequency of operation of 
the shutter, which is at best 100 me. 

The Kerr cell used in this work is represented 
schematically in the Figure. It consists of two 


Schematic diagram of Kerr cell. p—radiant energy 
detector. 


crossed Nicols, V, and Ny, between which is lo- 
cated a condenser K immersed in nitrobenzene. A 
steady voltage U is applied to the condenser, and 
at the same time, an alternating voltage U fron 
the generator which excites the synchrotron reso- 
nator. This makes the shutter operation frequency 
coincide with the frequency of appearance of the 
light pulses. When light rays from an electron 
bunch are transmitted through such a Kerr cell, the 
radiation detector p, with a sufficiently long time 
constant, will register a light beam J averaged in 
time. The magnitude of / depends on the time dis- 
placement @ between the shutter operation and the 
appearance of the light pulse. Designating by 
y(t) and f(¢) the functions which describe the form 
of light pulse and the light transmission curve of 
the Kerr cell, J(@) can be written as follows: 

is 


FA 
ro) =a\Fe- HY Ode, q) 
0 
where 7’ is the period of circulation of electrons in 


synchrotron orbit. 

The function /(@) is found experimentally by 
measuring J at different values of 0 between the 
limits 0 and 7. A change in @ at high frequencies 
(~60 mc ) can be accomplished by inserting delay 
lines between the generator of the voltage U,,, and 
the condenser K. The function f(t) is also ex- 
perimentally determined. Inform it coincides with 
the light intensity distribution, after modulation 
by the Kerr cell of the uninterrupted light beam. It 
is easy to find, using low-frequency modulation 
(the time ¢ must be measured within a period 7’ of 
the alternating voltage). It is necessary to make 
the low-frequency alternating voltage amplitude 
equal to the amplitude of Oo The unknown func- 
tion W(t) is found by solving integral equation (1). 

Since the frequency of electron circulation inthe 
synchrotron is known, the time in the function 
w(t) can be replaced by the azimuthal angle « . 
Then w(u) willdetermine the distribution of elec- 
trons along the orbit. The alternating voltage U. 
should be impressed on the condenser K in the 
form of pulses, short with respect to the accelera- 
tion time and synchronized with the accelerating 
cycle. A shift of these pulses with respect to 
zero magnetic field of the accelerator allows a 
measuren.ent of the azimuthal spread of the elec- 
tron bunch at different stages of acceleration. 

This method was applied to the synchrotron of 
the P. N. Lebedev Physical Institute, Academy of 
Sciences, USSR, having amaximum energy of 260 
mev, an orbit radius of 81 cm, a circulation fre- 
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quency of 58 mc and acceleration time of 10,000 
p-sec. Preliminary investigation shows the azi- 


muthal spread of the electron bunch at the end of 
the cycle is 100 + 10°. 
A detailed description of the method and re- 


sults of this experiment will be published at a 
later date. 
The author expresses his sincere gratitude to 


Prof. P. A. Cerenkov for valuable discussions. 


1N. H. Frank, Phys. Rev. 70, 177 (1946). 

2D. D. Ivanenko and A. A. Sokolov, Classical Theory 
of Fields, Moscow, 1949. 

3M. Sands, Phys. Rev. 97, 470 (1955). 


4]. R. Fabelinskii, Izv. Akad. Nauk SSSR, Fiz. Ser. 
9, 186 (1945). 


"OW. Hanle and O. Maercks, Z. Physik 114, 407 (1939). 
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Cn tiie Derivation of a Formula for the Energy 
Spectrum of Liquid Het 


L. P. PITAEVSKII 
Institute for Physical Problems 
Academy of Sciences, USSR 
(Submitted to JETP editor June 10, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 536-537 
(September, 1956 ) 


A S is well known, Feynman ’, using a wave 


function of a special form, has obtained an ex- 


pression for the spectrum of the elementary ex- 
citations in liquid He*. A hydrodynamical deriva- 


tion of this formula is presented below. 
We shall begin with the Hamiltonian for a quan- 


tum liquid in the form? 


H= 5 \ minds + AY [n], (1) 


where n is the number of atoms per unit volume 
and H/![n] is the velocity-independent part of the 
Hamiltonian. We shall assume it to be a function 
of n. We setn = + 6n and expand # in terms of 
the second order in Sn. The first-order term 


drops out and we obtain 


A= M+ \ v2dt + \ g(r, r’) 8n8n'dedz’, (2) 


A 
where is the second functional derivative of H! 
with respect ton. Transforming now to Fourier 


Components 
sn = Sy nek 
k 


and taking into account the equation of continuity 
in the form 


ono diy vex 0, (3) 


as well as the fact that y depends only upon |r 
—r’|, we obtain 


fl Pet | m4 |? 
am Aria +S (ME sh igiev). @ 
k 


This expression has the form of a sum of the Ham- 
iltonians of oscillators having frequencies: 


wo? (k) = (K2p,/m) V. (5) 


For the determination of , we note that the 
average value of the potential energy of an oscilla- 
tor in the ground state is equal to F @/4, 


whence 
Me | ty | 2V == F/ahe (k). (6) 


As is well known, however, S(k) = [7 |?/7 is 
the Fourier component of the correlation function 
for the atoms of a liquid, which can be determined 
from diffraction experiments. Substituting y, from 


(6) into (5), we find for the energy of excitation 
E (k) = he (k) = 22h2/2mS (k), 


which agrees with Feynman’s result. 
In conclusion, I would like to express my thanks 
to L. U. Landau for his advice. 


; R. P. Feynman, Phys: Rev. 94, 262 (1954). 
2 L. D. Landau, J. Exptl. Theoret. Phys. (U.S.S.R.) 
11, 592 (1941). 
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The Effect of a Transverse Magnetic 
Field on the Thermal Conductivity of 
Metals 


Z. 1A. EVSEEV 
Donetz Industrial Institute, Stalino 
(Submitted to JETP editor February 26, 1956) 
J. Exptl. Theoret. Phys.( U. S.S.R) 31, 331 
(August, 1956) 


ET us consider a metal, in which there is a 
L heat flow Q =Q, and a magnetic field #/ =//, . 
For the calculation of the coefficient of thermal 
conductivity we use the model of Sommerfeld, ! 
according to which the flow depending on the motion 
of electrons under the action of the temperature 
gradient is set equal to zero. Accordingly,” 


(1) 


I 3ne 


f 3n 
jf mv3 \ Efude, Qy = ar | nfvrde 


and analogously for /, and Q,. Here (—e) is the 


charge on the electron, m is the mass of the elec- 
tron, v is the velocity, and 7 are the components 
of the velocity along the x and y axes, ¢ isthe 
kinetic energy ofthe electron. The distribution 
function is taken to have the form 


f= fox Xx + ly, (2) 


where f, is the Fermi distribution function, and 

the functions y, and x, (found with the aid of 

the kinetic equation, in which the term taking into 
account collisions, was derived by Lorentz® ) equal: 


Xx = —l(fi—afe)/v (4 + 4?), (3) 


ty =—U fig + fa) / 0 (1+ 9°). 


Here / is the length of the mean free path of the 
electron, and the rest ofthe variables are defined 
as follows: 


g =i /v = (eH | me) 1/0; (4) 


Fi = Of / 0x —eE,0f y / de; 
So = Of, /0y — eE Of, | de; 


E, and eae are the components ofthe electric 


field resulting fromthe motion of the electrons 

under the action of the temperature gradient. 
Calculation shows thatthe dependence of | 

on v for the present problem is immaterial, because 

the terms containing the derivative of | with respect 
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to v, are small and do not enter into the ex- 
pression for the coefficient for thermal conductivity %. 
Making the usual calculation for the coefficient 


of thermal conductivity x =—Q, /0T/dx (in the 
present problem /, =/, = 0, 0, = 0) with accuracy 
tothe terms ~ (kT /¢)° © is the Fermi level), 


we obtain 
= %|1— 


where Xo = mnlk2 T/3mv is the coefficient of 


fe? f RT N20 9? (4 eg? og) 
15 \ mv? 


cpa) 


thermal conductivity in the absence of a magnetic 


field. 

Approximate calculation shows that formula (5) 
gives a decrease in the thermal conductivity of 
less than 0.01% of %q in a field of 10,000 Oersteds. 

it can be shown that consideration of the effect 
is necessary formetals of the type of Bi which have 
a small number of conduction electrons. 

In conclusion [ must thank K. B. Tolpygo for a 
number of suggestions and E. I. Rashba forcertain 
advice in the course of carrying outthe work. 


: : 
A. Sommerfeld, Z. Physik 48, 51 (1928), 


2 
nines and A. Sommerfeld, Electron Theory of 


3 
G. Lorents, Theory of the Electron. 
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Application of the Theory of Raniom 
Processes to Radiation Transfer 
Phenomena 
L. M. BIBERMAN AND 3. A. VEKLENKO 
Moscow Power Institute 
(Submitted to JETP editor April 17, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 341-342 
(August, 1956) 


N this note the motion of the photon is treated as 
| a random process under the following very general 
assumptions: the medium is isotropic; its proper- 
ties may be functions of time and space; the photon 
may be scattered, absorbed by an atom and reemitted, 
or absorbed ina collision of the second kind; the 
polarization of the radiation and the motion of the 
atom excited by a photon are not taken into ac- 
count. 

We begin withthe function 


So ultiy M1, V1, 4; Te, Ne, Vo, te) dVe dno dvo, 
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It represents the probability that a photon, which 
at time t, and positionr, possesses a frequency 
v, and a velocity v, whose direction is speci- 


fied by a set of direction cosines denoted DY iy 


will at time t, be found in the element of volume 
dV. surrounding the point r, , with a frequency 
in the interval vytov, + dv, , and witha 
velocity v, whose direction lies in the interval 
Np ton, + dn, 

In introducing different values for the speed of 
the photon, we have in mind free photons ( v=c, 
where c is the speed of light) and photons absorbed 
by atoms (v =0). In the case of photons ab- 
sorbed by atoms, 7 and v” stand for the direction of 
their motion and the frequency before absorption. 

It is necessary to take these parameters into ac- 
count inasmuch as in a given case the indicatrix of 
radiation may depend on the previous history of 


the photon. Such a choice of the function oe 
1 


permits the motion of the photon to be regarded as 
a random process of mixed type without after- 
effects. Therefore the same function f,,”2 must 


satisfy the generalized Markoff equation 


C=} \ £58 (15 3) £22 (3; 2) dVgdngdvs, (1) 


Us 
where ea (1; 2) is an abbreviation for the 
function introduced above. 
Setting t, =t, —At in (1) and letting Ag ap- 


proach zero, we obtain the first integro-differential 
equation of Kolmogoroff-Feller for processes of 
mixed type 


Off? (1; 2) / Ote (2) 


- >) \ Fo! (1;82,13,¥8,te)Re? (Te, to; Ns Vsi N2,V2) Arsdvs 
Us 
— fo2 (A; 2) Ds (Te, fe; Na, va; n/, v’) dn’dv' 
vw!’ 


= Gy, (Tey ta, v2) Fo? (1; 2) —v (2) grad f2 (1; 2). 


The last term is the scalar product of the photon 
velocity at the point 2 withthe gradient of the 
: D : : 
function f,,”2 at this same point. 
Similarly, setting t, = t, +At and letting At 
approach zero, we obtain a second equation 


— Of 5% (A; 2) / Of, (3) 


= > \ ay (Ti, 44; M1, V1; Ns» Vs) te (T1, t1; Ns, V3; 2) dnsdvy 


Us 


44] 


Uv. : .\ , 
ere (1; 2) » oh (T1013 M1, v3 1’, v’) dy/dy’- 


v! 


Seon (ie ty, oy) te (lg 2) +v (1) grad bps: (Gite 2) 


The quantity k "2 (r, ¢; Hy Vir Nels dn 
v 
Eqs.(2) and (3) is the probability of change of 
state of the photon normalized per unit time. It 
takes into account scattering of the photon and its 
re-radiation by an atom; os (F,t,v ) takes into 


account processes of photon destruction, and its 


form is determined only by the initial velocity of 
the photon. 


2 


. . . v 
Explicit expressions fork, “ anda, are 
Vv 


1 1 
. i Meany A : 
given below: ko = 0; ko = Ape Cpe Seo; 
where A is the probability of spontaneous emission 
and p ; ( Beas hoes ) is the indicatrix of 
emission; ik? =k (r, t, vy ded OP SI ), in which 
Se Cee Vv; ) is the photon absorption coefficient of 


the atoms; kf =» (r, ¢, v,) CP (145415 Ne» Pa), 
where x (r,t, v,) is the coefficient and py 
(ny U3 doe Vo) the indicatrix of scattering; 


o, (r,t) is the probability of collisions of the 


second kind, calculated for a single excited atom; 
a, (t, t, v) is the coefficient of true absorption. 


2 


v 
If we substitute the values of ke and oa 


1 
into (2) and (3), then instead of each of these ex- 
pressions we obtain a system of four integro-dif- 
ferential equations in the functions he Be ie and 


f< , which can be transformed into a system of 


integral equations. We note that simple trans- 
formations permit producing integro-differential or 
integral equations that contain only one of the 

. Ley) 
functions fo, 


If the distribution of the sources of radiation 
and of collisions of the first kind in the volume 
V under consideration is known, then with the 
aid of the function fos? it is easy to obtain the 


concentration of excited atoms and the radiation 
intensity as functions of space and time. Thus, 
by applying the theory of random processes It 1s 
possible under very general assumptions about the 
interaction of radiation with matter to derive the 
complete system of equations that describe the 
nonstationary process of radiation transfer in an 
isotropic medium whose properties are functions 
of space andtime. Naturally the equations of radia- 
tion transfer (that are well known in the litera- 
ture) the equations for the volume density of ra- 
diation and forthe concentration of excited atoms, 


44.2 


can all be derived as special cases ofthe rela- 
tions given above. It is to be noted that the first 
equation of Kolmogoroff-Feller permits the deri- 
vation of the complete system of equations for 
the desired probability densities. Comparison of 
the two equations permits determining the sym- 
metry properties of the function f,°2 (1; 2) with 


respect to an interchange of indices, from which 
follows the general formulation of the principle 
of optical reversibility. 

1 “3 : %3 (1; 2) considered 

Che probability density f ? 

Vv 

here is closely connected, of course, with the 
transmission and reflection functions of V, A. 
Ambartsumian and with the probability of emer- 
gence of a photon employed by V. V. Sobolev. 
The authors hope to take up these problems in 
detail. 
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The Lagrongian Function for « System 
of Identically Charged Particles 


V. N. GOLUBENKOV, IA. A. SMORODINSKII 
(Submitted to JETP editor Dec. 2, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 330 
(August, 1956) 


ARWIN? has shown that it is possible to 

write the Lagrangian function for a system of 
charged particles, correct to the second order terms 
in the ratio, of the velocity of the particle to the 
velocity of light. This is possible because the 
radiation of licht is a third order effect in v/c 
and does not enter inthe second order approxima- 
tion. 

It is of interest to point out the possibility of 
obtaining the J.agrangian function for a system of 
identically charged particles to a higher order of 
approximation. It is well known that in a system 
of identical particles (with precisely the 
same ratio of charge to mass) the radiation is pro- 
portional to the fifth power of v/c and not to tte 
third power. Therefore the Lagrangian function for 
such a system can be written tothe termv / c*. 
It is easiest to use the method given in the book of 
Landau and !ifshitz’for its calculation. 

It is not difficult to show that the third order 
terms in the Lagrangian function go to zero. A 
calculation ofthe fourth order terms leads tothe 
following expression, which must be added to the 
second order J.agrangian function. 


m qe 2 j 
(ae IN ee I 
= etetue eee a A 
a ba ab 


LE RTERS iO DE HDT OR 


== v2 Se 4. (nv)? ve + (nv,)? wa == 8 (nv, 2 (nv,,)?} 
e? : ; 
+ “gor Dy {2 (0Vq) (Vg Va) — 2 (nv,) (WpVg)—08 (ni) 


-- uF (nv,) => (fiv,)? (nV) — (nv,)? (n Va) 
—3R pale ag¥e) ER ap (O¥y) (Val 


where n is a unit vector in the Direction R_ .. Of 
course in making calculations the terms that con- 
tain the total derivative with respect totime are 
dropped. 

The accelerations can be expressed here 
through the coordinates and velocities of the 
charges, consistent with the equations of motion, 
obtained by completely neglecting the retarded 
potentials, that is, from the Lagrangian function 
of zero approximation. Thus inthe simplest case 
of two charges we have 


V1 = (e?/ m) n/ R2; V2 = — (e?/m)n/R?, 


where R,, =—R,, = RandR/& =n; after substituting 
in (1) we obtain 


6 
AC aes muy, 


16c4 


6 
MU > 


oc (2) 


é i R 
+ gor x [2 (wave)? — vf 03 + (nv)? 03 + (ns)? v2 


3e? 
IL 


— 3(nv,)? (nve)?] ++ [(nv1)? + (nv2)?] 


et , 2e4 
aay (Ui + U3) F FaRs 0 


m 


The Tagrangian function of two identical charges 
with accuracy to the fourth order can be used for j 
investigating the relativistic corrections inthe 
scattering of high speed protons, and also for 
generalizing the well-known formula of Breit forthe 
interaction of electrons (see Refs. 3,4). The 
calculation of the formula of 3reit to fourth order was 
carried out by Maksimov; the results however are 
very lengthy, and we will not include them here. 


The authors thank I,. A. Maksimov for considera- 
tion of the work. 


“C. Darwin, Phil. Mag. 39, 537 (1920), 
2: 
s ene gar and E. M. Lifshitz, Classical Theory 
3 : 
G. Breit, Phys. Rev. 34, 553 (1939), 
4 
L. Landau, Z. Phys. Sowjetunion 8, 487 (1932). 
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Charge Renormalization for an Arbitrary, 
Not Necessarily Small, Value of e. 


K. A. TER-MARTIROSIAN 
(Submitted to JETP editor April 6, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 157-159 
(July, 1956) 


R ECENTLY Taylor!, combining the results of 
Landau, Abrikosov and Khalatnikov? with the 
general theory of Gell-Mann and Low’, attempted 
to prove in general that the only case in which the 
present electrodynamics does not lead to a contra- 
diction is that with the renormalized charge €. 
equal to zero (since otherwise the “‘seed’’ charge 
e, turns out to be imaginary and the interaction 
operator is non-Hermitian ). In accordance with 
Ref. 3, Taylor writes the quantity crater, eid, 


is the renormalized propagation function of the pho- 
ton, and €= In (—k? /m?)] in the form of some 


function of only one variable*: 


2 / ee r 2 2 
ee | [!  3n $= eof ¢ (e2)| Q) 


e4 = @ 0.,)) 1(2) = 


where f,(e2) is some unknown function. Comparing 


Eq. (1) with the results of fief. 2, Taylor shows 
that lim yf, (y) =0, and 
y 70 


MA.) =A, if »,+7+4+0. (2) 
Mith c= 0, L = In( A2/m2), where A is the cut- 
off limit for momentum, Eq. (1) determines the 
charge renormalization 
Cate, d (Ded (1) = ® [1 (1). ar) 


If in Eq. (1) e* is regarded as an arbitrary fixed 
quantity, then for L + ~, A, »-3a/L. Taylor 
obtains the result stated above by assuming that 


(2) holds also for Nee =(): 


@ (A,) = Ags Ap > —O, (2’) 


i.e., that X, (A, ) is a function of ne continuous 


at zero. Indeed, for L > ~, A, = -~37/L->-0, it 
follows from (1’) and (2”) that 


(3), 
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i.e., €,) turns out to be an imaginary quantity. 

Unfortunately, it is so far quite impossible to 
find any basis for the assumption on the continuity 
of the function Ne (A. ) at the point A, = 9, so 


that Taylor’s whole proof remains without founda- 
tion. Even the reverse appears more probable: that 
the function ®() has an essential singularity at 
A= 0, for example, of the type exp(1/X); this 
would correspond to the fact that all expansions 

in powers of e? are apparently asymptotic series. 
In any case one can display many functions ®()) 
for which the condition (2) is fulfilled (i.e., the 
relation (1) of Gell-Mann and Low goes over for 

ee > 0 into the formula d,=(1- (e? E/3m7)\3 


of Landau, Abrikosov and Khalatnikov), but (2’) and 
consequently also (3), are invalid**, 

If, however, we consider all quantities before re- 
normalization and confine ourselves to a simpler 
problem than the one attacked by Taylor, the whole 
discussion can be carried through quite rigorously. 
In fact, we assume that the ‘‘seed’’ coupling con- 
stant e? is an arbitrary fixed quantity. Moreover, 
Oe = e (es, L). We shall show that under these 
conditions e. > 0 for L > not only for es <als 
but for arbitrary Cee: 

Indeed, according to Gell-Mann and Low®, we 
have*** 


e2d (c2, L — &) = @ (Ay), Ag (8) 


(4) 
re é / [1 be (L— 8) ef, (¢)], 
where ®(.) is the same function as in (1), and 
ie (e*) is some unknown function. For e,0 
this equation goes over into the relation 
alee aN hae (5) 
a =[1+4 Sr a) 
of Ref. 2 only if 
lim [yf (y)] = 9 (6) 
y>0 


and, moreover, the relation (2) must be satisfied . 
[The condition (6) must be fulfilled in any case: 
otherwise, for e2 > 0, ® would depend on a quan- 


tity different from e*[ iL (es /3m)(L = eoiliese 


and (5) would be in contradiction with (4)]. It 
must be noted that Eqs. (2) and (6) are not inde- 
pendent conditions; one follows from the other. In 
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fact, the functions f, (y) and ®(y) can be ex- 
pressed in terms of each other, since they are con- 
nected by the condition 


dyes ae ey 


which, by Eq. (4) gives 


e 1 
2 ah = ® ae | 
“ ase Cet (GG) 
or 


Fe ty [Dani t (7) 


where o1(y) is the function inverse to O(y). If 
(6) is satisfied, it follows that ®'+(y) > y for 
y > 0. But the function inverse to O!(y)=y will 
be O(y) =; i.e., we get Eq. (2). In an analogous 
way, Eq. (6) follows at once from (2) and (7). 

From Eqs. (4) and (2) it follows at once that 
e? 5) for iby SS eye 
has a fixed (and arbitrary ) value, and L - E> 00, 
Then, by Eq. (4), Nave) = 397 / UL = €) 51.€, ,wac* 
cording to Eq. (2), 


Indeed, let us suppose that ee 


evd (e, L—=&) = 3nj(L —&) 


with increasing accuracy as L ~ € is made larger. 
Since e*d_ = e” d, 
cue 0 


e2d, (e2, &) = 3nj(L—&), L—& > oo. 
For €> 0, when d. ~ 1, this equation gives 


e? = 3nj/L +0, L +o, 


which was to be proved. 

We note that if in Eq. (4) we regard a, as de- 
pendent on L,(as Taylor indeed assumed), the 
proof does not go through, since as L increases the 
quantity a CE) ig [ oe (L)] in Eq. (4) can change 


in such a way that A, will not decrease, and will 


0 
in general not be sniall for L > ~- 
The writer expresses his gratitude to B. L. Ioffe 


and A. D. Galanin for discussion of the manu- 


script and valuable remarks. 


* Cf. Ref. 3, Eq. (5.6). Account is taken of the re- 
lation (—k* / m7) ®( e*) = exp(—37/A,)if the function 
rf of Eq. (1) is related to the function p of Ref. 3 in 
the following way: f, = ( 1/e?) + Ing( en) (the quanti- 
ties k? and e” of Gell-Mann and Low are here denoted 
by —k* and e?), 


** For example, as Landau has remarked, for the 
function [ In(1 + et? the relation (2) holds, but the 


condition (2%) does not: for \ —0 
[In (1 + eA)? m elf IAT, 
*** Cf, Eq. (B.11) of Ref. 3; note that 
——iPa 
2 a (e5) —= exp (= 37/9), 
if in Eq. (4) fo ( e.) = ei + InG( eae Therefore, 
aT 
if O(y) is determined a a function F of Ref. 3 by the 
equation @(y) = F(e-387/y). 


rlaFG (¢3)] = © Ow), 


: J. C. Taylor, Proc. Roy. Soc. (London) A234, 296 
(1956). 

Q Landau, Abrikosov and Khalatnikov, Dokl. Akad. 
Nauk SSSR 95, 497, 773, 1177 (1954). 

3 M. Gell-Mann and F.. E. Low, Phys. Rev. 95, 1300 
(1954). 
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A Polarization Metiiod for Measuring the 
Velocities of Particles with Intrinsic 
iMagnetic idoment 


S. G. KORNILOV 
Saratov State University 
(Submitted to JETP editor March 13, 1955) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 512-513 
(September, 1956) 


EASUREMENT of the velocities of particles 

in a beam (spectrometry ) is a typical problem 
of physical experiment. A polarization method can 
be used for particles which possess an intrinsic 
magnetic moment. The spectrometer resembles the 
type which is used to determine the magnetic 
moments of individual particles. [In the path of 
the beam there is placed a polarizer, a device for 
rotating the plane of polarization, an analyzer and, 
finally, a particle detector. The device for spin 
rotation can be constructed in such a way as to 
change the orientation only for particles which 
possess a given energy. The analyzer removes the 
remaining particles. The detector readings corre- 
spond to the number of particles of the given energy 
in the beam spectrum. 

For neutral atoms with spin it ts technically 
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possible to construct the spectrometer in the fol- 
lowing manner (for definiteness we shall discuss 
particles with spin 4). The particles enter a 
nonuniform Stern-Gerlach magnetic field which 
splits the beam into two components. Then the 
reorienting intrument ( which will be described in 
detail below) flips the spins of atoms possessing 
a given velocity. Then the particles traverse a 
Stern-Gerlach field which is similar to the first 
field. This field further separates the two com- 
ponents of the beam, with the exception of the 
atoms which were reoriented. Instead, the latter 
are focused at a slit behind which the detector 

is placed. When necessary, on the straight line 
connecting the source with the slit the analyzer may 
contain a screen ( filament ) which prevents direct 
entry by spinless atoms in the detector. The de- 
tector can be a vacuum pressure gauge or a thermo- 
couple. 

A neutrom spectrometer can contain Bloch ferro- 
magnetic polarizers, such as are used for the 
measurement of the neutron magnetic moment. The 
sensitivity of the detectors should be determined 
from sources with a known spectrum. A detector 
of very simple geometry which permits an exact 


calculation of the sensitivity can also be used as 
a standard. 

The most important part of the spectrometer is 
the reorienting device. This consists of a series 
of conductors, the current in which excites a 
periodic magnetic field along the particle trajec- 
tory. The field reverses its sign along the trajec- 
tory. Alternating current is used. It is evident 
that some particles possess such velocity that 
during their entire transit they will be in a field 
which does not change sign. The magnetic moment 
of such a particle precesses in the field and the 


field strength can be chosen to provide a spin ro- 
tation of 180° at the exit point, that is, reversal. 


Particles of other velocities enter a field which 
changes its sign. When the sign of the field 
changes, the direction of precession changes. As a 
result, during their passage the spins of such parti- 
cles cannot be rotated through any appreciable 
angle. It is easily seen, however, that there is 
niore than one resonance velocity, namely: 


Ures = 20/(m + 2nz). 


Here a is the half period of the field, w is the 
current frequency, n = 0, 1, 2... is the order of 
the maximum. The reversing system can be de- 
signed in such a way as to completely eliminate 
all maxima above the zeroth order. Moreover, they 


can be cut off by screens placed properly in the 
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analyzer. During the measurements the resonance 
velocity changes with variation of w. It is clear 
from elementary considerations that the resolving 
power of the spectrometer is approximately given 
by the total number N of field periods in the re- 
orienting system and is independent of other prop- 
erties of the system. 

The author has calculated a few variants of the 
reorienting system. The quantum equation for the 
spin functions was solved. The particles were as- 
sumed to have a classical trajectory. For a field 
with a single component ( in the region of the 
beam) when a sinusoidal current is used the proba- 
bility of reversal close to resonance is 


W (v) = Me — Modo (A Sin v/y). 


Here v is the particle velocity, J, is the zeroth 
order Bessel function, p = Nwa(1/v — 1/v 


res ), 
A is a coefficient which is determined by the 
specific type of system. The maximum probability 
for reversal is 0.7. This is less than unity as a 
result of averaging over the current phases. 

We shall take as an example the following tech- 
nical realization of a reorienting system. Two 
parallel wires are extended in zigzag fashion along 
the particle trajectory so that the particle moves 
between them. Current fromthe generator is sent 
through these wires. 

A second type of reorienting device uses con- 
stant fields. The system of conductors which 
produces the periodic field is supplied with direct 
current. In addition, an electromagnet excites a 
strong uniform field parallel to the magnetic 
moment of the particle. The reorienting mechanism 
is the same as in apparatus for the measurement 
of the magnetic moments of individual particles. 
The resonance velocity changes with the uniform 


field strength. 
It is also possible to use combinations which 


unite characteristics of both types of reorientation 
devices. 

With this atomic spectroneter it is possible to 
investigate various collision processes between 
atoms and molecules, chemical kinetics, the be- 
havior of statistical systems and recoil atoms in 
nuclear physics. (Radicals possessing a mag- 
netic moment can, of course, also be analyzed by 
the spectrometer. ) The atomic spectrometer en- 
ables us to investigate processes which take 
place at temperatures of hundreds of thousands of 
degrees (and, in particular, to measure such 
temperatures ) by analyzing the velocities of a 
beam of neutral atoms leaving the heated region. It 
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is thus possible that the spectrometer can be used 
in work on thermonuclear reactions, since hydro- 
gen, deuterium and tritium atoms possess magnetic 
moments. With a neutron spectrometer it is possi- 
ble to measure the cross sections of neutron inter- 
actions with nuclei and polarization effects, and to 
obtain the spectra of neutron sources. The measur- 
able energy range goes fron thermal ranges tothe 
order of 10 mev. For large energies the size of the 
apparatus and the power of the generator are in- 
creased, but pulsed operation is possible. 


Translated by I. Emin 
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Transformation Properties of the Electron- 
Positron Field Amplitudes 


Iu. A. GOL’ FAND 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor, June 8, 1956) 
J. Exptl.Theoret. Phys. (U.S.S.R.) 31, 535-536 
(September, 1956) 


OX of the conditions for therelativistic in- 


The integration in (1) is taken over the hyper- 
surface given by p* =m?” , eee 10a 3 Ne 
= (m/e) d* p is the invariant element of the hyper- 
surface; u (p) = || we (p) || is a matrix of four 
rows and two columns given by the two solutions of 
the Dirac equation for positive energy, normalized 
according to the condition TuP = 548 ; v (p) is 


the ch ix; = (41(P) ) j 
e charge conjugate matrix; a (p) = (23053 ) is the 


column operator consisting of electron annihilation 
operators, and b* (p) is the analogous column op- 
erator of positron creation operators. The opera- 
tors a, b are normalized by the invariant 5-function 
on I’, that is, they satisfy the anticommutation 
relations 


[a (p), a+ (q)]4 =A(p—q), HT. a. (A (p) = (€/m) 8 (p)). 


Let us first consider the homogeneous Lorentz 
transformation. (Similar, though somewhat simpler, 
considerations hold for translations.) Under a 
transformation L the spinor field w (x) transforms 
according to 


b (x) > Y! (x) = Sp (L744), (2) 


where S ;, is the spinor representation of the Lorentz 
group, which satisfies the condition S,; S, =S : 
Ly L 2 L yh 


variance of a theory is that the state vectors 
® of the field transform according to some repre- 
sentation of the Lorentz group. Since any vector ® 
can be obtained by operating on the vacuum state 
), with creation and annihilation operators, the 


It is easy to see that the transformation (2) is 
equivalent to the following system of transforma- 
tions in p-space: 

transformation of ® reduces tothe transformations 
of ©, and of the creation operators, that is, of the 
field amplitudes. It will be shown that the field 
amplitudes do not transform according to the spinor with similar systems of transformations for v and 
representations of the [orentz group, and that the b* . From the relativistic invariance of the Dirac 


equation, however, it follows that 


u(p)—> S,u(L-1p); a(p) > a(L~*p) (3) 


amplitudes corresponding to electron and positron 
states transform independently of each other ac- 
cording to the same representations. We shall con- 
sider the inhomogeneous Lorentz group & ,including 
space reflections but not time reflections. The 
question of time reflections is more complicated 
and requires special consideration. It is clear that 
the vacuum state ®, is invariant under the group 

S) . In order to derive the transformation properties 
of the field amplitudes we shall write the field 
operator w (x) in the interaction representation in 
the following relativistically invariant form (in the 


S,u (L-*p) Sl (P) Zr (P), (4) 


where the second degree matrix Z, (p) is deter- 
mined by the relation Z) (p) =u (3) Sr uli Bp). 
The following properties of the matrix Z, (p) 
are easily established: 
1) Z,, (p) generates a representation of the 
Lorentz group, that is, 


Z,, (P) 21, (Ly "P) = Zy,1, (P). 


following we make use of Feynman’s? notation and (5) 
seth =c=1) ’ 
2) The representation (5) is unitary 
Y (x) = (2x) (1) 


| +i) = 7 ee 
x \ {u (p) a(p)e'* + u(p) b+ (p) e'?*} a. 4p (P) = 2," (p) = 2,4 (Lp). 
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; 2, ae 
Shirokov” has found a similar representation of 
the Lorentz group. 


In view of (4), the transformation (3) can be 
written in the form 


u(p)> u(p);  a(p)—> Z, (p)a(L-p). 


Carrying through similar considerations forthe 
amplitudes 6 (making use of the charge conjugation 
of the u and v), we arrive at the following result: 
the transformation (2) reduces to the following sys- 
tem of transformations for the field amplitudes: 
a(p)> Z,(p)a(Lp); b(p) + Z, (p)d (L-4p). (6) 
Under this transformation the quantities u (p) and 
v (p) are not transformed at ail. The transformation 
for the conjugate amplitudes a* and b* follow 
uniquely from (6). 

The transformaion (6) can be represented in 
operator form. Let 4 be an operator in the space of 
the amplitudes a, (p), b, (p). The symbol < A> 


shall denote the expression 
4 


A (at (p) (px| A 98) ag (q) at ,aT, 
a@,@=1 
(in order to condense the notation we have put 
a, =b,,a, =5,). 


We arrive at the following relations: 


4 
ea, (p) 04? = SY \ (pu | eA 98) ag (Q) ays) 


B=1 


4 
e Max (p) 04? — | af (g) (a8 |e7A| px) aT, 


G=1 


If, for A we take the operator (%) ten Muy? 
where Mu is the four-dimensional angular momen- 


tum for the representation (5), then (7) will de- 

scribe the proper Lorentz transformations (6). 

Space reflections can be handled in a similar way. 
The transformation corresponding to a translation 

can be put in the form of Eq. (7), setting 


<A> =i, P, =i, | p,, (ap) a(p) + 0*(p) b(p)} a 


In addition to the Lorentz transformation many 
other transformations can be represented inthe form 
of Eq. (7); examples are charge conjugation, 
gauge transformations, etc. For instance, for a 
gauge transformation (with a constant phase a) we 
must take 


<A = iaQ = ia| {a+ (p) a (p) — 0+ (p) 6(p)} al 
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Determination of the Spins of K-Particles 
and iiyperons 


L. I. LAPIpus 
Institute for Nuclear Problems 
Academy of Sciences, USSR 
(Submitted to JETP editor April 30, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 342-343 
( August, 1956 ) 


ie present very little is known about the spin 
values of heavy mesons and hyperons. Some 

information can be obtained from a detailed study 
of the decay products!-*, But even for the ~parti- 
cles, which occupy the most privileged position 
among all the ““strange’’ particles, there are in- 
consistent data4>5, 

As “‘strange’’ particles cannot be transformed 
into ‘‘common’’ particles as the result of a strong 


interaction, they are not produced with large proba- 
bility in reactions analogous to the reaction p + p 


$ d +7, by means of which it would be possible to 
determine the spin of one unknown particle. The 
reaction 


K +d22 +p, (1) 
which is analogous to the reaction 7 + d&n+n, 
is not forbidden for slow scalar K-particles, as 

is was for 7-mesons, inasmuch as & and p do 

not appear to be identical particles. Lee® has 
shown that the reaction (1) can be used for de- 


termining the spins of the new particles. 
It is not difficult to see that for the same pur- 
poses the analogous reactions with various other 


nuclei can be used together with (1), for example, 


RO eed Kes = + He?, (2) 


Ky Hes 2 Ae He etc. (3) 
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The experimental data on the interaction of slow 
K-particles with nuclei seem to indicate that the 
first of the two capture processes 

K4+N>A%+n, K +N—-2+5% (4) 
is more probable than the second* by an order of 
magnitude. In connection with these, on the one 
hand, a study of the reaction of type (3) may be 
fruitful; but, on the other hand, it is of interest to 
examine other possibilities for obtaining informa- 
tion about the spins of the new particles. Some in- 
formation can be obtained from a comparison of the 
probabilities of exchange collisions of K-particles 
with hydrogen and deuterons®. 

Another possibility of obtaining information about 
the spins of hyperons and K-particles is connected 
with the fact that beams of particles produced in 
nuclear interactions are partly polarized. Asis 
well known, the scattering cross section of a polar- 
ized beam depends on the angle 6 as well as on the 
azimuth ~. But if the 0 dependence is connected 
with which transitions play a role, then the nature 
of the ~ dependence is determined by the spin of 
the particle. Thus for particles with spin % the 
characteristic dependence is proportional to cos q, 


for spin 1, to cosy~+ A cos 24, and for spin 3/2, to 


cos y+ a cos 2¢+6 cos 3g. For particles with 
arbitrary spin the ~ dependence is characterized 
by the expression 

2s 

> A,, COs ng, 


n=1 


where s is the spin of the particle. The origin of 
such a dependence is connected with the fact that 
the orbital angular momentum, does not have a z- 
component (m =0), so that the values of the z- 
component of the total angular momentum agree 
with the allowed values of the z-components of the 
spin of the particles. 

Knowing, e.g., the mode of decay, it is possible 
to ascertain whether the particles are bosons (in- 
tegral spin) or fermions (half-integral spin). Con- 
sequently, knowing, e.g., that the K-particle ap- 
pears to be a boson, it is necessary to have the pos- 


sibility to separate experimentally the absence of 
a dependence on ¢ for s = 0 from the existence of 


the dependence of the form cosy + A cos 29 for 
Soe lng 
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Spin-Orbit Interaction in Nuclear Magnetic 
idultipole ixadiation 


D. P. GRECHUKHIN 
(Submitted to JETP editor February 12, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 513-515 
(September, 1956 ) 


N Moszkowski’s review? of nuclear multipole 
“radiation, esitmates are given for the probabili- 
ties of radiative transitions in the single-particle 
nuclear model. For ML-radiation with a nucleonic 


transition from the state (ny; lee ine ey) to the 
state (n.,1,, jy, fo) with the following changes 


of the nucleonic moments: Aj = L; Al = L + 1 (for 
example, M1-radiation from the dsj — S17, transi- 


tion ), the formulas which are given are unsuitable. 
As has been noted in Ref. 2, in proton transitions 
of this type, the proton spin-orbit interaction makes 
an essential contribution, so that the perturbation 
operator contains the additional term —(e/c)® 

x (v) (o+rxA). 
does not appear because the neutron bears no 
charge. However, even in this case an ML-transi- 


tion is not absolutely forbidden, as is assumed in 
Refs. 1 and 2. Its intensity is lower | by the fac- 


tor ~(4E2/1840 -(2L +3)] than the intensity of 


the corresponding proton transition (E is the pho- 


In a neutron transition this term 


ton energy in mev), but it is comparable with the 
probability of the electric multipole transition 
E(L +1) for energies of the order of 5 mev with 
A = 100, and for energies < 1 mev in the case of 
transition with L > 1. 
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References 1 and 2 do not contain estimates of 
the probabilities for ML transitions of the type 
Aj = L, Al = L + 1 when the spin-orbit coupling of 
the nucleon is taken into consideration. The re- 
(All 
quantities are given in terms of the relativistic 
=c=1.) The transition probability 


sults of such a calculation are given below. 


units 7 =m 
is determined by the matrix element of the per- 
turbation operator: 


A = — wy (e/2M) (6H) — e® (t)(o" rx AP 08, 


where jp, is the algebraic value of the magnetic 
moment of the nucleon in nuclear Bohr magnetons; 
®(r) is the spin-orbit interaction potential. The 
symbol 6 is equal to 1 for a proton and 0 for a 

a. is the potential of a ML-multipole 
photon with the wave vector k and polarization e: 


AY: = 4x V 2n/k i= 


neutron. 


Dd) YP Og> Dy) ¥9 44 (8.9) fr (kr) ett? 
M 


Using the relations between spherical harmonics? 
and expanding the Bessel spherical functions 
f, (hr) in series for kr << 1 we obtain for the 
perturbation operator of an ML-transition with 


RR 
A= ib e4nV Zi | 


Ho Re? 
x {5 7 ee Ned 


(RR)ER 
(2L + 1) 7] 


xet sre ran) (x) ai 


x Vz +1 SVT (0x Ox)) (CY Tat (8, @)), 
M 


where x = r/R, R is the nuclear radius and 0 
< x< 1. From perturbation theory the transition 
probability is 
2 

W. = aa ot 

ane 2j+1 

x k2 
» | = aie | Hl ree > "Px oe = an? ? 

Pir B2,€ 

where the wave function of the nucleon is taken in 


the form 


lie a Ritn (x) Qi, (8,9) = Riin (x) ) Shee VY imeas. 


ma 


The matrix element is separated into radial and 


angular parts, and we obtain for the transition proba- 


bility 


(RR)PETIR pe 


Warp = 22 eS 
m= 28 ear patil < Riatan (8) lem aL-3* 


xbt1 


=O) BIR a> 2S, 


where 
Rete (47)? 
(2£+ 14) (2j, +4) (12) 
21S Mul DYE On, IVF H 8.) 12,412 
Bip.2 M 


aL 2h +4) (2L + 8) (ia +1) (CH, a0)? 


| Ai We Al +1 
j 
Lj) W (hint; 1) W GiahL +4; bie 


In the practically important cases 1, =0 and 
1, = 0, the formula for S is considerably simpli- 
fied: 

for =O S=%4L (2j2 +1) W?(jfroLly; 1j2); 


for lg =0 S= gl (2j. +1) W2(jooLh; 1h). 
For the purpose of evaluating the radial part of 
the transition matrix element we set: 


Riko OG Rian) 


Jelena 


3 


= (D (x)>, KR, Res 


jsaail oe 
| Rin? TV 


ifuaaa <>. 


where ZO is the diagonal element of the spin- 
orbit coupling potential. According to Ref..3, 
<O(x)>_,, ~ —9.6A 1/3 (in our units), where 


A is the mass number of the nucleus. 
value we obtain for the probability of an ML-transi- 


tion with Aj=L, Al= £ + 1: 


(RRYEATER 69 
[(2L + 4)! (2 + 4) 


Using this 


W wiz — 1.8e? 


Uo 1 
xP aa Thao, apg t+ 8.6A- ‘nals. 107! sec}, 


where & is the pron energy in the units m, ce” 
- 0.511 mev, e? = 1/137, and R is the aneteae 
cadiues Re 0.85 4°72 074 (R= 1.95 x10 Aes 
cm). 

As can easily be ssen, the spin-orbit term for 
k < 16 (<8 mev) is considerably larger than the 
first term. Indeed, for k = 16 we obtain 
2 (p19 / 1840) k?/ /(2L +3) < 1/5(256/1840) 
= 0.028, which is smaller than 9.6 A-2/3 even 
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when A = 200; therefore, the first term can be 
neglected in proton transitions. For neutron transi- 
tions the second termdisappears and the transi- 
tion probability is determined entirely by the first 
term in the square brackets. Itis interesting to 
compare the probability of and E (L +1) 


transitions of neutrons: 


Wot! Wey = Sua/Se (144) 
(u RA*/2z)? < (S mu! Set41)) (22A*—4/1840)?. 


When & = 10 and A = 100 the probabilities W,, | 
and W,,. are of the same order of magnitude, and 
the radiation probabilities of the higher multi- 
poles M2 and M3 are comparable even at low ener- 
gies with the probabilities for £3 and £4 transi- 


tions. 


1s. A. Moszkowski, Phys. Rev. 89, 474 (1953). 
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2 Berestetskii, Dolginov and Ter-Martirosian, AE 
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A Dispersion Relation for All 
Scattering Angles 


E. S. FRADKIN 
P. N. Lebedev Physical Institute 
Academy of Sciences, USSR 
(Submitted to JETP editor March 17, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 515-517 
(September, 1956 ) 


A DISPERSION relation for forward scattering 
has been obtained by Goldberger et al.!>?. In 
the present note a relation is obtained between the 
imaginary and real parts of the scattering ampli- 
tude for all angles. 

To obtain this relation one can use Gold- 
berger’s method?!, in which it is simplest to em- 
ploy the coordinate system in which the combined 
momentum of the nucleons (incident and scattered) 
is zero. However, we shall derive our dispersion 
relation here by using some results obtained by 
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Nambu?. 

According to Nambu’, the Feynman matrix ele- 
ment for the scattering of bosons (with momentum 
k and charge index u ) by fermions (with momentum 
p and additional quantum numbers A) can be repre- 
sented independently of the type of interaction in 
the form 


Frag (Ry %; p, A; Rk’, Bi p’, »’) (1) 


=U (p') Dy B™ (ag) Pnyny (P — PY (P + 4)”) 


n=0,1 


st a k)™ (Tea a Pring ((p’ any P)?, 


(p —k’)?)} uw (p) 8(p +k — p'—k'), 


where 


0 (PB) = | Ying (PY H) Be (A? +) du, (2) 


R= ke ee [tas Tal, 
in which the values of u are given by u = m? and 
ba onee ay 

The type of interaction affects only the depend- 
ence of v on the arguments. By dividing 5,(k?) 
into i78(k2) and Pk-2 we obtain the imaginary 
and real parts, respectively, of the scattering 
amplitude F',2. It is convenient to continue our 
investigation in the coordinate system where the 
combined momentum of the nucleons is zero (i.e., 
p’+p=0). Taking the z axis in the direction of 
the vector p we have 


p(E=V m* + p®, 0,0, p); p’ (E, 0, 0— p); 
kR(ky =O 
VP TEE + Ut be by —p); B (0, Bes hy). 


aoe vo) 


From (1) and (2) we obtain (hereafter S(pt+k 
—p’—k’) will be omitted]: 


Fag = Dap tides Aag= Aap t bagi (3) 
D ¢ —= Fi lespae 
ap (R, p, A’) u(p’) 4) 
Dy { yt (ogg) | Pe P= 2s) de 
n=O : (P+RP +4 


Vane (Qe Pale u) 
(pi—kP+u 


Ag = TU (p') (5) 


sly (Tee yy \ du} wip ys 


X Dy (0) e9)" Yun, l(P'— 2), — (p +4)9)} wd (p) 


n=1,0 


? 
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when 


— (P+ RPS (m+ v)?; 


and bog pee mu (p’) (6) 


XD) {(— 2) (7 54)"* Yang ((’ — P)*, — (p' — &)¥)} u (p), 
when —(p’—k)? > (m+ uw)” or m7. It is easily 
seen from Eqs. (1), (2) and (2a) that when the 
polarization of the nucleon does not change, the 
following dispersion relations hold *: 


Dip (P» ®, ’,2) —D® (p, 0,0’, 2) (7) 
«2 ( 20'AY (p, o'r, Ade! 
9 : (o/? — 2) (w’? — w*) 


(2) eee oS g5f2) 
Pep iP» @, A v9) ied: (p, Qo, A’, r) 


ana (o’? — “o) (oy o) 
0 
where 


(A) (2) 
2 Dye ee as Og, 


2a (9) 
= Ax, =f Aga Ags ee a 3 Dag: 


iiepeating the calculations in Ref. 2 we obtain 


Di (op) (1+-2)Delo ) (10) 
1 ay 

— = (1-2)2- eon 
Aiea eteat 
a = P oo? — oF 

A, (@',p) , 4-(0P)] _ p. 

x (Aen, er) B; 

(11) 


D-(o,p)— (1+ 2) D-(0) 


—+(i-2)o. (09, P) 


bs 2 (w? — 07) ( 
are aare 2 


wo’ — ow’ +o 


x [Aer ae |- By, 


where D ,(A 4) is the real (imaginary ) part of the 
scattering amplitude of a positive (or negative ) 
meson by a proton. Since the imaginary part of 
the amplitude in the integrands is taken for a 
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fixed nucleonic energy and variable meson energy 
w@, there is a direct relation to experiment only 
for those A(w’) for which w’ is higher than the 
threshold energy w’> Oy =Vp2 + p2. 

In the energy range from 0 to ©, A(w) con- 
tains contributions not only from the ‘‘neutron’’ 
state (u = m7) but from the entire spectrum of 
states with energies from |mp—p? |/|m?+p?|” 
to Do: 

The contribution of the ‘‘neutron’’ state can be 
calculated exactly since it is equal to 


— 7 (u (p')T (p' KR’) u(p’ — b')) (12) 
X (uw (p’—k')T (p’ —k', p—k’—p) u (p)) 
x § (o" — Maa aah 
Y (m2 ab p?) le 
2 2 2 


here I'(p, s) is &Ys7T when ne =—m~, Ss 


SeHilp 
(where g is the exact renormalized coupling con- 
stant in the pseudoscalar theory ). 

It is easily seen that A(@”) in the continous 
energy spectrum from |mp — p|/(m? + p”)* to @» 
can be obtained by analytic continuation in the 
region of imaginary momenta k. 


We have finally 


(13) 
2C¢ dk’ 
Je 


x| she p) : 
(u? + p? + h'2)'? — (U2 + p? + a8)” 

A_ (k’, p) 
oF (u2 4 p+ R’2)'l2 4 Ee 24 p? + f2)'l2 | 
2k? dk’ 
ae 

0 

Ay (ik’, p) 

* (u? + p? + 2)? — (u? + p?— #9) 


a” A_(R', p) | 
Ge = ee ue ep ee 


g? (u2 + 2 p*) (m? +p?) [2 po 


. mV wee pe (u?+2p2)/2(m-+ pe) I” 


2 (v2 + p?) 


where 
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«=p( 
| 


ip 9) 


2 my + yw? ‘le. 
m? +- p? ) 


A_(k’, p) 


(u2 ep? + pi) 12 __ (v2 + p? + pey'l2 


Bes: Ay (R's P) | 
(a2 fp? ciel 8) (uA Ee pat 


2R2 dk’ 
Jes (2) = \ See 
T ne 2 72) lz 
Rg Poe © 2) 
a 
2k? dk’ [ 
+ ™ \ Ri (u2-+ p? — k’2) 12 


(A, j9) 


(uP path a lea (tiete Pan ea 


A, (ER', i) | 
See came il el art pot 
g? (u2 +2 p?) (m2 + pyle 2 


~ Bim® (uBE p®) (ue p+ #2)" — (u2 $2 2) /2 (mm? + p?)'?} 


* After the present work was completed (January 


1956) the author learned that B. L. Ioffe and A. Salam 
had also obtained the relation (8). 


1 
M. L. Goldberger, Phys. Rev. 99, 979 (1955). 
2 Goldberger, Miyazawa,and Oehme, Phys. Rev. 99, 
986 (1955). 
3 Y, Nambu, Phys. Rev. 100, 394 (1955). 


4 A. Salam, Nuovo Cimento 3, 424 (1956). 
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A New Impulse Technique for lon Mass 
Measurements 


S. G. ALIKHANOV 
(Submitted to JETP editor May 8, 1956 ) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 517-518 
( September, 1956 ) 


RECISE measurement of the mass of isotopes 

makes it possible to determine the binding 
energy of nucleons in a nucleus. The existing 
method of measuring masses through the use of a 


mass spectrograph involving magnetic deflection is 
not of sufficient accuracy for medium and heavy 
nuclei. Consequently, there is justification for 
proposing a new method of measuring masses. 
We are familiar with the existing technique*~? 
for mass analysis which is based on measurement 
of the time of flight of ions with given energy over 


a specified distance. However, the energy spread 


(14) 


of the ions formed in the source sets a limit of the 
order of 100 to 200 on the resolving power of this 
type of instrument. In the following a new method 
of energy focusing is proposed which is applicable 
to this type of spectrometer and which can con- 
siderably increase its resolving power. 

This mass spectrometer has the form of a drift 
tube which is bounded at both ends by retarding 
fields witha linear potential distribution. The 
entire instrument is placed in a weak longitudinal 
magnetic field. A bunch of ions fromthe pulsed 
source is injected into the tube with siniultaneous 
switching-off of the retarding field. Having entered 
a “potential well’ the bunched ions begin to move 
from one repeller to the other, but the gain in the 
time of flight by the faster ions over the slower 
ions with given e/Mf will be balanced by loss of 
velocity in the retarding field. Ions with identical 
e/M and different energies will be focused at a 
certain point in the drift tube*. After a sufficient 
number of cycles, when ions with close values of 
e/M have been separated out, that is, their shift 
in time of arrival at the focal point is greater than 
the duration of the pulses, the latter are deflected 
and recorded. Inview of the fact that bunches of 
ions of different masses will be oscillating in the 
tube the voltage which must be applied tothe de- 
flecting plates will be switched off only at the 
instant when ions of the masses to be measured are 
passing. The transit time of ions with mass If, 
charge Ze and energy U (in volts) in a drift 
of length / is 


ty = lV M/2UZe. (1) 


The time of motion of the ions in a retarding elec- 


tric field of constant strength E until they are 
stopped is 
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t = EV 2UM/Ze. (2) 


Thus the time of a complete cycle with retarding 


fields E | and Ey is 
T =1V 2m/UZe +2 (A/Ey4+4/E2)V2UM/ze. (3) 
The condition 07 /dU =0 gives 
PEt ed By 12 Us: (4) 


If the magnitudes of Lae E, and B are chosen 
to satisfy the relation (4) we shall achieve first- 
order space-time grouping (focusing ) of ions of 
different energies. Inthat event, the time of a 
complete cycle will be 


T) = 21V2M/U,Ze. (5) 


However, this will not satisfy the condition for 
second-order focusing 


PT / OU? =1Y' y / 2 Zevs 


and the spread in time of a cycle for ions of identi- 
cal mass but energy spread AU is 


ATy = (1/2)V M/2 Ze US (AW)?. 


The difference inthe period of a cycle for ions of 
mass difference AM but identical energy is 


AT y = 1 \/2/ ZeMU, AM. 


By equating these quantities we obtain a formula 
for the limit of resolution which is determined by 
the energy spread of the ions: 


AM/M = 1/4 (AU/U,)?. (6) 


The precision of the measurements is determined 
by the duration of a pulse or its linear size. Thus 
the ratio of the duration of an ion pulse to its 
transit time must be smailer than the resolution 
limit. Since inthe error formula AM/M = 2AT/T, 
the magnitude of AM/M is given, whereas AT is 
limited by the experimental possibilities, for the 
purpose of improving accuracy, it is necessary 
either to lengthen the tube (which is impracti- 


cable ) or to cause the ions to complete the number 
of cycles which is required by the formula 


N = (2M/AM) AT/T. (7) 
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On the assumption that the retarding fields and the 
accelerating potential are supplied by the same 

source of power the stability of the latter is given 
by AV/V = AMJM. The strength of the longitudinal 


magnetic field is set at a value such that increase 
in the sensitivity of the instrument will not 
diminish its resolving power, that is, it will 
focus ions whose transverse energy Component is 
below the limit given by 


H ~ R-1V (2M/Ze) AU, (8) 


where R is the radius of the tube. 
Thus ions which are scattered by the residual 


gas will be lost in the walls at scattering angles 
which are greater than the permissible values. If, 
for example, the parameters are as follows: U 

= 100 v, AU =0.2 v, 1 =50 cm, M = 100, AT 

= 0.05 psec, we obtain T= 145 psec, AM/M 

= 10°° and N = 690. At a pressure of 1 ~5 x 10°° 
mm Hg, the number of ions which reach the de- 


tector is a few percent of the initial number. 


* Of course it would be possible toemploy a field with 
a quadratic potential distribution so that the oscilla- 
tion period of the ions would be absolutely independent 
of their energies, but there are great experimental diffi- 
culties involved in the generation of such a field. 


1 4. E. Cameron and D. F. Eggers, Rev. Sci. Instr. 
19, 605 (1948). 

2 1. I. Ionov and B. A. Mamyrin, J. Tech. Phys. 
(U.5.5.8.) 28, 2101 (1953), 

3 H. S. Katzenstein and S, S. Friedland, Rev. Sci. 
Instr. 26, 324 (1955). 
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Electron Broadening of Spectral Lines 


I. I. SOBEL’MAN 
(Submitted to JETP editor May 12, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 519-520 
(September, 1956 ) 


| Pee is considerable experimental evidence 
of the fact that collisions with electrons play 
an important part in the broadening of atomic spec- 


tral linesin a plasma’’®. Moreover, there is every 
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reasonto believe that a number of lines of metals in 
stellar atmospheres are broadened due to collisions 
withelectrons®. At the same time the existing 
theory of the broadening of spectral lines does not 
apply to electrons, because its basic assumption 
that the relative motion of the atomand of the per- 
turbing particle is ihe eae is correct only 
for heavy particles 

The shape of a line that is broadened due to the 
interaction of an atom with the particles surrounding 
it (in this case withelectrons ) is obtained from the 


integral 
a ( Il Van iPnrit js 
i 


where 


wy» and w --, are the wave functions of the rela- 
nt We ot 


tive motion of the atomand electrons for the initial 
and final states of the atom, respectively. 

The calculation of A is greatly simplified if 
broadening by electrons is regarded as being of 
impact character’ (inthe bermeriolbey of classical 
theory ). In this case the instants of time during 
which an electron is close tothe atom are disre- 
garded, since it is possible to neglect radiation 
during the actual collision. For integration in the 
intervals between collisions, when the distance to 
the nearest electron is large, simple asymptotic 


wie The 


entire calculation can be carried through to the 


expressions can be used for the functions 


This is extremely im- 
8-10 


end in this general form. 
portant. A number of articles on electron 
broadening have recently appeared. Their authors 
attempt to solve the problem without making any 
assumptions in advance regarding the mechanism of 
the broadening. Because of the difficulties of the 
calculation they confine themselves to the Born 
approximation, which is of doubtful validity in this 
case, as collisions with relatively slow electrons, 
whose energy is 0.5 to 1 ev, is of the greatest 
practical interest. 

As will be shown below, the general equations 
which we derive give the results obtained in Refs. 
8-10 for the Born approximation. 

Our calculations showed that electron impact 
broadening is of dispersive character; for the line 
width y and shift A we obtain: 


1 =2Nuo,, (1) 


Cc 
™T / uM 
6, = pr Dy (24-1) {1 —cos 2 (n; —1))}; 
1) 
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wT a , , " (2) 
A=Nvo,, 9; =F > (2/-+ 1) sin 2 (ny; — )), 
0 


where k = v/h, fr V/l(1 + 1) is the angular 


momentum; 7; and 7/“ are the quantum-nechanical 


scattering phases for the initial and final states 
of the atom. 

In the quasi-classical approximation Eqs. (1) and 
(2) go over into the corresponding formulas of 
classical theory. Indeed (see Ref. 11), in scatter- 


ing by the field iD /R" 


ee ee 
eae Pee GE 


After substituting & & = pv and kp = | we obtain 
2 (2, — n)) (3) 
Dre ny Ne 1) / 2) 
vel I (a / 2) 


where 7 (p) is the phase shift of the atomic oscil- 
lator in Weisskopf’s theory’. Using (3) and re- 


= (pe), 


placing the sunmation over / by integration over 
p we easily obtain 


} ede; (4) 
6,=2 =\ sin 9 (0) ede. 
0 


=2n| {1 — cos » (¢) 


{Ustimates show that in some cases (3) and (4) 
are a quite good approximation. In the transition 
to the Born approximation we express the cross 


section o, in terms of the scattering amplitudes: 


_ aVEaO 
0 

1 

Qik 


— f” (8) |? sin 6 dé, 


f (0) = 55 Dy (2+ 1) (e791 — 1} P, (cos 8). 


Considering that in the Born approximation 


we? (Z —F (0) 
ie 2h? ‘sin? 0/2 


and introducing the notation x=Aa7k* sin Se Ay) 
and ay = i aes we obtain for the broadening 
cross section 


4a? 
2 Ld 4 
0, = \ x-2 (F" — F")2 dx, (5) 
0 


Here F’ and F'” are form factors for the initial 
and final atomic states. Equation (5) agrees with 
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Eqs. (22) and (23) of Ref. 8, thus establishing the 
relationship with the results obtained in Refs. 
8-10. We note in conclusion that when inelastic 
collisions are taken into consideration, Eqs. (1) 
and (2) are replaced by 

2(8)-+8,)) 


= sy Dy (20-+4) {1—e cos 2 (q; — n;)}, (0) 


TT f i 
5 =e Se OP sina gi — 9%). (7) 
Here 7, + i$) are complex scattering phases. 
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Obtaining Polarized Electron Beams 


L. N. ROSENTSVEIG 
Physico-Technical Institute, Academy of Sciences, USSR 
(Submitted to JETP editor April 13, 1956 ) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 520-521 
(September, 1956 ) 


in one can arrange for a sufficiently intense beam 
of polarized electrons it is possible to carry out 
a series of experiments with electrons as well as 
with circularly polarized bremsstrahlung!., Sonie 
methods of obtaining polarized electrons are well 
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known (scattering of electrons by heavy nuclei2, the 
photoelectric effect on aligned atoms’, etc. ). How- 
ever, the values of the polarization and intensity 
obtained therewith are small; these methods are 
particularly ineffective in the high-energy region. 
Below is shown the principle of operation ofa 
source of polarized electrons, which apparently has 
not previously been described in the literature. 

We consider field emission froma cathode, to 
whose surface (along the normal ) is applied a 
strong electric field E and a magnetic field H. The 
behavior of the potential near the surface of the 
metal (see Figure ), owing to the presence of the 


The dotted line shows the behavior of the potential 
with the magnetic field absent. 
magnetic field, is shifted by the value ty,// for 
each of the twoelectron groups with opposite 
spin orientations. But in the equilibrium state, the 
Fermi energies of both groups are equal, and con- 
sequently, the penetrability of the barrier differs 
for conduction electrons with different spin orienta- 
tions. An elementary value for the ration /n 
for the emitted electrons is given by (see, for 
example Ref. 4) 


n_/n, ~ exp (2 V 29/mc?H/E), 
where ¢ is the work function. For 9 ~ 1 ev 
(coated cathode ) one needs an electric field 


strength of the order of E ~ 10° v/cns, and an ob- 
servable polarization €=(n,-n_)/(n,+n_) is ob- 


tained, if the magnetic field is hundreds of kilo- 
gauss. Obviously, our derivation refers to the case 
kT < pot, ive., the cathode must be at the tem- 
perature of liquid hydrogen. 

In this manner we are able to create a source of 
polarized electrons depending essentially on the 
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presence of the cathode, which gives an apprecia- 
able current incold emission for an electric field 
strength ~ 10° v/cm and a temperature of ~ 20° K. 
As for the strength of the magnetic field, we re- 
fer to what recently has been published in Ref. 5, 
whose authors write of producing an intensity 


Hf = 6.5 x 105 G with a pulse lasting from 1 to 10 
milliseconds, still far fromthe value of the threshold 
needed with existing technology. Inspite of the 
fact that the time interval between such pulses far 
exceeds the normal interval between operating 
pulses of contemporary accelerators, the gain in 
the average current of polarized electrons of high- 
energy and the value of the polarization may prove 
to be much greater in comparison with other meth- 
ods. 

Depolarization of the electrons in the accelera- 
tion process may be examined for each concrete ~ 
case with the aid of the formula, derived in Ref. 6. 

The difference in the penetrability of the poten- 
tial barrier, represented inthe Figure, for electrons 
with different spin orientations may also be used 
for measuring the polarization of the electron beam* 
incident on the surface of the metal. Inthis case, 
the small work function and low temperature are not 


necessary; the potential of the measuring electrode 
must be chosen so that the usual classical 


“‘turning point’’ for electrons is somewhat lower 
than the peak of the barrier. 

To summarize, it is possible to say that a prac- 
tical realization of the source proposed here is not 
easy to carry out. The practicality is determined 
mainly by the magnitude of the circular polarization 
of bremsstrahlung from polarized electrons. This 
question is being studied in detail at the present 
time. 

The author sincerely thanks K. D. Sinel’nikov 
and |. M. Lifshitz for valuable discussions. 


* This possibility has been shown by K. D. Sinel* 
nikov. 
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Spectral Representation of Green’s Function 
in the Nonrelativistic lMany-dody Problem 


V. L. BONCH-BRUEVICH 
Moscow State University 
(Submitted to JETP editor May 22, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 522-523 
(September, 1956 ) 


T was previously shown!>? that the quantum 

Green’s function gives very extensive informa- 
tion about the properties of systems of interacting 
particles. In this connection there is interest in 
investigating the general properties of Green’s 

_ functions which are independent of any method of 

approximation. In work in the quantum theory of 
fields3,4 the fruitfulness of the spectral approach 
to this problem was shown. In nonrelativistic 


theory there are certain complications, connected 
with the absence of Lorentz invariance; however, 


as will be shown below, there also exist analogous 
spectral theorems. For concreteness we will 
speak about a system of many electrons; the transi- 


tion to a system of Bose particles will not present 
any difficulties. 


We denote by ¥* (x) and V(x) creation and de- 
struction operators for electrons (in the Heisen- 
berg representation ); the symbol <..>, will mean 
the average over the ground state of the system of 
interacting particles, ®) is the wave function of 
the ground state, ®,, , are the wave functions for 
the excited states, with characteristic energy E and 
(possibly ) some other quantum number v(the 
energy of the ground state is assumed to be zero). 
By definition 


Gy (4, 9) = 10x) VO (y) > a = a, yee 


G, (x, y) =i<T {¥ (x) ¥* (y)}o (2) 
= 0 (Xo — Vo) Gy (x, y) + 0 (— Xo + Vp) G4. (y, x). 
If we assume 
Gy (x, Y) = i (Bo, ¥ (x) Bo) (Bo, ¥* (y) Dp) 


(3) 
he \ dE (Po, ¥ (x) Oy 5) (2 ¥* (y) Oy) 
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and use the equation of motion 
dL | dx) =i(HL—LH) (4) 


(L is any operator not explicitly time-dependent, 
H is the total Hamiltonian of the system, 7 = 1), 
we arrive at 


(By, ¥ (x) ®, -) = e tex, Py p(X)» 


from which 


Gs =i DN dee Fe iny, (8) 


where F(x, y) = p(x) o*(y) [ obviously, 
a): ee) =0]. We note that, generally speak- 
ing, i ¢ (% y) is some generalized function. In 


particular, it may include a 5-function singularity, 
so that actually the integral over E also contains 

a sum over possible discrete states. The spectral 
representation is obtained from (5) by multiplying 

by (1/27) exp tip, (%, — y,)} and integrating 


over X) — ¥, ( to make a Fourier transformation 


over the spatial variables is not always conveni- 
ent; because of the presence of external fields 
we may not have spatial uniformity). Setting 


oe (Po; x, y) (6) 
+-oco 
= = -\ ei Pol%o—¥ o) G, (x, y) d (Xo _ Vos 
TT 


we derive by virtue of (2) and (5) 
G, (Po; x, y) =i (7) 


DY) 48 8+ (P02) Fp OY) — 8 (PoE) Fp VW} 
Vv 

We emphasize that the limits of integration are 
not fixed beforehand, but are determined by the 
nature of the system (the structure of the function 


Fy ¢)+ In particular, for an ideal Fermi gas in a 
completely degenerate state an elementary calcula- 
tion gives 
i m 
G, (Por XY) = 93 (x=) (8) 
oo 
x {\ dE sin|x—y| V2m (E+ Wp) 8+ (Po — £) 
0 


0 
— ( dE sin{x—y|V2m(E+ We )8-(p—2) 
W, 
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(W,, is the limiting Fermi energy). In this example 
there is clearly seen the well-known technical dis- 
advantage of using the single particle Green’s 
function for studying energy spectra: it gives the 
spectrum of “‘covered’’ electrons’’ without includ- 
ing the conservation of the number of particles in 
the intermediate states. In principle, of course, the 
excitation spectrum is easy to get by finding the | 
appropriate energy differences; however, certain 
essential peculiarities of the spectra may thereby 
easily be lost if we calculate G by use of any ap- 
proximate method. (This remark pertains to the 
method of mass operators developed in Ref. 1.) In 

this connection it is expedient to introduce another 
Green’s function, in which the ‘‘pair’’ character of 

the phenomenon of excitation would be shown ex- 
plicitly; such as, for example, the function 


K (x, 9) = 0 (%9 — Yo) <0 (x) 0 (Y)>o3 (9) 
p (x) = ¥* (x) ¥ (a). 
If we assume, in agreement with Eq. (4), 
(Dp, (x) ®, 5) (10) 
=@ /EMp . (x); r@riy)=RE,Y, 


we obtain 


K (x, ¥) = Ro® ¥) (11) 
Be >| d Ee EMo—Yo) RY (x, Y) 8 (Xp — Yo)» 


and, in spectral form, 


K (po; X, Y) = 84 (Po) Ro (x, Y) 


ae >) ae8, (Po — E) ish, E (X,Y). 


(12) 


The frequencies that appear in (11) and (12) 
give the spectrum of the elementary excitations; in 
particular, by definition, E > 0 (at the lower 
limit we have the equal sign or the inequality, de- 
pending on whether there is an energy gap in the 
system). It is possible to show that in calcula- 
ting K, (x, y ) certain difficulties arise, connected 
with the necessity of defining the value of the 
Green’s function, G, (x, y ), for equal arguments. 
In a problem of the present type, however, this 
difficulty is illusory, and in fact the quantity 
G_ (x, x) is easy to relate to the number density 
of particles n. So, for example, for a degenerate 
Fermi gas, we derive (for x) > Veo 
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K (x, y) =n? +G,(y, x) G(x, y) (13) 


ae 
Qn) 


_[ R? pi’? 
==! 74 = = (%) — vo} 


k? R’2 
x (Sq — Wr) (Fee + Me): 
A spectral representation analogous to (7) and (12) 
is easily derived for all other Green’s functions. 
We wish to express our great thanks to N. N. 
Bogoliubov for discussion of this work and for 
valuable advice. 


me ice \ akan’ exp {i(k —K’, x —y) 


1 V. L. Bonch-Bruevich, Dokl. Akad. Nauk SSSR 105, 
689 (1955). 

2 V. L. Bonch-Bruevich, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 30, 342 (1956); Soviet Phys. JETP 3, 278 
(1956). 

31]. Lehmann, Nuovo Cimento 11, 324 (1954), 


: Bogoliubov, Medvedev and Polivanov, Proc. of the 


All-Union Conf. on the Physics of High-Energy Parti- 
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Concerning the =xistence of a Transition 
Layer on a Liquid Surface 


V. A. KizEv’ ann A. F. STEPANOV 
Central Asia State University, Tashkent 
(Submitted to JETP editor, May 25, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 527-528, 
(September, 1956) 


iB connection with the recent appearance of some 
work of Sivukhin, we present several results of 
our investigations. 

The black dots in Figs. 1 and 2 show our values 
for the ellipticity p of reflected light for four 
wavelengths and for a few homogeneous nonabsorb- 
ing liquids, for light incident at 3rewster’s angle. 
Figure 3 shows the dependence of the phase dif- 
ference between the components of the reflected 
light on the angle of incidence ¢ for o-xylol at 
dX = 5460 A. 

The general method is described in an earlier 
work,” and the experimental details, elsewhere. 
Various methods of calculation, based on the assump- 
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Fic. 1. The dependence of ellipticity on wavelength: 
1—ethylene glycol, 2—m—xylol, 3—CC]l, - 


40 4358 4916 561 5123 A 


Fic. 2. The dependence of the ellipticity on wave- 
length for nitro benzene: 5—cyclohexanol, 6—chloro- 


benzene. 


FIG. 3. The dependence of the phase difference be- 
tween the components of the reflected light on the angle 
of incidence (Brewster’s angle is taken as zero). 


tion that there exists a transition layer on the sur- 
face, with no other hypotheses and without making 
any special assumptions as to the molecular 
structure of the layer, lead tothe expressions !*? 


e= (rp) Vn?F+1 (y,—¥,), (1) 


tg 5 = 4(n/A) (¥,— Yx) (2) 


cos @ sin? 9/(sin? @ — cos? y), 
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where n is the index of refraction in the region, w 
is the angle of refraction, and (y, — y, ) is a para- 
meter, effectively independent of \ , which char- 
acterizes the properties of the layer. The values 
of x were determined for the given compounds. 

The parameter (y_ - y, ) was determined ac- 
cording to Eq. (1) from the results of very many 
and very accurate measurements at A = 5460 A, and 
this value was used in calculations for other 
values of A. The results of the calculations accord 
ing to Eqs. (1) and (2) are shown by dotted lines. 
The measurements of 6 for other wavelengths are 
somewhat less accurate as a result of great ex- 
perimental difficulties. As can be seen, the ex- 
periment agrees sufficiently well with theory. It 
should be noted that measurements in the neigh- 
borhood of 0 and 7 are somewhat less accurate. 

The existence of a transition layer on the sur- 
face seems unquestionable; this idea has been 
accepted in physics and physical chemistry for a 
relatively long time, and as far as we know has met 
up with no particular objections. The core of the 
problem, it seems to us, is in establishing a mole- 
cular mechanism for the creation of such a layer. 

Measurements have been performed in which the 
liquid being investigated has been carefully puri- 
fied by chemical methods, multiple distillation and 
recrystallization, and further distillation in evacua- 
ted ampoules by Martin’s method. This guaranteed 
the absence of impurities in the liquid and on its 
surface or of chemical reactions on the latter. The 
ellipticities obtained inthis way differ from those 
measured with the proper precautions for an un- 
covered surface by a negligible amount —— from 
5 to 10 per cent. This shows that the existence of 
a surface layer is not caused by impurities, but by 
the surface structure. 

We have obtained several data establishing the 
connection of the ellipticity and its temperature 
dependence with parameters that characterize the 
liquid and its structure, the course of the crystal- 
lization process, etc.; all this also supports the 
above assumption. Details of these measurements 
will be published separately. 


I 
D. V. Sivukhin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
30, 374 (1956); Soviet Phys. JETP 3, 269 (1956). 


*V. A. Kizel’, J. Exptl. Theoret. Phys.(U.S.S.R.) 
29, 658 (1955); Soviet Phys. JETP 2, 520 (1956). 


eye A. Kizel’ and A. F. Stepanov, Proc. Lenin Centr. 
Asia State U., Phys., Vol. 2, Tashkent, (1956). 


4p, V. Sivukhin, J. Exptl. Theoret. Phys. (U.S.S.R.) 
18, 976 (1948); Dokl. Akad. Nauk SSSR 36, 247 (1942) 


Vestn. (Herald) Mosc. State Univ. 7, 63 (1952). 
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A Theorem on the Equality of the Cross 

Sections for Photoproduction of Charged 

m-itesons on Nuclei with Isotopic Spin 
Zero 


V. L. POKROVSKII 
West Siberian Branch of the Academy 
of Sciences, USSR 
(Submitted to JETP editor June 12, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 537-538 
(September, 1956) 


HE interaction Hamiltonian He of nucleons 


and 7-mesons with the electromagnetic field 
can be represented as the sum of a scalar S and the 
third component of a vector V, with respect to 
the group of rotations in isotopic spin space: } 

Aint => SS + V3} 


WA (x); (1) 


v 


Vs= ie | PPA (i) oy TEVA) | 
v . 

Here isthe velocity operator, J,” is the pro- 
jection operator for the isotopic spin of the vth 
nucleon; v’, T," are the same quantities for the 
uth meson. 

From (1) we obtain 
the projection of the isotopic spin of the system 
of nucleons and z-mesons on the 3-axis (charge 
conservation law) and the following selection 
rules for the total isotopic spin T of the system 


1 the conservation law for 


Agee Ot (2) 
We note that the matrix elements of the operators 
which correspond to transitions in which the number 
of nucleons is conserved are invariant under the 
group P, of permutations only of the isotopic spin 
variables of the nucleons. Therefore the matrix 
element of an operator differs from zero when its 
direct (Kronecker) product withthe representation 
of the group P,, (according to which the wave 
functions of the initial and final states transform) 
contains the unit representation. 

We shall show that for photoproduction of 
charged mesons on nuclei with isotopic spin 
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zero the matrix element (yr S|w, ) vanishes. In 


fact, by assumption, the wave freon w, of the 


initial state transforms according to the representa- 
tion of the group P,, to which corresponds Young’s 
diagram inthe form oe two horizontal lines of equal 
length. Since a charged 7-meson appears in the 
final state, the isotopic spin changes and with it 


the charge symmetry of the nucleus. The operator 


S is symmetric under arbitrary permutation of the 
charge variables. In per with the above, 
the matrix element (ws, | S | w,) vanishes.* 

From the aera rule (2) and the usual rules for 
combining angular momenta, it follows that the 
isotopic spin of the nucleus in the final state may 
be either 1 or 2. Making use of the well-known 
expressions for the matrix elements of a vector (see 
for instance, Landau and Lifshitz? ), it can be 
shown that the photoproduction cross section for 
charged mesons of opposite signs for both possible 


values of the isotropic spin of the nucleus in the 
final state are given by 


do, (n+) = doy (n-), doy (m+) = dog (n-).* (3) 
Summing these cross sections over the posstble 
final states, we obtain 


do (n+) =do(n-). 


The experimental values of r = do (77)/ do(7*) for 
light nuclei (D, C F2 IN 4 02°) are, within the 
limits of experimental error, equal to unity.° 

The decrease of r as the charge increases is evi- 


dently explained by the capture of negative 7-mesons 
by nuclei. 


*The matrix element (W Is|w,) vanishes identically if 
we limit ourselves to dipole interactions. 
ever, no such limitation is made. 


Here, how- 


I 
= A. Radicati, Phys. Rev. 87, 521, 1952. 


1, D. Land , 
Part I, GTT! (1948) p. iI, N; Lilshitz, Quantum Mechanics, 
3p 
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The Magnetic Field in the Two-dimensional 
Motion of a Conducting Turbulent 


Liquid 


Ia. 3. Zu ’DOVICH 
Institute of Chemical Physics 
(Submitted to JETP editor March 30, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 154-155 
(July, 1956) 


ES problem of magnetic fields arising spon- 
taneously in the motion of a liquid has been 
considered by 3atchelor.! He came to the con- 
clusion that the magnetic field increases without 
limit for sufficient conductivity inthe given field. 
His conclusion was based on nonrigorous consi- 
derations of the analogy between the magnetic 
field and a velocity vortex. 

In the present work, the particular case of two- 
dimensional motion is considered: v, =0, v, and 
v, depend only on x and y; the liquid is incom- 
pressible, div v=0. In this case, we have suc- 
ceeded in treating the problem rigorously. The 
results differ essentially from the conclusions of 
Batchelor: In two-dimensional motion in the ab- 
sence of external fields, the initial magnetic 
field can increase no more than a definite number 
of times, and thereafter certainly dies out. In 
the presence of external fields on the boundaries of 
the region of motion, the fields inthe moving li- 
quid in the stationary state are proportional to the 
external fields. In the absence of mean regular 
flow the turbulently moving, conducting liquid be- 
haves as a diamagnet with permeability y in- 
versely proportional to the intensity of the turbu- 
lent mixing. 

Following Satchelor, we set up the equation in 
the quasi-stationary approximation, neglecting 
the displacement current and the density of free 
charges. We employ c = 1 and the Heaviside 
system (without 47), = scalar potential, A 
= vector potential, div A=0, J = current, div J 
= 0, the specific resistance of the liquid is r. 

The equations have the form: 


j=E+ vxH; H=curl A; E=(0 A/dt)—V 9; (1) 


J=curlV24 


It follows from this equation that 


(0 A/Ot)+vxcurl A=rV7A+VoQ. (2) 


Taking the curl of (2), we obtain an equation which 
reduces to Batchelor’s: 
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(OH/dt) + curl (vx H)=rV7H. (3) 


We now go tothe case of two-dimensional motion 
of an incompressible fluid. The equation for 
. . z 
can be separated; employing div v = 0, we get 


aH, ger) di 
+0, by =— = 
at Bie ey ay, = de 


=r V2H_.(4) 


Equation (4) is entirely analogous to the heat 
conduction equation in a moving liquid. 

It is easy to convince oneselfthat in the absence 
of external fields,,only diminishes. If at any 
point H_ is maximal, then in the neighborhood, 

V2 mee) so that diz/dt <0, 1.c., the maximum 
is eliminated. In order to be convinced of this 
cancellation, we set /], = 0 at infinity or on the 
boundaries of the region and find, integrating by parts, 


= if \ (VH,)? dV. 


We consider the field which is obtained after the 
damping out of H, - In this field, 7 = j, > 9=9, 


E=E,. which 


we denote as a in what follows. The two-dimen- 
sional vector of the magnetic field with components 
fa] 


Hand H, we denote by h. Expanding Eq. (3), 
we get the equation for h: 


A has only one component, 4, , 


(dh/dt)+(v->V)h 


. (6) 
gh eek’ Viv tr be. 


Along withthe dissipation term rV7h this equation 
contains the terms (h - V) v which describe the 
growth of the magnetic field for increase in length 
ofthe magnetic force lines, noted by Batchelor. 
Thus it is impossible to confirm that h or h? is can- 
celed and that [h? d V decreases monotonically. 

It appears basic for us thatthe equation for a 
has the form of the heat conduction equation and a 
cannot increase (see above, the behavior of //, ). 


In the two-dimensional case, for H, = 0, we easily 
obtain from (2): 


(7) 
(da/dt)+(v° V)a=da/dt=rV 7a. 


Hence, in the absence of external fields, 


hee 
me d= — 5 \ (Wa) av = —r | aeav. (8) 


=” 


We represent the distribution of a, which is 
characterized by amplitude a 9 and length dimension 
L, which exceeds the maximum scale of the turbu- 
lent pulsation 7. We denote the pulsating velocity 
by u; the turbulent coefficient of diffusion, the 
coefficient of thermal conductivity and the effective 
turbulent kinematic viscosity are expressed bythe 
formula x = ul . For initial uniform distribution 
of a, evidently, 


( V k?), = a,/L. (9) 


The macroscopic leveling of 2 in the process of 
turbulent exchange is characterized by a time of 
the order T= L2 /n=L?/ ul, so that, with ac- 
count of Eq. (8), 


(10) 


Thus, in a time of the order 7, the mean field 
increases to the amoont 


Vie = (ay L)Vul/r=V uiir Vn, OD 


but then both a? and A? fall exponentially with a 
period of the order of T. The quantity ul /r is 
similar to the Reynolds number ul/ v ( v= mole- 
cular kinematic viscosity). We’ denote it by 
Rem =ul /r?. As is evident from (11), the in- 
crease in the field is limited to V Rem hg gin 
the two-dimensional case the possibility is ex- 
cluded of the increase of the field fromthe arbi- 
trarily small (for example, depending on fluctua- 
tions) to a finite value for a finite r (even for 
small v ). 

Let us consider the turbulent motion ina closed 
region of size L , on the boundaries of which v 
~ (0 (the index n = normal to the surface S bounding 
the region) in the presence of external fields. 
It follows from Eq. (7) that the quantity 4, = (grad a) 


should be continuous at the boundary. From the 
analogy between (7) and turbulent heat conduction, 
noting that r plays the role of molecular thermal 
conductivity and considering the flow a asa 

heat flow, we find: 


r (grad a), |5 = a%/ L, (12) 


where a, is of the order of magnitude of the differ- 
ence ina on the different boundaries of the medium. 
Consequently, the mean (not the mean square! ) 
value of thefield in the volume h ~ Qo / L and 


the value of the tangential field at the boundary of 
the region, where the liquid is at rest, are related 


by the following: 


A= (r/*) Fels: (13) 


By analogy with macroscopic electrodynamics, we 
shall consider the flow in the turbulent liquid as 
molecular flow, the neutralized true field h we 


denote by 3B and introduce 4; here curl 4{ = 0 in 
the region where there are no irregularities of flow 
dependent on theturbulence. From Eq. (13) we 

get B=(r/x) K= W/ Rem. Thus, macroscopi- 
cally, the turbulent conducting liquid behaves as a 
diamagnet * with very small permeability p ~ /Rem. 

Apropes of the analogy noted by Batchelor 
between the vortex velocity and the magnetic field 
it should be noted that forthe realization of an 
actually stationary turbulence, a supply of mech- 
anical energy is necessary. The supply of energy 
comes about either at the expense of nonpotential 
volume forces or at the expense of the motion of 
the surfaces bounding the liquid. With considera- 
tion of these factors, the set of equations and 
boundary conditions for the vortex are not identical 
io the equation and boundary conditions for a 
magnetic field in the absence of external magnetic 
fields and attendant electromotive forces. 

Once again, we note that direct step-by-step 
consideration of the three-dimensional case has, 
up tothe present time, not been possible, and the 
question of the growth of field in the three-dimen- 
sional case remains unknown. 


b] 


*Czada3 has come te the conclusion that a conduct- 
ing turbulent liquid is a paramagnet with large permea- 
bility. His analysis , based on a consideration of the 
damping of the field (p. 140) and of the energy of the 
field (p. 143) is not convincing, since the energy of the 
pulsating components of the field can be regarded macro- 
scopically as a part of the turbulent energy, but the 


dampi ng of the field can be connected not only with the 
conductivity, but also with a transition of the energy 
into mechanical form. 


1G. K. Batchelor, Proc. Roy Soc. (London) 201A, 
405 (1950); Problems in Contemporary Physics 2, 134 
(1954). (Russian translation). 


2W. M. Elsasser, Rev. Mod. Phys. 22, 1 (1950), 
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I. K. Czada, Problems in Contemporary Physics 2, 
136 (1956); I. K. Czada, Acta Phys. Hung. 1, 235 (1952). 
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Cn the Composition of Primary Cosmic Rays 


V. L. GINZBURG AND M. I. FRADKIN 
P. N. Lebedev Physical Institute 
(Submitted to JETP editor May 23, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 523-525 
(September, 1956 ) 


W* consider the question of the chemical con- 
stitution of primary cosmic rays in the frame- 
work of the theory of the origin of cosmic rays de- 
veloped in Refs. 1-3 and in many previous works 
discussed there. The concentration of cosmic 
particles of type i, which are designated by 

N, (r,t), can be found from the system of equations 


ON, /0t = y(D,VN;) — NIT, + S} pijNjIT; +4, (1) 
i>i 

where q,(r, ¢) is the number of particles of type i 
per unit volume per unit of time, injected into 
interstellar space by the source of cosniic rays (the 
envelopes of supernovae and novae ); D fr) is the 
diffusion coefficient of cosmic rays in interstellar 
space, LAr) is the lifetime of particles of type i, 
until their break-up in collisions with atomic 
nuclei of the interstellar medium (i.e., principally 
protons ) and p,, is the number of particles of type 
i, formed by the splitting of particles of type j. In 


case of nuclei, one can almost always assume that the 
collisions lead to the formation of nuclei of an- 


other sort, while the energy per nucleon of the 
primary and secondary nucleons are the same. 
Similarly, it is possible to understand N. in (1) to 
be the concentration of particles in any energy 
interval, lying above the energy £ , ~ 10° ev/nucleon 
observed in cosmic rays onthe earth. For protons, 
the collisions are no longer catastrophic, but by 
observing the well-known precautions it is possi- 
ble in this case to use Eqs. (1) for the concentra- 
tion of protons NV, with energy E > £,. On the 
other hand, for electrons which experience con- 
tinuous magnetic retardation losses, use of kq. 
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(1) is already impossible, but we shall not con- 
sider this case (see itef. 4 where all the ques- 
tions raised in the present note are considered in 
great detail ). 


We denote the concentration of protons, u - 
particles, nuclei Li, Be and B, nuclei C, N, O and 
F, and nuclei with Z > 10 by N, N me N,. Ni and 


N,,; respectively. From experiment, Ny i N= 3.25 
= E a -3 
N,/N, = 0.1; Ny /N, = 1.6 x 10 : 


to the concentration of nuclei of group L, we 
have tory data, but we use the lowest 


value°’® for N, iN < One) (Ny = 0.32) 


since such a value for Ny 


With respect 


is most difficult to ex- 
plain theoretically. For the lifetime of the nuclei 
we take the value ihe = 4x 108 years, ee re 
pes G = 1:2:3:5:20, which differ but little from 
the values in Ref. 1. Jt is possible to suppose 
that in atime T, < 4 x 10® years the structure of 
the galaxy and the intensity of cosmic rays has 
changed but little, and by virtue of this, we set 
ON,/OT =0 in Eqs. 


the sources of cosmic rays to be distributed uni- 


(1). Further, if we consider 


formly, then the diffusion is unimportant and we 
obtain 


N= Dip NTT) + Tap, 
Nyl Ny = (Ty! Ty) (9m! 4H + Pun) 
= 3.2) dy / dp = 1.33; 
=(T,/7Ty) (Pra t+ Pim 4m / 9H + Pon)] 


= 1,8; N, / Ny = 0.56, 
where the values p; y = Pp y = 9-23, Pyy = 9-27 


(2) 


N,[N 


are assumed, and where all are minimun values; 
furthermore, we assume that g, = 0, so that on the 
average in nature the elements of group L are ae 
times less abundant than elements of group ! 

In the equilibrium condition, even if we com- 
pletely neglect the role of secondary protons (i.e., 


set Piy = 0), from Eqs. (2) we get qy Vey 
= N, TF ye if, ~ 30; if we consider that Pi; #~ 0, 


then it is possible to to show that all the protons 
are secondaries. At the same time, in nature, the 
elements of group H are, on theaverage, 3000 times 
less abundant than the protons, Thus, if we pro- 
ceed from Eqs. (2), it is necessary to suppose that 
the sources either are nearly completely without 
hydrogen, or the acceleration of protons is ex- 
tremely ineffective in comparison with the accelera- 


tion of nuclei. Both of these assumptions seem to 


be inadmissible. Further, if Ne (Nt Onan 


the result (2) directly contradicts the experimental 
data (in this case a lowering of the value Ne. “Ne 


~ 0.56 via the choice of other permissible mab 
the constants is not possible )*. 

Furthermore, the assumption of a uniform dis- 
tribution of sources, in fact contradicts the pic- 
ture adopted in Refs. 1-3, according to which cosmi i 
rays are generated in the envelopes of supernovae 
and novae, locatedin the galactic plane and, pos- 
sibly, concentrated at the galactic center. Upon 
emergence from the layer of thickness 2h ~ 2 
x 1021 cm which is occupied by sources, cosmic 


rays diffuse through the rare interstellar gas, oc- 
Cupying a volume of radius KR ~5 x 1022 cm. The 
corresponding diffusion coefficient D ~ lv /3 i 
< 3x 10°? cm? /year,which yields an effective 
mean free path (regions with quasi-uniform mag- 
netic fields ), equal to 100 parsecs (this number 
corresponds to a maximum as shown in Ref. 7). 

For a point source, located at a distance r from 
the observation point (Earth), a solution of the 


system (1) for Weoley and NV, 
=Q. O(r); q,, = 9; D, = D = const; T, (r) = const; 
= (Qy, /4xDr) exp (—r/V DTZ); (3) 


n= Tab (on (BR) 


is [assuming q; 


VDTy 
+ fp al ope) opi 
Ty—Ty VOT V DT, 
Q p PruPurl 
Se men eel Z _ PimMPMH! 
aD pean (eEZape, 
[oo veg -eol-veglh 
a Vor, a VDT 
Pim! lee ze 
tp Ty Qy Lg 
, pometcate 2 (aaa 
[ ex» ( VDT; ) a V DT, 


The values of N,,/N,, = 3.2 and NV, /Ny < = 0.1 
are derived from this, if r < 0.7 VDT y « 1.8x107?. 
Simultaneously, we obtain 3.2 > OO, >) 2.0, 1and 
an analogous estimate for protons leads to the 
conclusion that Q,/@y ~ N Na ~ 10°. The value 


r= 1.8 x 1022 is only 1.4 times less than the dis- 
tance of the sun from the galactic center as 


=2.5~x 1022). If we consider the possibility of 
certain changes in the parameters, and also as- 
sume that the sources are distributed in a certain 


‘region, it is possible to get even better agreenent 
7. 


between the calculated and observed values of 


N/N, (for details, see Ref. 4). Thus, by in- 


cluding diffusion and also the nature of the source 
distribution for the cosmic ray and a rare inter- 
stellar medium, the question of the composition of 
cosmic rays is satisfactorily resolved within the 
framework of a theory of the origin of cosmic ray 
Because of insufficient reliable knowledge, the 
set of parameters used here must be investigated 
further and be made more precise. In particular, 
it is necessary to obtain a reliable value of 
N,/Ny at the limits of the atmosphere, since on 


the basis of the theory it would be impossible to 
obtain the value of NAN y << 0.1 without any 
essential changes. 


* This statement was not made clear in the develop- 
ment in Refs. 1 and 2, since it was assumed that from 


experiment N,/Ny = 0.4 — 0.5(see Ref. 6); further- 
more, only in Ref. 3 is this difficulty examined, with 
certain connections to the assumptions about prefer- 
ential acceleration of nuclei in comparison with pro- 
tons, 

** For example, there is contained in Ref. 8 the con- 
clusion that the smallness of the ratio Ny /Ny indicates 


sts, 
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that the lifetime of all nuclei T, < 4 x 10° years; there- 
fore, this is entirely without basis. This conclusion 
was due first of all to the use of aradically different 
picture of the distribution of gas and magnetic fields in 
the galaxy (for criticism of the picture, see Ref. 8 and 
certain other works, see Refs. 2, 4 and 9), 
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